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THE MORSE LEMMA ON BANACH SPACES

A.  J.   TROMBA

Abstract. Let /: U-*R be a C3 map of an open subset U of a

Banach space E. Letp £ U be a critical point of/ (df¡,=0). If £ is a

conjugate space (E=F*) we define what it means for/» to be non-

degenerate. In this case there is a diffeomorphism y of a neighbor-

hood of p with a neighborhood of 0 E E, y(p)=0 with

foy->(x) = id%(x,x)+f(p).

In this paper we define a notion of nondegeneracy for critical points of

smooth real valued functions defined on open subsets of a Banach space E

which is a dual space, and we shall prove the Morse lemma with our

definition. Earlier notions of nondegeneracy which implied the Morse

lemma are stronger than ours and in particular had the unfortunate

consequence of implying that £«¿£*. See Palais [3] and [4] for the case

E= Hilbert space and EmE* respectively.

Definition. Let £0 be a Banach space and let E=E* be the dual space

of E0. Denote by ( , ):ExE0 the bilinear pairing of E0 and E given by

(fx)=fix).
In the paragraphs below we shall not be too careful about the order of

the terms in < , ); e.g., (x,f) instead of (/, x) and no confusion should

arise from this.

A continuous linear map A e L(£, E0) is said to be symmetric if

(y, Ax) = (x, Ay) for all x, y £ E. We note this by writing A e LsiE, E0).

The proof of the following is standard.

Lemma 1.    If A e LS(E, E0) is injective then A(E) is dense in E0.

Definition. Let ¡7c: £ be an open subset with/: U-+R C2-differentiable.

We say that/ is weak (*) smooth if for each fixed / e U and he E the

linear functional on E given by k~>d2ft(h, k) is continuous in the weak

(*) topology of E induced by E0. If E is reflexive every C2-map on U is

weak (*) smooth.

Lemma 2. Let t e U be fixed with f: U-+R C2 and weak (*) smooth.

Then d% induces a map AteLs(E,Eo) with k(At(h)) = (k, At(h))=

d2f(h, k).
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Proof. Since k-*d2ft(h, k) is continuous in the weak (*) topology it is

given by an element of £0, say At(h) according to the rule k(At(h))=

d2f(h, k). (For a proof of this fact see [1, p. 421].) At is readily seen to be

linear in h since d2ft(h, k) is. This completes the proof.

Let U be a convex neighborhood of a critical pointp off: U^-R (i.e.,

dfv = 0) which we assume to be C3 and weak (*) smooth. Then by Taylor's

formula for xeU, x=p+Ç,

f(p + D =ñP) + f(l - W*f(p + Af)(|, I) dk.
Jo

Let BX:E x E-+R be the symmetric bilinear form given by

Bx(h, k) = P(l - X)d2f(p + XS)(h, k) dl.
Jo

Then, by the above remarks, Bx(h,k) = (k, Axh) where AxeLS(E, E0).

A : U—>-Ls(E, E0) is called the bilinear representative of/in U. Iff is C3 then

A is C1. If/J=0 the above Taylor expansion for/can then be written

/(*) = Bx(x, x) 4-/(0) = (Ax(x), x) +/(0)

for x near 0. In the following paragraphs we shall assume for simplicity

that our critical point/? is in fact 0.

Definition. The critical point p is nondegenerate if there is a neighbor-

hood W<=- U and positive constants Q and C2 with

(1) A0 injective,

(2) IID^WOOU^CJAII \\Ary\\,
(3) \\DAti(h)(y)-DAH(h)(y)\\^C2\\h\\ ■ ||rW2|| • \\Aty\\,

for all /, i', fj, t2 e W, where DAt denotes the Fréchet derivative of A with

respect to the subscript variable.

Remark. In the case E=H, Hubert space, considered by Palais and

Smale, A0 e LS(H, H) was required to be an isomorphism for p to be a

nondegenerate critical point of/. The requirement that A0 be an iso-

morphism implies (1), (2), and (3), and so these conditions are weaker

than the nondegeneracy condition of Palais and Smale.

Lemma 3. Let A be a bilinear representative off at p. Then there exists a

neighborhood WofO and constant A>1 with the property that

K^\\Aüy\\^\\Aty\\^K\\Aüy\\.

Proof.   By the mean value theorem we have

Aty - A0y = \DAu(t)(y) dX.
Jo
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Let  W be a bounded convex neighborhood of 0 £ £ where the non-

degeneracy conditions hold. Then

€
\\At - Aoy\\ Ú |  \\DA,tit)iy)\\ d'A ̂ Q ||/|| • \\Aty\\

for all /, /' £ W.

From this (dividing by M^H), we can conclude that

\Aty]\       \\A0y\\

\\At.y\\      \\At.y\
^ Cx \\t\\-

Then setting /'=0 we get Mi>'||^(l+C1||z,||)M0j|| and setting /' = / we

get \\A0y\\<:il+Cx\\t\\)\\Aty\\. Finally, setting K=\+supteW Cx\\t\\ con-

cludes the proof.

Remark. The above lemma implies that the map A : W->LS(E, E0)

takes values At which are injective maps for all t e W.

Lemma 4. Let A be a bilinear representative off at p. Then there exists a

neighborhood WofO and constants Cx and C2 with

\\Ahy - Ahy\\ £ Q fa - t2\\-\\At.y\\

for tx, t2, t' £ W.

Proof.    Follows directly from the mean value theorem.

Lemma 5. Let /:$—>-/? be a real valued C3 weak (*) smooth function

defined in the neighborhood G of the origin ofE. Suppose 0 is a nondegenerate

critical point off. From before

f(x) = (Ax(x),x)+f(0).

Then there exists a C1 map t-^-Q% e GL(E), the general linear group of E

with AtQt = A0 and O0=/.

Proof. Let IT be a convex neighborhood of 0 so that Lemmas 3 and 4

hold. Let / £ W be fixed. Then by the remark after Lemma 3, At is in-

jective; moreover, Range A, is dense in £0. Let y e E. Define Qt(y) e E*

by

(Qt(y), At(x)) - QtiyMt*) = (y, ̂ )-

By Lemma 3, Qtiy) is continuous. Since Range At is dense this defines

Qtiy) on all of £0. It is easy to check that for each / e W, that Qt is linear.

We shall show that Qt is an isomorphism and that the map t->Qt is C1.

First, since At is symmetric for each / e W, (AtQty, x)=(A0y, x). There-

fore,

\{Atx,Qty)\ = \(AtQty,x)\ = \(A0x,y)\ ^ K \\y\\ ■ \\Atx\\.
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Thus,

\(Qty,Atxl\\Alx\\)\^K\\y\\

for all xeE. This implies that \\Qty\\^K\\y\\. (Recall forfeE%, ||/|| =

sup|N|_x \{f x)\ and if Sc£0 is dense |!/|¡=supM=1;:c&s \(f x)\.) Secondly,

|<^oX,^>| = \(A0y,x)\ = \(AtQty,x)\ ^ \\Qty\\-\tAtx\\ ̂  K\\Qty\\-\\A0x\\.

Thus

¡(A^IWA^hy^SKWQjW

for all x,y e E, which implies that ]|öi^ll=^_1lljll> which further implies
that for each t eW, Qt is injective, continuous and has closed range. To

see that Qt is invertible, let y e E be arbitrary. Define Pt(y) e E* by

Pi(y)(A0x) = (Atx, y). Then

(A0Pty, x) = (Aty, x).

As before, Pf will be continuous, injective and have closed range. Now

(AtQtpty> X) = (A0Pty, x) = (Aty, x),

for all x, y. This implies that AtQtPt=At and since At is injective, we have

that QtPt=I, which shows that Qt is onto, and hence invertible for each t.

We must now show that the map t-+Qt is C1. The continuity of this map

is guaranteed by Lemma 4. For

\(Qhy - QtJ, Ahx)\ = \(Qhy, Atx) - (Qtty, Atx)\

= \(A0y,x) - (Qtj,Ahy)\

= \(Qhy,AHx)-(QHy,Ahx)\

= \(Qtty, Atx - Atx)\ ^ \\Qhy\\ ■ \\Atx - Ahx\\

^KC.WyW-W^-t.W-WAtXl
Thus

WQtj-QtjW^^KWyW-Wh-tA
or

\\QH-Qh\\^c1K\\t1-t2\\

which gives the continuity of the map t->Qt.

To see that the map is smooth, we use the same sort of trick we have

already employed. Our candidate for the derivative of Qt will be the map

defined by

(DQt(h)(y), Atx) = ~{DAt(h)(x), Qty).

The nondegeneracy assumption assures us that the map DQt is well defined

and continuous.
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Let /„ e W be fixed and let h be so small that t0+he W. Then

,*) <öt0+zj - QtJ, Atx) = (Qh+hy, Atx) - (Qtj, Atx)

= {Qta+hy, Atx - Ato+hx).

By the Fréchet differentiability of t-+At this is equal to

(Qto+hy, -DAto(h)(x) - Rtoih)ix))

where

Ato+h-Ato = DAtoih) + Ruih)
and

Rt0(h)(x) =^[DAh+lh(h)(x) - DAt0(h)(x)]dA.

(This implies that ||/?/o(/z)(x)||^C2!|/z||2- \\At<¡x\\.) Continuing the string of

equalities we get (*) equal to

(Qt0+h(y), -DAtoih)(x)) - (Qttt+hiy), Rtoih)ix))

= -<ßfg(j>), DAhih)ix)) + (Qu+hiy) - Qhiy), -DAt<¡ih)ix))

-(Qu+n(y), RtMx»

= (DQtoih)iy), Atx) + (Qu+hiy) - Qto(y), -DAtaQi)ix))

-{Qt0M, *(o(A)(*)>-
Therefore

\(Qt0+hy - QtJ - DQto(h)(y), Ah(x))\

ú \(Q<0+h(y) - Qh(y), dau(K)(x))\ + \{Qto+h(y), Ru(h)(x»\-

By the nondegeneracy conditions, we get that these two terms are bounded

by

^{CxK\\h\\-\\y\\}-{\\DAto(h)(x)\\} + {K\\y\\}-{C2\\h\\2\\Atx\\}

^{CiKC2 + KC2}\\h\\2\\y\\-\\Atx\\.

Thus

WQt^y - QtJ - DQto(h)(y)\\ ̂ {CxC2K + KC2} \\h\\2 \\y\\

which implies that

\\Qt0+h - Qh - DQto(h)\\ ^ {CxC2K + KC2} \\h\\2-

Therefore

Hm   ~{\\Qto+h-Qlo-DQtoih)\\} = 0
uw-o \\h\\

and hence t->-Qt is Fréchet differentiable.
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The last thing to show is that t~>DQt is continuous. Now

(DQh(h)(y) - DQh(h)(y), Atx)

= -(Qhy, DAh(h)(x)) - (DQH(h)(y), Atx)

= -(Qtiy, DAti(h)(x)) - (DQH(li)(y), Atx)

+ (DQh(h)(y),At.x-Atx)

= -(Qhy, DAh(h)(x) - DAt([h)(x)) + (DQtßi)(y), Atx - Atx).

As before

\(DQh(b)(y) - DQh(h)(y), Ah(x))\

^{K\\y\\}{Ci\\h\\-\\t1-t2\\-\\Ahx\\}

+ {\\DQh(b)(y)liCi]-\\ti - t2\\-\\Ahx\\}

^ {KC2 + ACAKIIMI • \\y\\ ■ \\tx - t2\\ ■ \\Atx\\}

which implies that

\\DQtl - DQJ ^ {KC2 + KC2CX} \\h - t2\\

which concludes the proof of Lemma 5.

Theorem (Morse lemma). Let f.&^-R be a C3 and weak (*) smooth

map with 0e& a nondegenerate critical point of f Then there exists a

local C1 dijfeomorphism y> preserving the origin with

/o W(x) = y2f0(x, x) +/(0) = (A^x, x) +/(0).

Proof (following Palais [3]). By Lemma 5 here is a C1 map íh->

Qt e GL(E) with AtQt=A0. Thus Q?At*=A* where Qt* e GL(E*). Since
A0 is symmetric, (A*x)y=x(A0y)=y(A0x) = (iA0x)y for all x,y e E, where

i:E0-+E* is the natural inclusion. Thus A* = iA0. Therefore

(î) QÏA* = iAtQt.

Also, Q0=I and thus, by the Taylor expansion for the squre root, Qt has

a C1 square root St in some neighborhood V0 of the origin. Now since

equation (*) is satisfied by St (in fact by a polynomial in Qt or a limit of

such), we have S*A* = iAtSt. Hence SfA*St = iAtSt=iA,i and consequently

Af = Rt(iA»)Rt

where Rt = S^x. From the bilinear representation off we have

f(x) -f(0) = (Ax(x), x) = x(Ax(x)) = (A*x(x))(x) = (R*xiA0Rx(x))(x)

= (iA0Rx(x))(Rxx) = Rx(x)(A0Rx(x)) = (Rx(x), A0Rx(x)).

Let (p(x)=Rx(x). Then D<p0(h)=R()(h)=h, since Q0=S0=R0=I. Thus by
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the inverse function theorem, cp has a local inverse %p restricted to a sub-

neighborhood Fc V0. The map ip clearly satisfies the requirements of the

lemma.

Remark. If we require the map y> above to be only a local homeomor-

phism we can relax the nondegeneracy conditions to the following. Let

fix)=(x, Axix))+fip), A:U—>-LsiE, E0) the bilinear representative off.

Then p is nondegenerate if

(1')   A0 is injective,

and there exists a subneighborhood Wa ¡J of p and constant C so that

(2')    \\AHy-Atj\\^C\\t,-hUfy\\
for any tu t2, t' £ W.

We can define the notion of nondegenerate critical point of a C3-map

f:M—>-R on a C3 Banach manifold M modelled on £=£„*. We say that a

critical point p is nondegenerate if there is a chart (cp, U) aboutp, y(U)=

(9<^E with the property that foqj^-.O—yR is weak (*) smooth and has

cp(p) as a nondegenerate critical point.

From the last theorem we have

Theorem. Let f.M-^-R be C3 with M modelled on £=£0* and p a

nondegenerate critical point. Then there exists a local diffeomorphism y

of a neighborhood of cp(p) with a neighborhood of'0 £ £, y(<p(p)) = 0 and with

/o r>-l o y)(X) = d2(fo <p~%{l>)(x, X) +fip).

Corollary.    Nondegenerate critical points are isolated.

Remark. It does not seem that this definition of nondegeneracy is

independent of the choice of coordinate chart and hence does not appear

to be a natural geometric notion of nondegeneracy for spaces £ which are

not isomorphic to £*. The author is at the moment unaware of a modifi-

cation of nondegeneracy for general Banach manifolds, i.e., one which is

independent of the selection of coordinate chart.
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