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DISTANCE  SPHERES IN  COMPLEX
PROTECTIVE SPACES

ALAN   WEINSTEIN1

Abstract. Distance spheres in complex projective spaces are

counterexamples to the odd-dimensional extension of a lemma of

Klingenberg.

Klingenberg proved in 1959 [4] that if M is a compact, simply connected,

even-dimensional manifold whose sectional curvatures lie in the interval

(0, K], then the length of any closed geodesic in M is at least 2ttK"112.

He then ([5], [6]) extended the result to odd-dimensional manifolds in the

case where the curvature lies in [(\¡A)K, K\. In 1962, Berger [1] gave

examples of metrics on S3, with curvatures lying in [ôK, K] for all ô e

(0, 1/9) and with closed geodesies of length less than 2ttK"1/2. Later

Chavel [2] constructed similar metrics on all odd-dimensional spheres.

The purpose of the present note is to point out that the examples of Berger

and Chavel occur "in nature" as distance spheres in complex projective

space.

Consider CP" with the standard metric having sectional curvatures in the

interval [1/4, 1] and diameter 7r. Fixp e CPn and let Sr be the set of points

having distance r from p. For r e (0, v), Sr is a 2n— 1 dimensional sphere

on which the isotropy group U(n) of p acts transitively and isometrically.

The central subgroup of U(n) generates a Killing vector field of constant

length on Sr whose orbits are closed geodesies of length 2tt sin r. Using

Gromoll's formula [3, p. 361] for the curvature of distance spheres, one

finds that the maximum and minimum sectional curvatures of ST are

(1+4h)/4w and 1/4« respectively, where «=tan2(r/2). Now 2n s'm r

becomes less than 27r((l +4«)/4m)_1/2 when m>2, i.e. when r is greater than

2 arc tan ^/2 = arc cos(—1/3). The ratio 1/(1+4«) of minimum to maxi-

mum curvature drops below 1/9 when u rises above 2.

That the distance spheres in CP" are isometric to the examples of Berger

and Chavel follows from the fact that both spaces are homogeneous spaces
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of £/(«), with metric foreshortened in the direction of the vector field

generated by the central subgroup.

Distance spheres in quaternionic projective spaces and the Cayley plane

are further counterexamples to the odd-dimensional extension of Klingen-

berg's lemma. The critical curvature ratio in these cases is still 1/9.
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