
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 33, Number I, May 1972

COMMON FIXED-POINTS FOR EQU1CONTINUOUS
SEMIGROUPS OF MAPPINGS

THEODORE MITCHELL1

Abstract. Let S be a semigroup of equicontinuous self maps of

X, a compact Hausdorff space. It is shown that if S is left reversible

(that is every pair of right ideals of 5 has nonempty intersection),

then there is a compact group G of homeomorphisms of a retract

Yot A'with the property that 5 has a common fixed-point in X if

and only if G has a common fixed-point in Y. As an application,

it is proved that if /'is a family of continuous commuting self maps

of the closed unit interval / with the property that for each feF,

with one possible exception, the set of all iterates of f is equi-

continuous, then / contains a common fixed-point of F.

1. Introduction. W. Boyce [1] and J. Huneke [4] have shown that if

/ and g are two commuting continuous self maps of /, the closed unit

interval [0, 1], then / and g need not have a common fixed-point in /.

However, Boyce [2, Corollary 5] has found that if at least one of the two

maps has the additional property that the set of all its iterates (under

functional composition) is equicontinuous, then/and g do indeed have a

common fixed-point.

This latter result suggests the following problem. Suppose that F is a

family of three or more commuting continuous self maps of /. Suppose

further that, with one possible exception, each feF has the property that

the set of all its iterates is equicontinuous. It is clear, of course, from

Boyce's work that each pair of maps/, geF must have a common fixed-

point. But this still leaves open the question of whether / contains a fixed-

point common to all feF.

In Theorem 3. we resolve this question in the affirmative for all such

families F, whether finite or infinite. This is obtained by an application

of Theorems 1 and 2, which in turn are shown by the use of topological

semigroup methods. Much of the technique that is employed in the proof

of these results appears in the work of A. L. Shields [6].
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I am greatly indebted to the referee for his helpful suggestions. In

particular, the strengthened forms in which Theorems 1 and 3 appear are

due to him.

2. Preliminaries. A semigroup is a set equipped with an associative

binary composition called the semigroup product. A semigroup 5 is left

reversible if for every pair of elements a, beS, there exists a pair c, deS

such that ac=bd. It is evident that every commutative semigroup is left

reversible. Let A' be a compact Hausdorff space, and W the unique uni-

formity determined by the topology of X (see [5, p. 197]). A family F of

self maps of X is equicontinuous if for each yeX and Ue-?/, there exists

Ve<% such that (x,y)eV implies (fx,fy)sU for all/eF. The family F is
uniformly equicontinuous if for each Uetf/. there exists Ve<W such that

(x, j)eKimplies (fx.fy)eU for all feF. A family of self maps of a compact

Hausdorff space is equicontinuous if and only if the family is uniformly

equicontinuous [5, pp. 239-240]. All semigroups of self maps of X that

appear in this paper have functional composition as the semigroup prod-

uct. The semigroup of continuous self maps of X, designated by C(X, X)

is given the topology of uniform convergence on X. If F£ C(X, X), then

F denotes the closure of F in C(X, X).

3. Fixed-point theorems.

Theorem 1. Let X be a compact Hausdorff space and let S be an

equicontinuous semigroup of self maps of X. If S is left reversible, then there

is a retract Y of X and a compact subgroup G of S such that G, restricted to

Y, is a group of homeomorphisms of Y onto itself. Further, the elements of S

have a common fixed-point peX if and only if peY and p is a common

fixed-point of G.

Proof. Since C(X, X) is given the topology of uniform convergence on

X, then C(X, X) forms a topological semigroup, that is, a semigroup with a

Hausdorff topology in which the semigroup product is jointly continuous

(see [3. Example 14.1, p. 269]). But 5 is an equicontinuous subsemigroup

of C(X. X), so its closure 5 is a compact topological semigroup [3, p. 270],

[5, p. 232].
We wish to show that S is left reversible. Let a, beS, then there exist

nets {a(y)} and {b(y)} in S such that a{y)-+a and b(y)-+b. By left reversibil-

ity of S, there exist nets {c(y)} and {d(y)} in Sfor which a(y)c(y)=b(y)d(y).

Since S is compact, there exist subnets {c(d)} and {d(5)} for which c(<5)-k?

and d(d)-+d for some c, deS. Hence

ac = (lim a(<3))(lim c(<5)) = \im(a(d)c(d)) = \im(b(6)d(d))

= (lim &(<5))(lim d(b)) = bd,
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so Sis left reversible. (If Xis metrisable, then C(X, X) is also, so the nets in

the above argument could be replaced in such a case by sequences. But if

X is not first-countable, then neither is C(X, X).)

A right ideal R [left ideal L] of a semigroup W is a subset of H'for which

RW^R [WLcL], Clearly, if the intersection R of a family of right ideals

of a semigroup is nonempty, then R is also a right ideal. But aS(~\bS^0

for all a, beS, therefore the compact semigroup S has a unique minimal

right ideal K, where Ä"=D {aS; aeS}. However, a compact semigroup W

contains minimal left ideals; further ^contains a unique minimal right

ideal if and only if each minimal left ideal of W is a compact topological

group (see [3, Theorem 1, p. 57]). Hence 5contains a left ideal G which is

also a compact group.

Let e designate the identity element of G. and let Y=eX. But e2 = e,

where eeC(X, X), so it follows that Fis a retract of X and that ev=y for

all ye Y. Let/eC7, yeY, and Ietg be the inverse element of/in the group G;

thenfy=(ef)y—e(fy)eY, and also (fg)y=(gf)y = ey=y. Thus G, restricted

to Y, forms a group 'S', homomorphic to G, of homeomorphisms of Y

onto itself. But if an heG satisfies hy=y for all yeY, then

hx = (he)x = h(ex) = ex

for all xeX, so h=e. Hence the restriction map from G onto '3 given by

/-►/jFis actually an isomorphism, and (by compactness of G and [5,

Theorem 8, p. 141]) is also a homeomorphism when 'S is given the topology

of uniform convergence on Y.

Suppose, now, that S has a common fixed-point peX. The map from 5

to X given by a--ap is continuous by [5, Theorem 9, p. 227]. so the set

{aeS; ap=p} is closed in 5, hence equals 5 since 5 is dense in S. But G £ S,

therefore fp=p for all feG, thus p — epeY.

Now let p be a common fixed-point of G, where peX. Then p=epeY.

But aeeG for all aeS because G is a left ideal of 5. Thus for all aeS, we

have ap=a(ep) = (ae)p=p, which proves Theorem 1.

It is an open question whether a compact abelian group G of homeo-

morphisms of a retract Y of a compact convex subset A' of a locally convex

space has a common fixed-point. (The referee has informed the author

that this seems to be unknown, even if X is the n-cell.) In any event, the

problem of whether an equicontinuous left reversible abelian semigroup

5 of self maps of X has a common fixed-point is equivalent, by Theorem 1,

to this open question. However, something can be said about the case

where X=I, the closed unit interval. We need a known result [3, p. 333].

Lemma 1. Let J be a closed bounded interval, and let G be a compact

group of homeomorphisms of J onto itself.
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(i) IfftG is order preserving on J, then f=e, the identity map on J.

(ii) G has at most two elements.

Proof, (i) There exists a sequence {«(/)} of positive integers such that

{/"U)} converges to e uniformly on / [3, Proposition 1.17, p. 15]. Suppose

there/xists xe/such thatfx^x, sayfx<x. Thenf2x<fx, and by induction,

/"x^/x<x for all positive integers n. Hence {/n<i)} cannot converge

uniformly to e, a contradiction.

(ii) By (i), e is the only order preserving element of G. Suppose,/, geG

are order reversing, then f2 and/g are order preserving, so f2=e=fg.

Thus f—g since G is a group.

The next result is an easy consequence of Theorem 1 and Lemma i.

Theorem 2. Let S be a left reversible semigroup of equicontinuous self

maps of 1, the closed unit interval. If a continuous self map h of I commutes

with the elements of S, then I contains a common fixed-point of S and h.

Proof. (We remark that the identity map on / obviously is such an h.)

By continuity of the semigroup product on C(I, I), h commutes with the

elements of 5. Let Y be the retract of /, and G the compact subgroup of S

which were shown to exist in Theorem 1. Then yis a closed subintervai of

/, and since h commutes with the idempotent eeG, then h maps Y into

itself. By Lemma 1, G has at most two elements. If G={e}, then any

fixed-point pe Y of h is a fixed-point of C7, hence by Theorem 1, also of S.

If G={e,f}, then/is sense reversing on Yby Lemma I, so/has a unique

fixed-point peY which must also be a fixed-point for h, since h and /

commute. However, p is a fixed-point of S by Theorem 1, which proves

Theorem 2.
The next item is a generalization of Boyce's result [2, Corollary 5] for

the case of two maps. The family of iterates of an feC(I, I) is the set

{/"; «=0, 1, • • •}• where/0 denotes the identity map on /.

Theorem 3. Let F be a family of pairwise commuting continuous self

maps of I such that for each f<=F, with one possible exception, the family of

iterates of f is equicontinuous. Then I contains a common fixed-point of F.

Proof. Let heF be the exceptional map, if F contains one, otherwise

let heFbe arbitrarily chosen. Let £={/; /= 1 ,•••,«}be any finite subset

of F—{h}, and let 5, be the family of iterates of/. Each family Bf is

equicontinuous, hence uniformly equicontinuous on /. It follows easily

that the set T^C(I,I) given by T={a1a2 ■ ■ ■ an; a^B^ is uniformly

equicontinuous, hence equicontinuous on /. By commutativity, the

product of any two elements of T can be expressed as an element of T,

thus T is a commutative (hence a left reversible) semigroup. However, h
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commutes with the elements of T, so T and h have a common fixed-point

by Theorem 2. But 5 s T, thus the sets{Zf;feF} have the finite intersection

property, where Zf={xel;f(x)=x}. Therefore (~) {Zf;feF}^ 0 by

compactness of /, which proves Theorem 3.
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