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NICK  M.  STAVRAKAS  AND  R.   E.  JAMISON

Abstract.   New proofs are given for Valentine's extensions of

Tietze's theorem on convex sets.

Valentine in [1] proved the following two extensions of Tietze's theorem

on convex sets.

Theorem 1. Let S be a closed connected subset ofRd such that S has at

most n points of local nonconvexity. Then S is an L„+l set.

Theorem 2. Let S be a closed connected subset ofRd such that the points

of local nonconvexity of S can be decomposed into n convex sets. Then S is

an L2n+X set.

The purpose of this paper is to give new proofs of these theorems. The

proofs depend upon the following two lemmas.

Lemma 1. Let S be a subset of Rd. Let x, y e S and suppose I is an arc

from x to y of minimal arc length in S such that each point of I is a point of

local convexity ofS, except possibly for x andy. Then ¡= [xy], the closed line

segment from x to y.

Lemma 2. Let S be a closed connected subset of Rd, which has at least

one point of local nonconvexity. Then given x e S there exists a point p of

local nonconvexity of S such that [xp] <= S.

The proof of Lemma 1 is easy and is omitted. The proof of Lemma 2 is

in Valentine [1]. We only prove Theorem 2, and then it will be clear how to

prove Theorem 1 using the same method.

Proof of Theorem 2. Let {Cx, ■ ■ ■ , Cn} be the n convex sets into

which the points of local nonconvexity can be decomposed. Now let z e S.

Define S(z) as {t\t e S and [zt] c S} and define S(C¡) as lj«c, S(z). Clearly

S(Ci) is an L3 set. Lemma 2 implies 5=|jLi 5(C,). The fact that S is

connected then implies that S is an L3n set. Thus, given x, y e S, there

exists an arc from x to y in S of finite arc length, and hence there exists an
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arc from x to y of minimal arc length in S. Let / be such an arc. / is clearly

simple. The minimality of / and the convexity of C¡ imply that /nQ is a

point or closed line segment or empty. Remove the points of local non-

convexity of 5 from / to get a set /'. Note that we remove at most n sets,

each of which must be a closed line segment or a point. Thus /' has at most

n+l components, and the closure of each of these components is an arc

satisfying the hypothesis of Lemma 1, and hence is a line segment. Thus /

consists of at most 2n+l line segments and the theorem follows.
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