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GEODESICS IN METRICAL CONNECTIONS

RICHARD S. MILLMAN1

Abstract. To each connection on a Riemannian manifold we

define a tensor called the Q-tensor. We prove that two metrical con-

nections have the same geodesies if and only if their Q-tensors are

equal. We then show that any manifold of dimension greater than

two admits many metrical connections having the same geodesies;

in particular, the Q-tensor is a strictly weaker invariant than the

torsion.

1. Statement of theorems. We shall recall some definitions follow-

ing [3]. Let Mn be a smooth (O) w-manifold and let TX(M) be the

tangent space at xEM and x(-&0 the set of all smooth vector fields

over M. Let g be a fixed Riemannian metric on M. Let Tp-q(M) be the

set of tensors of type (p, q). Recall that a (linear) connection on M is

a real bilinear operator D: x(M) Xx(M)^>x(M) such that for all O

real valued functions, /, (1) DJXY=fDxY and (2) DxfY=(Xf)Y

+fDxY. The torsion of a given connection D, T or d ET1 <2(M), is

given by Tor(Z, F) =DXY-DYX- [X, Y] where [ , ] denotes the

Lie bracket. A connection D is called metrical (with respect to g) if:

Xg(Y, Z) = g(DxY, Z) + g(Y, DXZ)

for all X, Y, ZEx(M). A curve a is a geodesic if Dda/dtda/dt = 0.

Note that by a geodesic we mean a parametrized curve and not just

the geometric image of the curve.

The purpose of this note is to answer the following question : When

do two metrical connections have the same geodesies? The Levi-

Civita Theorem states that a metrical connection (hence its geo-

desies) is determined uniquely by specifying its torsion. We shall show

that the torsion is too strong an invariant for these purposes and that

the Q-tensor (to be defined below) is the proper invariant.

Let Tor(Af) = {T E r-2(M)\ T(X, Y) = - T(Y, X) for all X,
YEx(M)}. For r£Tor(Jlf), {Xk}, *-l, ••-,», an orthonormal
basis of TX(M) (xEM), we define QTET1'2(M) by
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QliX, Y) = - — ¿ {giTiX, Xk), Y) + giTiY, Xk), X)}Xk
2 k=i

where all tensors on the right-hand side are evaluated at x. A simple

computation shows that QT is globally well defined. Let QiM) —

\QT\TEToriM)} and q: ToriM)-^QiM) he given by qiT) = QT. If
D is a connection on M we define QD = QroiD to be the Q-tensor as-

sociated with D.

Theorem A. Let M be a Riemannian manifold with metrical con-

nections D and D, then D and D have the same geodesies if and only if

QD = Q°-

Let D he a connection then we may define the torsion transforma-

tion TrET^iM) for each F by TY(X) =Tor(F, X). Because the

Q-tensor is zero for the Riemannian connection we have the following

corollary due to E. Cartan [2, p. 59].

Corollary. Let D be a metrical connection on the Riemannian

manifold M, then D has the same geodesies as the Riemannian (Levi-

Civita) connection if and only if g(7YX, X) = 0 for all X, YEx(M).

From Cartan's viewpoint, the torsion tensor of any connection D

splits into several components the sum of two of which is QD [2, p.

50-52]. We may interpret this in modern language in terms of an

exact sequence of vector bundles over M. For each coGA3(Af) let

r(co)ETl-2(M) he defined by g(r(w)(X, Y), Z)=a(X, Y, Z). Clearly
r(w)ETor(M). In classical language, r corresponds to "raise an in-

dex." From Theorem A and an easy computation in local coordinates,

we have:

Theorem B. 0—>A3(M)-^Tor(M)-^>Q(M)-+0 is an exact sequence of

vector bundles over M.

Corollary. If D is a metrical connection on M then there is a dif-

ferent metrical connection D on M with the same geodesies as D if and

only if dim Af>2.

The corollary follows because metrical connections are determined

by their torsion and dim A?(M)>0 if and only if dim M>2.

2. Proof of Theorem A. We fix an orthonormal basis {Xj} at the

point xEM.

Proposition 1. Let D be a metrical connection and D any connection

on the Riemannian manifold M. Let
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n       ,

DxY - DXY = S(X, Y)    and   S(X{, X,) = ¿2 SijXk    (near x)
k=i

then D is metrical if and only if

(D S^hiCTij-Tl+TÍd-dl-T-k+Tii)}

where T\¡ (resp. T\¡) are the components of Tor^ (resp. Tore).

Proof.

Tor5 (X, Y) = DXY + S(X, Y) - DYX - S(Y, X) - [X, Y]

= TorD (X, F) + S(X, Y)-S(Y,X);

thus

(2) T*y = Ta + S\ - s)i.

By cyclicly permuting (2) we get:

(3) Tjk = Tjk + Sjk — Skj,

(4) %i = iii + si - sL

(2) -(3) + (4) yields

Ta — Tjk + Tki

(5) = (Fy - Tjk + tL) - (S-i + Sjk) - (Sa - S-j) + (5*y + sL).

We now write out the condition for D to be metrical:

g(DxY,Z) + g(Y,DxZ)

= g(DxY,Z) + g(Y, DXZ) + g(S(X, Y),Z) + g(Y,S(X,Z))

= Xg(Y,Z) + g(S(X, Y),Z) + g(Y,S(X,Z))

thus D is metrical if and only if

(6) g(S(X, Y),Z) + g(Y, S(X, Z)) = 0

hence if X = X¡, Y = Xit Z — Xk then (6) becomes (since the {X¡} are

orthonormal)

(7) Sa + Sjk = 0    for all i,j, k.



554 R. S. MILLMAN [November

Putting (7) into (5)

(8) Çfa - % + rL) - (Ta -T)k+ TÍi) = SÎy - SÍ.

But (7) also says 0 = S^ + Sit whence adding to (8) gives the result

(1).    Q.E.D.
We will write Q for QD and Q for QD.

Theorem 2. Let M be a Riemannian manifold and let D be a metrical

connection. Let D be any connection and form S(X, Y) = DxY—DxY

then D is metrical if and only if

TÔT (X, Y) - Tor (X, Y)
SiX, Y) = QiX, Y) - QiX, Y) +-■-—-

Proof. From Proposition 1, in the basis {Xj} at the point xEM,

2SiXi, Xj)

= 22{nXk + (fki - rjk)Xk - iTiiX, + iTÍi - T-k)Xk)}.\TijXk+iTki- Tjk)Xk-iTk
k

2SiXi, Xj) = To"r(X,-, Xj) - Tor (Xt, Xj)
(9)

+ Z (TÍ - T)k)Xk - 22 (TÍi - T)k)Xk.
k k

However, if Q(Xit X¡)= 22k-\ 0\¡Xk then by definition

2Qka = - (g(Tor (Xi, Xk), Xj) + g(Tor (Xj, Xk), X¿)

so

(10) Qa = \(TÍi - Tjk)

where the last equality follows from the skew-symmetry of the lower

indices of the torsion. Combining this last result with (9) we obtain

Tor" (Xi, Xj) - Tor (X,-, Xj)      _
s(Xi, Xj) =- 2-—^-^ + Qi*i> x>) - Q(x<> xi)

and so the result follows because S is a tensor.    Q.E.D.

We now prove Theorem A. Let

i                       Tor (X, Y) - Tor (A', F)
DXY= DXY +-—-——

2

then Dx and D have the same geodesies [3, p. 64], hence D and D
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have the same geodesies if and only if D and Dl have the same geo-

desies. However, since D and D are assumed to be metrical, by

Theorem 2 we have

TÔ7(A, F)-Tor (X, F)
DxY = DxY + QiX, Y) - QiX, Y) +-Li_i ■

Because the last term is skew-symmetric we have [3, p. 64] D and D1

have the same geodesies if and only if QiX, Y) — QiX, Y) is skew-

symmetric. However, by its very definition QiX, Y) is symmetric,

hence QiX, Y)-QiX, Y) is skew-symmetric if and only if QiX, Y)
-QiX, F) = 0.    Q.E.D.

The result that 2 metrical connections need not coincide in order to

have the same geodesies may also be obtained from two theorems of

[l,pp. 130-131].
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