
THREE SETS OF CONDITIONS ON RINGS1

ABRAHAM A. KLEIN

Abstract. We define a set of conditions 8m on a ring R using the

notion of independence of elements. We prove that 81, 82, • • ■ is a

strictly decreasing sequence of conditions. Two other sequences of

conditions are considered and we prove that they are also strictly

decreasing and we obtain their relation to ?m.

1. Introduction. In this paper we deal with the following set of

conditions on a nonzero ring R.

2m'■ For each d = l, ■ ■ • , m between any d elements in R which are left

R-dependent there exists one which depends on the others.

We shall identify a condition with the class of rings in which it

holds and by this convection it is clear that Sm_i7>8m. The aim of this

paper is to construct for each m a ring R satisfying 8m-i but not satis-

fying Sm and thus obtaining that the sequence 81, 82, • • • is strictly

decreasing.

We consider also two other sets of conditions on rings. One of them

Nm: If a matrix CERm is nilpotent then Cm = 0. The other is the class

of m-hrs [l, p. 10] which we denote by %m. We shall prove that the

sequences {97.} and {%m} are also strictly decreasing.

First we shall obtain some properties of 8m. Then we shall show that

8mC %m. By a result of [S ] which is based on results of [2 ] it will follow

that ,5mc:97» and hence Smc:9tm. From the definition of $m ir follows

that gm_i7?3m. Also by [5, Lemma 9] we have 97»-i7>97». Now our

main result is obtained by proving that the rings (R constructed in

[4] with a fixed m^2 and an arbitrary k^m satisfy 2m-i- Since by

[4, Theorem l] OlE^m it follows at once that all the three sequences

{$7}, { %m} and j 97»} are strictly decreasing. The results for { gm}

and {97,} may be deduced also from a result of Bergman [l ]. He has

proved without giving the details that the ring R constructed in [4]

with k^m^2 satisfies m — 1-term algorithm [l, p. 25] and it is there-

fore a m — l-hr. Since $m~iQyim-i it follows that AE97»-i. Bergman's

result is based on general theorems but our proof is direct and implies

also the results for {?m}.
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2. The conditions 2m. We begin with some properties of rings which

satisfy 2m. We have noted above that ?i3S2^g33 • • • . Clearly Si

is the class of integral domains. If P£?m, m^2, then R— {o} is a

semigroup with an identity and is embeddable in a group. This fol-

lows since by definition P^ {O} and R— {o} satisfies Doss' condition

[3]. Indeed, if ra = sb^0, r, a, s, bER, then a and b are left P-depen-

dent and hence one of them depends on the other which means that it

is a multiple of the other. In particular if Oj^a£P then since aa = aa

it follows that a = ea for some e£P and since R is an integral domain

e is an identity which will be denoted by 1.

Now we prove a lemma which shows that Sm is equivalent to its

right dual condition (the case n = 1) and hence it follows that the left

dual assertion of the lemma also holds. This lemma will be used to

prove directly that ?mCI9xm.

Lemma 1. // P£8m, then for each «=1 and for each dgm, if vx, ■ ■ ■ ,

VdERM are right R-dependent then one of them depends on the others.

Proof. Since for dgm we have ?d2Sm it is clear that it suffices to

prove the assertion for d = m. We shall do this by induction on m. Let

Vi = (an, ■ ■ • , ain), i = l, ■ • • , m and XX1 vi°i = 0 for some bx, ■ ■ • ,

bmER not all of them zero. If m = 1 then since P is an integral domain

and bx^0 it follows vx = 0. Let m~^2 and assume the result holds for

m — 1. If some Vi = 0 then it depends on the others. Hence we may

assume aiy^O for some/ But 22T=X a,v&i = 0 shows that bx, ■ ■ ■ , bm

are left P-dependent and since P£Sm one of them, say bm, depends

on the others. Hence bm= / fjf c,-6,- for some cx, ■ ■ ■ , cm_i£P and

not all of the bx, ■ ■ ■ , bm-X are zero since otherwise bm = 0 and we have

assumed that at least one of the b/s is 5^ 0. This implies

m— 1 m—1 m—1 m

22 (vi + vmCi)bi = 22 vibi t».H Cibi = 22 vi°i = 0
t=l i=l »=1 z'=l

which shows that Vi+vmd, t=l, • • • , m — 1 are right P-dependent

and by the induction hypothesis it follows that one of them, say

vx+vmcx depends on the others and hence vx depends on v2, • ■ • , vm.

In the proof of the following lemma we use the previous one al-

though it is possible to obtain the result directly. Note that gi is the

class of integral domains with identity and 81 is the class of all integral

domains.

Lemma 2. For each m^2, ?„cgm,

Proof. Let P£?m and w^2 then 1£P. By [l, p. 8] it suffices to

show that if cii, • • • , amER are right P-dependent then there exists
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an invertible matrix UERm such that at least one component of

(di, • • • , am) U is zero. By the previous lemma one of the a/s, say di,

depends on the others. Hence a\= zZT-2 ajCj for some c2, • • • , cmER-

The matrix U = I— zZ*7=2 cJ^n 1S invertible in Rm. Indeed, it is easily

verified that 1+ zZ?~2 CjEji = U-1. Now the result follows since the

first component of (di, • • • , am)Z7isoi— zZ?=2 a,Cj = 0.

The proof of Theorem 14 in [5] shows in fact that if A is a m-hr

then R satisfies the condition 9c™. Hence we have

Theorem 3. For each m^2, 8mCgmCI9JOT.

Now we prove directly that ?mC9cm. Let us call a matrix nil tri-

angular if it is triangular with zero diagonal elements. If PES™,

m^2, then each nilpotent matrix of Rm is similar to a nil triangular

one. (For m = 1 the result is trivial.) I ndeed, if 0 9^ A E Rm and A k = 0

but Ak~17^0 it follows from AAk~1 = 0 that the m column vectors of

A are right P-dependent, hence by Lemma 1, one of them, say the

first, depends on the others. From this one constructs as in the proof

of Lemma 2 an invertible matrix U such that the first column of

U~1A U is 0. The lower left corner of order m — l in U"1A U is also

nilpotent and the result follows by induction. Now if J?£?m, m^2

and A ERm is nilpotent, it is similar to a nil triangular matrix and

since the mth power of a nil triangular matrix is 0, it follows that

^m = 0,henceAE9cm.

3. A ring which satisfies 2m-i. In [4] we have constructed a ring

61 in the following way: Let A[[xi, • • • , xm]] = F[[x]] he the ring of

formal series with m indeterminates over the field F= }0, l}. (The

same result may be obtained if A is an arbitrary field.) (P—the subring

of those series all of whose homogeneous components of odd degree

are zero. 3—the ideal in (P generated by the elements x,y*xy, I Si,

jSm,y = x\+ ■ ■ ■ +xm, and k a fixed integer *zm. The ring fll is the

quotient ring (P/3. We shall prove

Theorem 4. The ring 01 satisfies the condition 8m-i.

We have to show that if ci iSm — l) elements in (Rare 51-left depen-

dent, then one of them depends on the others. In what follows we

shall write = meaning = mod 3. Since (R = <?/3 we may consider ele-

ments in (P which are dependent over (P mod 3. Thus, let gi, • • • ,

gdE<? and/,-, • • • ,fdE<P not all of them =0 such that zZt-i figi=0.
Without loss of generality we may assume that/i, • • ■ ,fd are special

series in the sense of [4, p. 121 ]. Indeed, if this is not the case we may

interchange/i by Sif/) = the unique special element of fi + Z. Recall

that in   [4] we have defined the value of a special element Or^p
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= 22PM by V(P) =7 if P(y) is the homogeneous component of lowest

degree which is 9^0 and v(0) = °o. Now, since/i, • • ■ , fa are special

and not all of them 0, it follows that min{v(ff)| i= 1, ■ ■ ■ ,d} is finite

and assume it equals v(fx). If v(ff) =0, then/!= l+/such thatt;(/)>0

and hence fx is invertible and its inverse fxl = l+/+/2+ • • • belongs

to (P. Multiplying 22i-ifigi — ̂  by /f1, we obtain that gi depends

on g2, ■ • ■ , gd mod 3.

Letz>(/i) = 2j8>0 and we shall prove that there exist tx, ■ ■ ■ , tdE<?

with *i = l such that 22t-i '<g» —0 which is the desired result. We

obtain this in four steps.

(A) If for some /f = 0 and vEF[[x]] we have

d

(i) 22figi + Xiy"v = o
i=l

then there exist f{, • • ■ , fi all of whose monomials begin with xx and

2fi=v(f{)=v(fl) and v'EF[[x]} such that

d

Z//g. + *ryV = o.
<=i

Proof. Since v(fi)"^v(fx)>0 we may write/,= 22l?~ixifn- Clearly

v(fi) =min{v (Xjfif)\j=l, • • • , m}. Let jo be such that v(ff) =v(xjjxjf)

and the result follows if we take// =xxfik. Indeed v(f') ^v(fi) ^v(fx)

= v(fx) and as in [4, Lemma 16] we obtain

d

2 xiJn*&i + xhyhv' - o
«=i

with v' =v if jo =j and v' = 0 iijo^j. Hence we have also

d d

22 fi gi + *ryV = 22 xifihgi + *ryV = 0.
i=i t=i

(B) // in (1) all the monomials of fi begin with xx, Xj = xx, and

0<hgk, then for j—1, ■ ■ ■ , m there exist wEF[[x]] and fa, i

= 1, • ■ • ,d,withv(fi) — 2gv(fif) and for somejo,v(fx) — 2=v(fXjf) such

that

d

(2) llfagi + Xjyh~lw = 0,       j = 1, ■ ■ ■ , m.
t=i

Proof. Since the monomials of (1) begin with xx we obtain, by the

analog of [l, Lemma 13] for series, that there exists w£p[[x]] such

that Xiy*w£3 and the monomials of XXi/igt+Xiy^+xry*" do not

begin with xxx^. Let w = v+yk~hu and write fi=227^ixixifa-   By
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[4, Lemma 3(c)] for series XiXjfu is special. Clearly v(f/) =

min {v(xiXjfi/)\j=l, ■ ■ ■ m}, hence v(f/)S,v(fi/) + 2. Let j0 be such

that v(fi)-2=v(fik). We have

0 =" (  zZfigi + xiyhv) + xxyku = zZU&i + xiyhv
\ t=i / 1=1

dm rn.

= zZ,lZ XiXjfugi + zZ, XiXjy    w
i=i j=i 1=1

m/d \

= zZ, xixi ( iZ fait + Xjyh-Xw \.
y_i \ ,=i /

Hence by [4, Lemma 15] for series we obtain (2).

Note that if in (B) v = 0 and the monomials of zZ't-if'Si do not

begin with xix\\ then u = 0 and also w = 0. Hence zZt-ifngi — 0 for

7 = 1, ■ ■ ■ ,m.

(C) If JZLi figi = 0 then for 0SKmin{(3, k} there exist wiEF[[x]]
and pn, i=l, ■ • • , d, beginning with Xi such that 2(@ — l)=v(pu)

= min{v(pu)\i = l, • ■ ■ , d} and

d

zZ Pngi + xiyt-'wi = 0.
i=l

Proof. For 1 = 0 the result follows by (A) with pio=fl, Wo = 0.

Assume the result holds for /such that /+1 <min{/3, k}. By (B) with

wi, pn, & — l,k — l, replacing »,/,-, /3, h respectively we obtain the result

for /+1 if we take /,-y0, and by (A) with fiJ0 replacing fi we obtain

pi.i+i- For i=l, • ••, d we have »(J>i.i+i) ̂ »(/>i,m) =2(fi — I) — 2

= 2(j8-(/+l)).

(D) T/ E?-i/<I.=0 w**ft/< special, giE<P and »(/<) ̂ »(/0 = 2/3>0,
/Aew //?ere exw/ 7 • • ' > <dE<P with h = l such that zZt=iligi — ̂-

Proof. First we prove the result for PSk. By (C) for l=(3— 1 we

obtain zZl-iPi,f>-igi+Xiyk-(f'-1)Wfi-i = 0 and v(pi,li-/)'^v(pi^-i) = 2.

Now denote pi.0-1 by a,- and use (B) for qi replacing/7 Then

d

(3) JZ gngi + Xjy^wp = 0,       j = 1, • • • , m,
i=l

and v(q\h) =0. Hence g™0 = the constant term of <7iy0 is y^O and it is

therefore 1. Consider the m vectors (qf/, ■ ■ ■ , qdf)EF(d). Since

dSm — l these vectors are dependent over F, hence a sum of some of

them is 0. Denote this sum by zZ' and by summation of (3) over those

indices which appear in zZi' we obtain
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(4) E £' qiigi + Z' xrf-+wi =" 0.
t=i

Since the constant term of 22'Q.a ls £'2y)==0 for *=1, • • • , d, it

follows that we can write 22'in = £™=i Si^i- Let ji be an index which

occurs in 22'< then we have by (4) and by [4, Lemma 5] for series

221= i xhrii1gi-r-Xj1yk~fiWfi = 0 and hence also

d

(5) 22 Xhr<hgi + ^o/~% = 0.
1=1

Now adding this with (3) for j=jo we get

d

(6) X) (qih + xhrnx)gi = o.
•-1

Since the constant term of qij^+Xjarih is 2^=1 it follows that giy0

+x;oriy1 is invertible in (P and multiplying (6) by (qii0+XjarXh)-1 we

obtain £?=1 *<g< with ii£(P and tx = l. This is the desired result for

&gk.
ll B>k then v(fi)}^2f5 = 2k+ 2 andfx, • • ■ ,fdbeing special have not

monomials which begin with xxx^. Hence by the remark at the end

of (B) we have £f_i/Vig*«0. But v(fih)>v(fih) = 2(8-1) and the
result follows by induction. This completes the proof of (D) and the

assertion of Theorem 4 follows.

Now we can obtain our main result which is

Theorem 5. Each of the sequences {%m}, {'Sm} and {9xm} is strictly

decreasing.

Proof. We know that these sequences are decreasing. In addition

by the previous theorem (RE2m-i and hence by Theorem 3 (RE%m-i

(also if m = 2 since l£0"l) and (R£9cm_i. Now we also know that

(RE^lm, hence again by Theorem 3 we have (R£r5m and 0i£?m and

this proves our theorem.
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