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INVARIANT MEANS ON LOCALLY
COMPACT SEMIGROUPS

JAMES C. S. WONG1

Abstract. Let G be a locally compact semigroup (jointly con-

tinuous semigroup operation), M(G) the algebra of all bounded

regular Borel measures on G (with convolution as multiplication),

E a separated locally convex space and S a compact convex subset

of E. We show that there is a left invariant mean on the space

LUC(G) of all bounded left uniformly continuous functions on G

iff G has the following fixed point property: For any bilinear map-

ping T: M(G) x E -* E (denoted by (/j, s) -* T^s)) such that (a)

7^(5) <= 5 for any u ä 0, M h (b) T^v = 7*„ ° Tv for any ft,
veMifi), (c) Tp-.S -+S is continuous for any fi ^ 0, ||/<|| = 1,

and (d) u ~* T^is) is continuous for each se S when M(G) has the

topology induced by the seminorms pfyi) = \§fdu\, f e LUC(CT),

there is some s0e S such that Tu(s0) = s0 for any /; 5: 0, ][/<|| = 1.

L Introduction. The purpose of this paper is to extend certain results

in the theory of invariant means on locally compact groups to locally

compact semigroups. Let G be a locally compact group with measure

algebra M(G). The present author has proved in [17, Theorem 3.3] that

LX(G)2 has a topological left invariant mean iff G has the fixed point

property on convex compacta for separately continuous actions of M(G).

In this paper, we shall prove among other things, that if G is a locally

compact semigroup, then there is a left invariant mean on the space of

all bounded left uniformly continuous functions on G iff G has a similar

fixed point property which turns out to be equivalent to the above fixed

point property when G is a locally compact group.

2. Terminologies.

2.1 The measure algebra M(G). A locally compact semigroup is a

semigroup with a locally compact topology for which the semigroup
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operation is jointly continuous. Let G be a locally compact semigroup and

M(G) the Banach space of all bounded regular Borel measures on G

[9, Definition 14.9]. It is known that M(G) is a convolution algebra if we

define the convolution p * v of two measures p, v in M(G) by the formula

for any / e C„(G), the continuous functions on G which vanish at infinity

(see Glicksberg [6]). It follows immediately that the same formula is

valid for any/e LY{G, \p\ * \v\) {\p\ denotes the total variation of p; see

Hewitt and Ross [9, Theorems 14.6 and 14.14]). This can be proved by

repeating "mutatis mutandis" the arguments used in Hewitt and Ross

[9, Theorem 19.10], where G is assumed to be a locally compact group

(because only the continuity of the map (x, y) -*> xy of G X G into G is

invoked in their proof). Let M0(G) be the set of all probability measures

in M(G) (p e M0(G) iff p = 0 and H^H = 1). It is easy to see that M„(G)

is a convolution semigroup.

2.2 The space LUC(G) and its dual. Let CB(G) be the Banach space

of all continuous bounded functions on the locally compact semigroup G.

A function /6 CB(G) is called left uniformly continuous3 if the map

a -* /„/ of G into CB(G) is norm continuous (4/(x) = f(ax), x e G). The

space of all left uniformly continuous functions on G is denoted by

LUC(G). It is known that LUC(G) is a translation invariant linear

subspace of CB(G) containing the constants and is left introverted in the

sense that if/eLUC(G), weLUC(G)*, then mx(f) e LUC(G) where

is defined by mt(f)(x) = m(lxf), x eG. (See Namioka [12] or
Mitchell [11].) The space LUC(G)* can be made into a Banach algebra if

we define the Arens product m o n of two functionals m, n in LUC(G)*

by m O n(f) = w(«j(/)) for any/e LUC(G).
For each/£ LUC(G), define a seminorm [14, Chapter I, §4] pf on the

linear space M(G) by pr{p) = \jfdp\, p e M(G). The locally convex

topology on M(G) determined by these seminorms [14, Theorem 3, p. 15]

is denoted by r. Note that each p e M{G) can be regarded as a functional

in LUC(G)* if we set p(f) = \fdp, fe LUC(G). (But this embedding
might not be one to one, in other words, t might not be separated. If G is

a locally compact group, then C„(G) <= LUC(G). Hence r is separated

and therefore the same as the w* topology of LUC(G)* restricted to

A functional m in LUC(G)* is called a mean iff ||w|| = m(\) = 1. A

mean m is left invariant if m(laf) = m{f) for any a e G,f e LUC(G).

/(z) d(p * v)(z) =     /(xy) dp(x) dv(y)

M(G).)

3 Some authors call these functions right uniformly continuous and denote them by

UCBr(G) (see for example Greenleaf [8]).



1972] invariant means on locally compact semigroups 41

3. A lemma. We shall need the following lemma which gives some

useful information about the spaces M(G), LUC(G) and its dual LUC(G)*.

It is also of independent interest.

Lemma 3.1.   Let G be a locally compact semigroup, then:

(a) For each p in M(G), the map m —>- fi o mis w*-w* continuous on any

norm bounded subset o/LUC(G)*.

(b) For each m in LUC(G)*, the map p —> fi O m is continuous with

respect to the topology t of M(G) and the w* topology o/"LUC(G)*.

(c) If p, v e M(G), then fi O v = p * v on LUC(G).

(d) A mean m in LUC(G)* is left invariant iff fi O m = m for any

p in M„(G).

(e) LUC(G) has a left invariant mean iff there is a net pa in M0(G) such

that p * px — px     0 in M(G) for any p in M0(G).

Proof, (a) Let ma —>-m in weak* topology of LUC(G)* and \\mj\,

\\m\\ = K. For each/in LUC(G), s,teG,

\Mf(s) - Mf(t)\ = \mx(lj) - mx(ltf)\ = K ■ \\tj- ltf\\.

Therefore the family of functions (wj;/ is equicontinuous (Kelley

[10, p. 232]). Since (ma)lj"—>■ mx(f) pointwise on G, the convergence is

uniform on every compact subset of G (Kelley [10, Theorem 7.15]). Let

p in M(G) have compact support, then fi o mx(f) — fi o m(f) =

$ (mJifdp - J mt(f) dp ̂ > 0.
Since the measures in M(G) with compact supports are norm dense in

M(G) and UmJJW <; K- \\f\\, it follows that fi o mx ->■ fi o m in w*
topology of LUC(G)*, for any p in M(G).

(b) Let m in LUC(G)* be fixed. Suppose px —>■ p in the topology t of

M(G), then fix O m(f) - fi O m{f) = j" m,(f) dpx - j mx(f) dp — 0
since mx(f) e LUC(G) for any /e LUC(G). Therefore fia o m ~* fi O m

in weak* topology of LUC(G)*.

(c) Let p, v e M(G), then

fi o v(f) = fiiUf)) = j TO dp(x) = j v(lj) dp{x)

= jjf(xy) *0e) dv{y) = J7(z) d(p * v)(z) = p~^(f),

fe LUC(G). (Recall the remarks in §2.1.) Hence

fi O v = p * v

on LUC(G).

(d) If m e LUC(G)* is such that fi o w = m for any /i e M0(G), then

clearly m is left invariant since A/0(G) contains the point measures. But the
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convex combinations of these point measures are w* dense in the set of

means in LUC(G)* (more precisely, it is their images under the map

p—yfi which are w* dense). Therefore if m is left invariant and fi e

Af0(G), let fix be a net of convex combinations of point measures such that

flx^fi in LUC(G)*, then px L, p in M(G) and hence fix O m

fi o m in LUC(G)* by (b). Now clearly fix O m = m since m is left

invariant. Consequently fi Q m = m.

(e) Suppose LUC(G) has a left invariant mean m, then by (d),

fi O w = wj for any /< e Af0(G) which is w* dense in the set of means in

LUC(G)*. Let px e M0(G) be a net such that fix m in LUC(G)*.

Since \\fij ^ \\/j.x\\ = 1 and = 1, by (ä), fiO fixw_x fiOm in
LUC(G)*. Therefore

H * pa — /nx = p * fix — fix = fi Q fix — fia ^ fi O m — m = 0

in LUC(G)* by (c). In other words fi * ytx — px     0 in M(G).

Conversely assume that for some net fix in M0(G), p * /na — px 0

for any p e M0(G). By w* compactness of the set of means in LUC(G)*,

we can assume fix ^ m for some mean m in LUC(G)* (passing to a

subnet if necessary). Then

fi O m — m = fi Q (w* lim fix) — w* \im.fix

= w* lim (fi o fix- fix) = w* lim (p,* fxa- px) = 0

by (a) and (c). Hence w is a left invariant mean on LUC(G).

4. Main theorems.

Definition 4.1. Let G be a locally compact semigroup, E a separated

locally convex space. An action T of M(G) on £ is a homomorphism of

M(G) into the algebra of linear operators in E. Thus we have a bilinear

map T:M(G) x E^E (where (p, s) Tu(s), (i e M(G), s e E) such that

Tn*y = Fu ° f°r any /"> v 6 M(G). If 5 is a compact convex subset of

is, we say that S is A/0(G)-invariant under T if T,,(S) 5" for any u e

M0(G). In this case T induces an action T:M0(G) x S —>- S of the con-

volution semigroup A/0(G) on S as affine maps in S (see [17] for definition

of actions in the case when G is a locally compact group).

Theorem 4.2. Let G be a locally compact semigroup, then the following

conditions are equivalent:

(a) LUC(G) has a left invariant mean.

(b) If T: M(G) x £ —>■ E is any action of M(G) on a separated locally

convex space E and S any compact convex M0(G)-invariant subset of E

such that (i) for each p g M0(G), Tu:S —>■ S is continuous and (ii) for each



1972] INVARIANT MEANS ON LOCALLY COMPACT SEMIGROUPS 43

s e S, the map p -> Tu(s) from M(G) into E is continuous when M(G) has

the topology r, then the induced action T:M0(G) x S —>■ S has a fixed point.

Proof. Assume that LUC(G) has a left invariant mean. By Lemma

3.1(e), there is a net px e M0(G) such that p* pa — pa 0 in M(G). Let

T:M(G) x E ->■ E be any action of M(G) on E and S <=■ £ a compact

convex Af0(G)-invariant subset of £ satisfying conditions (i) and (ii) of

(b). Consider the net (s) in S where s e S is arbitrary but fixed. By

compactness of S, we can assume TUx(s) -+ s0inS (use a subnet if necessary).

We shall show that s0 is the required fixed point of the action T:M0(G) x

S -* S by repeating the arguments used in the proof of [17, Theorem 3.1].

Let p e M0(G), then

T„(so) = r,(lim 7^00) = lim r„(r„a(j)) = lim T^Jis)

= lim {Tu*n(s) + T„a(s)} = Urn T^s) = *0

by condition (i), linearity of p Tu(s), condition (ii) and the fact that

p * px — pa ^ 0 in M(G).

Conversely, assume (b). Let E = LUC(G)* with w* topology and

5* = the set of means in LUC(G)*. Define an action of M(G) on E by

Tu(m) = p o m for each p e M(G), m e LUC(G)*. It is clear that the

map T:M(G) x E—> E is bilinear. To show that Tis an action, suppose

p, v e M(G), then

Tu*v(m) — ß * v Om — (pQv)om = po(vOm) = T^T^m))

by Lemma 3.1(c) and associativity of the Arens product. Hence T^v =

0 Tv. Obviously S is a w* compact convex subset of LUC(G)*. If

me S, peM0(G) then ||7;(m)|| ^ \\p\\ ■ \\m\\ = 1 and r„(m)(l) =
(p o m)(\) = 1. Consequently ||r^(m)|| = Tu(m)(\) = 1 and TSm) is a

mean on LUC(G). Thus S is M0(G)-invariant under T. By Lemma 3.1(a)

and (b), it is straightforward to verify that the action T defined above

satisfies the continuity conditions (i) and (ii) of (b). Therefore by assump-

tion (b), the induced action T:M0(G) x S S must have a fixed point

which is a left invariant mean on LUC(G)by Lemma 3.1(d). This completes

the proof of the theorem.

Remark 4.3. Suppose T:M(G) x E-* E is any action of M(G) on £ and

S a compact convex Af0(G)-invariant subset of E satisfying the continuity

conditions (i) and (ii) of (b) in the theorem. Let T:G x S—> S be defined

by Tx(s) = T^^is) where xeG, seS and p(x) is the point

measure at the point x. T is an action of G as affine maps in 5" (that is,

each map TX:S —>■ S is affine and Txy — Tx° Ty for any x, y e G). More-

over, the map (x, s) -* Tx(s) is separately continuous. For if x„ —> x in



44 J. C. S. WONG [January

G, then p(xj L, p(x) in M(G) and hence T*Jß) = TMw)a(s) -* r„(a)(j) =

7^(5) in S by (ii) while continuity of the map 51 -* Tx(s) follows from (i).

In general, this is all we can say about the action T:G x S -> S of G.

However if G is a locally compact group, then the same action, being

separately continuous, is also jointly continuous by a theorem of Ellis

[5, Theorem 1]. Consequently, if we assume that LUC(G) has a left

invariant mean, then the action T:G x S —>- S must have a fixed point by

Rickert's theorem [13, Theorem 4.2]; see also Mitchell [11, Theorem 2]

for a more general result. It follows that s0 is also a fixed point of the in-

duced action T:M0(G) x S -*■ S (because the convex combinations of point

measures are w* dense in the set of means in LUC(G)*). This gives yet

another proof of (a) implies (b) in the case when G is a locally compact

group.

5. Special cases.

5.1 Locally compact group. Let G be a locally compact group. It was

proved in [17] that LX(G) has a topological left invariant mean (see [16]

for definition) iff G has the following fixed point property:

(*) For any action T:M(G) x E—>■ E of M(G) on a separated locally

convex space E and any compact convex M0(G)-invariant subset S of E

such that the map M(G) x E —* E is separately continuous when M(G)

has the norm topology, the induced action T:M0(G) x S —»■ S has a

fixed point.

Now it is known that L^(G) has a topological left invariant mean iff

LUC(G) has a left invariant mean (see Greenleaf [8] where LUC(G) is

denoted by UCBr(G)). Therefore we have the following theorem.

Theorem 5.2. Let G be a locally compact group, then the following are

equivalent:

(a) /-.„(G) has a topological left invariant mean.

(b) LUC(G) has a left invariant mean.

(c) G has fixed point property (b) of Theorem 4.2.

(d) G has fixed point property (*) o/5.1.

5.3 Compact semigroups. Suppose that G is a compact semigroup. It is

well known that CB(G) = LUC(G) (Namioka [12]) and that CB(G) has a

left invariant mean iff the kernel K(G) of G is a compact group and the

unique invariant mean is the Haar integral over K(G) (see Rosen [15] or

Glicksberg and de Leeuw [7]). Let v be the normalised Haar measure of

K(G), define X e M0(G) by jfidX = fmmf\ K(m dv,fe C0(G) = CB(G).
By direct calculation, one shows that \f dp, * X = ] f dX for any p e M0(G)

and/e C„(G). Hence p * X = X. Now if T:M{G) x E-*■ E is any action

of M(G) on E and S <= E is compact convex and A/0(G)-invariant, then

Tu(Tx(s)) = Tv*x(s) = Tx(s) for any p in M0(G) and seS.ln other words,

Tx(s) is a fixed point of the induced action r:Af0(G) x S    S, for each
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s e S, without any continuity conditions on the action T:M(G) X E -*■ E

whatsoever.

Finally, it is also interesting to note that when G is compact, the

mapping fi —*■ fi is precisely the natural isometric isomorphism M(G) =

C0(G)*, and the Arens product O is nothing but convolution of measures

in M(G).
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