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AN ASYMPTOTIC SOLUTION OF A NONHOMOGENEOUS
LINEAR SYSTEM OF DIFFERENTIAL EQUATIONS1

THOMAS G. HALLAM

Abstract. A complete asymptotic series expansion is found for

the solutions of a nonhomogeneous linear system of differential

equations whose coefficient matrix and forcing term are in Ll[to, » ).

Related results, which require that the coefficients satisfy certain

conditional integrability conditions, are shown to be reducible by

a transformation to the Ll case.

In this note we will obtain an asymptotic series expansion for the

solutions of the nonhomogeneous linear system of differential equa-

tions

(1) dx/dt = A(t)x+ h(t)

whenever A and h satisfy certain integrability conditions. In (1), A is

a continuous «X» matrix that is defined on the interval /= [to, »)

and h is an «-vector that is continuous on /. The symbol || -|| will

denote some convenient norm of a vector and its corresponding

matrix norm.

Theorem 1. Suppose that the conditions

(2) J*V(r)||ár< »

and

(3) f"\\h(r)\\dr<«>

are satisfied. Then, any solution x=x(t) of (1) can be written as

x(t) = X(t)d + p(t),       I E J,

for some constant vector d, where

(4) X(t) = ¿(-íYR'(t)
i=0
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with

R°(t) = In        (In is the n X n identity matrix),

R<(t) = J* A(r)R*-l(r)dr, i =1,2,

and

(5) p(t) = Z(-iypi(t)

with

p°(t) - - f   h(r)dr, y(t) = J    A(r)p'-\r)dr,    i - 1, 2 • • • .

Proof. The series representation for the fundamental matrix, X(t),

of solutions of the homogeneous system associated with equation (1)

has been previously obtained by M. Ráb [S]. By virtue of the prin-

ciple of superposition, we only need to show that x(t)=p(t) is a

solution of (1).

First, we observe that the series (5) converges uniformly on /. Let

e(t) be defined by the equation

e(0 = r
J t

\A(r)\\dr
J t

and

Ollar;
h

then, induction establishes the inequality

||^(0NAo-V»       i-0,1,2, ....
t!

The series (5) is therefore majorized by the series for Aoexpe(i). Since

e(¿) is bounded on /, it follows that (5) is uniformly convergent on J.

A solution of the integral equation

/9 oo r* o

= -J     A(r)x(r)dr-J(6) x(t) = -   I     A(r)x(r)dT -   I     h(r)dr

is also a solution of (1). The proof of the theorem will be complete if it is

shown that (5) is a solution of (6). An application of the Moore-

Osgood iterated limits theorem yields the equation
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Pit) - ¿(-l)yW = -   f "*(r)¿T- ¿(-1)*-1  (X A(r)p^(r)dr
1=0 ^ / £-1 ^ /

k(r)dr-\      A(r)'Z,(-l)i-lPi-1(T)dT

/CO /•  00h(r)dr-   I     ¿(r)0(T)dT;

this completes the proof of the theorem.

If (2) or (3) is not satisfied, it is still possible to find asymptotic

series solutions of (1) in certain instances when the integral fx A(r)dr

converges conditionally. Let M be any matrix such that J°° M(r)dr

< », then the function Af°° will be defined as

*« ■ /,
Mx(t) m   I     M(r)dr,        t E J.

We will also use the following notation in the corollaries below. If

f»h(T)dT<°o,  let  k0(t)=-ft" h(T)dr;  if f™ h(r)dr = »,   let  *0(i)
-A h(j)dT.

Suppose that there exists a positive integer c such that the integrals

ki(«>),i-0,1, 2, • • -, c — 1, diverge, where

*o(0 =   (   h(r)dr,        ki(t) =   I    A(T)ki-i(T)dT,    i = 1, 2, • • • , c - 1 ;

but the integral /°° ^4(r)^c_i(r)a'T converges (possibly conditionally).

We define

^4(T)*c+i_i(T)dT,        i = 0, 1, 2, ■ ■ ■ , a — c,

where a is an integer not less than c such that

(7) J    ||^(T)*^1(r)||¿r<  ».

A simple example of a pair of functions A and h having the above

structure with c = 1 and a = 2 is A (t) = e~' sin i2 and h(t) = e'.

In the next corollary, we will use a condition, due to A. Wintner

[ó], which implies that the homogeneous equation associated with (1)

has linear asymptotic equilibrium. It should be remarked that Wint-

ner only alludes to the general integrability condition used here and

does not indicate the complete transformation that is required except

for the case If = 0 below. (See [6, p. 187, line 8].)
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We will use the following notation : let Co(t) =A(t),D0(t) =In+CÔ(t)

and define inductively,

Cm(t)   =  CZ-l(t)Cm-l(t)Dltl(t), Dn(t)   = In + Cl(t),

m = 1, 2, ■ • • .

It will be assumed that the above integrals are well defined and that

Dm(t) is invertible for all t in /.

Corollary 1. Let (7) hold and suppose that

/OO

\\CKM(r)CM(T)\\dT <  <*,

for some positive integer M. Then, any solution x = x(t) of (1) can be

written as

(9)      *(/) = Em\í) ( ¿ (-iÏIRmW + pUt)]} + E HD
V   J=0 / 3=0

for some constant d, where EM(t)=DM(t)DM-\(t) • ■ ■ Di(t)D0(t), the

sequence { R'm } is given by (4) with A replaced by Cm+i, and the sequence

Pm is given by (5) with A = EMA Aa_i.

Proof. The transformation x = £¿1m+E°-o A,- in (1) leads to the

equation

(10)     du/dt = [EM(t)A(t) + dEM(t)/dt]EM\t)u + EM(t) A^k^t).

From the definition of EM and Ct, it follows that

— dEu/dt = CmDm-iDm~2 • ■ • D\Do + DmCm-iDm~-z ■ • ■ DiD0

+ DmDm-\Cm-îDm-z ■ ■ ■ D\Dq

+ ■ ■ ■ + DmDm-i ■ ■ ■ DzCiDo + DmDm-i ■ ■ ■ D1C0

= CmCm-1  '   •   • Co C0 + CM-lCM-2  ■   ■   • Co Co
00 00 CO 00 oo

+ DmCm-íCm-s • • • Co Co + DmDm-\Cm-z ■ ■ • Co Co

+ • • • + DmDm~i ■ ■ ■ D2C*Co + DuDm-i ■ ■ ■ DxCo

— CmCm—i ' • ■ C-oCo

= DmDm-i • • • DiDqCo — CmCm-i ■ • • Co Co.

Using this result in (10), we obtain

du/dt = CM+\(t)u + EM(t)A(t)ka-i(t).

As a consequence of conditions (7) and (8), the coefficients in the

above equation are in ¿'[/J. Theorem 1 can be applied to find the
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series expansion for u ; the transformation then leads to (9).

The first term of the transformation used in Corollary 1 was sug-

gested by the work of Wintner [ó]. The second term was suggested by

some work of T. Manacorda [4]; both Corollary 1 and Corollary 2

below extend the result in [4] in several ways.

Now, define the sequence {F,} as

(11) F0 = A,   Fi = FtiA,       i-1, 2, ••••

Denote by Gm = 7„+^™0 F"; we will suppose that t0 is sufficiently

large so that Gm is invertible on /.

Corollary 2. Let (7) hold and suppose that

(12) J   \\FN+1(r)\\dr < »

for some nonnegative integer N. Then, any solution x = x(t) of (1) may be

written :

(13) x(t) = ¿ (- 1)*G» (0 [ti(t)d + Pn(1)] + £ Ht)

for some constant d, where the sequence RlN is given by (4) with A re-

placed by Fn+iGñ1 and the sequence pN is given by (5) with h = GNAka-i-

Proof. Applying the transformation x = G¡f1u+ X/?=i &/ to equa-

tion (1) leads to the differential equation

(14) du/dt = FN+i(t)G~Nl(t)u + GN(t)A(t)ka^(t).

Since Fn+i is in L1 [j] then so is Fn+iGñ1; also, by (7), GxAka-i is in

/-'[/J. Theorem 1 may now be applied to (14); this leads to the ex-

pansion (13).

Corollary 2 improves the result in [3] in several ways. Namely, we

obtain an asymptotic series expansion for the solutions of a non-

homogeneous system as opposed to a single term asymptotic repre-

sentation for the solutions of a homogeneous system. Also, the proof

given here, when specialized to the case investigated in [3], is more

compact since a simple transformation reduces the problem to a

known result.

The referee has kindly remarked that if the integral f" ||.4(T)||aY

converges and the integral f* ||Â(r)||aY does not exist but condition

(7) is satisfied, then a simpler conclusion can be obtained than results

by using Corollary 1 (with Ci=A) or Corollary 2 (with Fi=^4). In

this setting, the transformation x = u -f- 22"I¿ &i can be used to show

that any solution x of (1) possesses the asymptotic series expansion
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x(t) = ¿ (-lï[R\t)d + p(t)} + Z UD
i=0 3=0

where p' is given by (5) with A = ^4Aa-i.

The above corollaries may be used in conjunction with another

transformation to obtain new asymptotic forms for the solutions of

equation (1) when it has been subjected to a linear perturbation. Such

problems, which consider the differential equation

(15) dy/dt = A(t)y + P(t)y + h(i),

have been discussed in [l], [2], [5]. The substitution y = X(t)u takes

(15) into the equation

du/dl = Q(t)u + X-\t)h(t)

where Q = X~1PX. If the coefficient function Q and the forcing func-

tion X~lh satisfy the hypotheses of either of the corollaries then new

results are obtained for this perturbation problem.

We also point out, as is done in [3] and [ö], that by the use of an

adjoint system, asymptotic series expansions for the solutions of (1)

may be derived by using a commuted form of the hypotheses of the

corollaries. For example, in Corollary 1, the commuted analogue of

hypothesis (8),

J    \\CM(r)Cl(r)\\dT < oo,

may be used to obtain an asymptotic series expansion for the solutions

of(l).

References

1. J. W. Bebernes and N. X. Vinh, On the asymptotic behavior of linear differential

equations, Amer. Math. Monthly 72 (1965), 285-287. MR 31 #6011.
2. P. Locke, On the asymptotic behavior of linear systems, Proc. Amer. Math. Soc.

25 (1970), 93-95. MR 40 #5984.
3. N. T. Khoan, On linear asymptotic equilibrium, Differencial'nye Uravnenija 4

(1968), 946-949. (Russian)
4. T. Manacorda, Sut comporlamenlo asintotico degli integrali di una classe di

sistemi di equazioni differenziali lineari non omogenei, Boll. Un. Mat. I tal. (3) 7 (1952),

281-284. MR 14, 472.
5. M. Ráb, Note sur les formules, asymptotiques pour les solutions d'un système

d'équations différentielles linéaires, Czechoslovak Math. J. 16 (91) (1966), 127-129. MR

32 #5965.
6. A. Wintner, On a theorem of Bâcher in the theory of ordinary linear equations,

Amer. J. Math. 76 (1954), 183-190.

Florida State University, Tallahassee, Florida 32306


