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A CONJUGACY CRITERION

robert r. stevens

Abstract. A sufficient condition is given for the differential

equation x"+p{t)x—0 to have a nontrivial solution with more than

one zero in a closed interval [c, b]. A partial converse is obtained

and applications are given.

1. Introduction.   The differential equation

is conjugate on a real interval / if some nontrivial solution of (1) has

more than one zero in /; otherwise, (1) is disconjugate on /. We shall

assume throughout that p(t) is continuous on the interval /.

Liapounoff [7] proved that equation (1) is disconjugate on the closed

interval [a, b] if (b—a) f„ \p(t)\ d:^4. This was generalized by Hartman

and Wintner [5] who showed that the condition J„ (/—a)\p(t)\ dt<\ is

also sufficient for disconjugacy on [a. b], the latter theorem being derived

from the following rephrased result of [5] which gives a necessary condi-

tion for conjugacy.

Theorem.  // (1) is conjugate on [a, b] and/>(0i=0 then

It can be seen intuitively that if (1) is conjugate then p(t) must be suffi-

ciently large in some sense, as defined, for instance, by condition (2).

However, (2) is not sufficient for conjugacy since, for example, the equa-

tion x"+x=0 is disconjugate on the interval [0, 3].

In [2], [3], [6] are given simple criteria applicable to the equation

x"+ß sin r)x=0. We mention also the fact that although Yelchin [9j

states a sufficient condition, it is not explicit, and its usefulness in particular

conjugacy problems for bounded intervals is difficult to determine.

The idea of this paper is to obtain a "largeness" condition similar to

(2) and which is explicit and sufficient for conjugacy on a closed interval

[a, b] (Theorem 1). A similar condition is proved to be necessary for

conjugacy on the half open interval [a, b) (Theorem 2).
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These results are applicable to specific conjugacy and oscillation

problems and to the estimation of eigenvalues, as well as upper bounds

for the interval of uniqueness, for two point boundary value problems.

Our results show, for example, that

(i) the equation x"+k sin tx=0 is conjugate on [0, it] if A^£; hence,

(ii) the equation x" +p(t)x=0 is oscillatory if p{t) dominates f sin/

(/>(0=t sin t) on infinitely many of the intervals [rnr, (n+\)rr] (n=0,2,

4, • • •), and
(iii) the first eigenvalue of x" + k sin f.v=0: ,v(0)=0, x(tt)=0 satisfies

A<|.
Applications such as that of (iii) are extremely useful when used in

conjunction with the necessary condition of (2). For example, application

of (2) to the example in (iii) shows that a lower bound for the first eigen-

value in 0.73.

We wish to thank the referee for his helpful suggestions concerning

the organization of the paper and also for the reference to [8] where it

is proved that the equation in (i) above is conjugate for A_ 1.242.

2. Main results. We shall suppose throughout that />(0=0 and is

continuous on a closed interval [a, b]. Let Tab be the operator on

C[a, b], defined by

(3)     Ta,b:/«) -* z^-Ka) + '-^ fib) - Pg(<, s)p(s)f(s) ds,
b — a b — a Ja

where G(t, s) is the Green's function for y" on [a, b]:

(b - s)(t - a)
G(t, s) =- for a < t < s

a — b
and

(s - a)(b - t)
G(t, s) =-■   for s < t < b.

a — b

Note that, for />_0 on [a, b], Ta_b is a monotone operator, (Ta bf)"=—pf

and Ta bf and / are equal at a and b. The function sequences Rn(t) and

Ln(t) are defined for by

(4) /wo=T-.*(^) and L"+i(0 = T^(h^)

for «_0. When context requires, we shall express the dependence on

a, b, p by writing Rn{t\p, a, b) and Ln(t; p, a, b).

Theorem 1.   Let />(r)_0 on [a,b]. If there exists a<c<b and m_l
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such thai

(5)

and

(6)

then the equation (1) is conjugate on [a, b].

Example.   A straightforward calculation for the equation

(7) x" + X sin tx = 0

on the interval [0,77] yields (5) and (6), with c—tt\2 and m=2, when

Thus (7) is conjugate on the interval [0, rr] when Note also

that statements (ii) and (iii) of the introduction follow from this, through

use of Sturm's theorem. As a partial converse to Theorem 1, we have

Theorem 2. Let p(t)^Q on [a, b] and let p(t) not vanish identically in

any subinterval of [a,b]. If equation (1) is conjugate on the half open

interval [a, b), then there exists a<c<b and w_ 1 such that strict inequality

(>) holds in both (5) and (6) of the statement of Theorem 1.

We omit the statements of the equivalent forms of Theorem 2 which

give sufficient (although not explicit) conditions for disconjugacy on the

half open interval [a, b).

Corollary 1. Let />(f)_0 on [a, b], and let x be the solution of equation

(1) satisfying x'(a)=0 and x(a)= I.

(i) If there exists m _ 1 such that f£ J„ Rm(s)p(s) dsdt^.1, then x vanishes

at some point of [a, b].

(ii) If x vanishes at some point of [a, b), then there exists 1 such that

SlilRm(syp(s)dsdt>l.

Corollary 2. Let /Hr)_0 on [a, b] and let x be the solution of equation

(1) satisfying x(a)=0, x'(a)=\.

(i) If there exists m _ 1 such that f„ f„ Lm(s)p(s) as dV _ 1, then x vanishes

at some point of [a, b].

(ii) If x' vanishes at some point of [a, b] andp does not vanish identically

on any subinterval of [a, h], then there exists w_l such that

Lm(s)p(s) ds dt > 1.

3. Proofs of the theorems.

Proof of Thforem 1. Define Rn(t)—Rn(t;p,c,b) and Ln(t)=

L„(t;p,a,c) (see (4)). Since (R^—R^'SO and R2=RX at c and b, it

j j Rm(s; p, c,

Lm(s; p, a, c)p(s) ds dt = 1

b)p(s) dsdt^l
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follows that R^R^ Hence by the monotonicity of the operator Tc h,

{Rn} is nondecreasing. By the same argument, {/_„} is nondecreasing.

Let x{t) satisfy equation (1) and x(a)=0, x'(a)=l. If x'>0 on [a, c],

then x>0 on (a, c], and y=xjx(c) satisfies equation (I) and y(a)=0,

y(c)= 1. Since (Ta,cy)" = —py=y" and 7*a, cy and y are equal at a and c, it

follows thaty=Ta,cy on [a, c]. Clearly, (y—LJ'^O andy=Lx at c and b,

so that j^Lj. By monotonicity of TaiC, y~^Ln for all n. Since — _y"=

py^pLm, y'(c)-y'(t)=jety"(s) ds^-jct p{s)LJs) ds. Another integration

yields

fV(<0 - /(f)] dt = - f'I Cp(s)Lm(s) ds,
•/a J a J t

-y'(c)(c - a) + [Kc) -        = P f6p(s)Lm(s) ds.

or

Thus

Ja J"Ip(s)Lm(s) ds = -/(c)(c - a) + 1< 1.

This contradicts (5) and shows that x cannot be positive everywhere in

[a, c].

Now suppose that x (defined above) satisfies x>0 on (a, b]. Then

x"^0, and thus x'(c)^0. Since y^Ri at the endpoints of [c, b] and

(y—R1)"=y"^0, it follows that y_/?,. As above, v=7v(,_y on [c, b] and by

monotonicity, v = /?„ for all n. Since —y"=py^.pRm, y'(t)—y'(c) =

$ly"(s) ds^—ji p(s)Rm(s) ds. Another integration gives

j W) - /(«)] * = -f f ptoRJL*) ds dt,
or

p(s)Rm(s) ds df < /(c)(b - c) - [>■(&) - y(c)]

= y(c) - y(b) < y(c) = 1.

This contradicts (6) and shows, finally, that x vanishes at some point of

(a, b]. This proves that equation (1) is conjugate on [a, b].

Proof of Theorem 2. The hypothesis implies that the solution x of

equation (1) satisfying x(a)=0, x'(a)=l has a zero in the open interval

(a, b). Let z be the smallest such zero, a<z<b. Then .v>0 in (a, z) and

there exists d, a<d<z, such that x'(d)=0, x'>0 in [a, d) and x(d)>0.

Suppose now that

(8) I"* f J?„(s; p, d, b)p(s) ds dt = 1      (« > 1).
Jd Jd
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Recall that {RJ is nondecreasing on [d, b]. Also from (4) and (8),

R«+x(t) = (Td.bRn)(t)

" TT"! + Z^-l ^ f du ds - P f V(")«n(«) d« ds
b — d      b — d Jd Jd JdJd

<b_^_t    t_-_d = l

"b-d    b-d

for all n^l. Let Rn-*R. By the monotone convergence theorem of the

Lebesgue theory and (4), R=Td hR. Hence R"=(T4 bR)"=-pR so that R

is a solution of equation (1). Since R1(d)= 1 and R1(b)=0, and the operator

Td-b preserves these boundary values, R{d)=l and R(b)=0. Also,

b — d    b — d Jd Jd

the last inequality being implied by (8). Note that actually R'(d)<0.

(If 7?'(d)=0, then /x" would be a multiple of x, since x'(d)=0, and hence

would vanish at z. But 7j(z)^7?1(2)=(/:— z)j{b-d)>0.) Since

i?>0 on [d,z]. Thus y=R-xlx{d) satisfies (1), y(d)=0, .Kz)>0> and
(since /(d)<0) y(t)<0 for r near d. Hence there exists we(d, z) such that

j(h>)=0. Since y(d) is also zero, Sturm's theorem implies that R vanishes

at some point in [d, w]. However, this contradicts R>0 on [d, z]

and shows that (8) cannot hold. Hence there exists such that

fJä Ja Rk(s; p, d, b)p{s) ds dt>\ and, by continuity, there exists ce(d, z)

such that

(9) J"*J" Rk(s; p, c, b)p(s) dsdt>\.

Consider now the interval [a, c] and recall that x'(d)=0, where a<</<c,

and that x'>0 in [a, d). Suppose now that

(10) £ j' L„(s; p, a, c)p(s) ds dt ^ 1     (n > 1).

Using the same argument as above for {Rn}, it follows that there exists L

which is a solution of (1) on [a, c] and such that L(a)=0, L(c)=l and

L'(c)^0. Since p does not vanish identically in [d, c], it follows that

L'(d) = L'(c) - f L"(s) ds j> |p(s)L(s) ds > 0  (strict inequality).

Hence L'(d)>0. However, since the solutions L and x both vanish at a,

they are linearly dependent. This implies, since x'(d)=0, that L'(d)=0.
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This contradiction shows that (10) cannot hold. Hence there is an integer

n> \ such that

an      JTLn(s; p'a'c)p(s) ds dt > L

By (9) and (11), letting m = max{/c, n), c and m are as desired. The proof

is complete.

The proofs of the corollaries are similar and are omitted.
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