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SUFFICIENT  CONDITIONS  IN  THE  CALCULUS
OF   VARIATIONS  AND  IN  THE THEORY

OF  OPTIMAL  CONTROL

ZEEV   NEHARI1

Abstract. A method is described for obtaining criteria con-

firming the optimality of solutions found either by integrating the

Euler-Lagrange equations, or by applying the Pontrjagin necessary

condition. The method is based on convexity considerations, and its

success in a given problem depends on the judicious choice of certain

arbitrary auxiliary functions.

1. In the classical calculus of variations, a number of procedures are

available which make it possible, at least in principle, to confirm the

extremal character of a solution found by integrating the Euler-Lagrange

equations. However, the practical usefulness of these procedures is rather

limited, since they depend on auxiliary information—such as the existence

of a field of extremals, or the knowledge of a general integral of the

associated Hamilton-Jacobi equation—which often is not easy to come by.

In the theory of optimal control, the situation is even less satisfactory, and

verification of the optimality of the solutions provided by the Pontrjagin

principle is possible only in relatively simple cases.

We shall describe here a method which yields sufficient conditions for

optimality and which does not require the knowledge of quantities which,

in practice, are difficult to obtain. Instead, the success of the method

depends on the judicious choice of certain arbitrary auxiliary functions.

2. We begin by illustrating our procedure in the case of the variational

problem

( 1 ) f(x) = [ V(t, x, x', ■ ■ ■ , xm) dt = min,
Jh

with the end conditions

(2) x^(tx) = Ar,   x^(t2) = Br,       r = 0, 1, • • • , k - 1,

where x e C*is a vector (xx, • • • , xn), x(r) denotes the rth derivative of x,
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and AT, Br are given constant vectors. The function F is defined and has

continuous derivatives of order up to 2k for t g [tu t2] and all real values

of its remaining (scalar) variables. We assume that this variational

problem has a solution x, and we simplify the writing by using overhead

bars to indicate quantities which are to be evaluated along the extremal

x; thus, we write F for F(t, x, x, • ■ ■ , x{k)), Fx for the gradient

Fx(t, x, x', ■ ■ ■ , x{k)), etc. With the abbreviation

(3) L(F) - F - F - y Fx">(xW) - xM),

it follows from (1) that

(4) f(x) - f(x) - PUF) dt + T(x) - T(x),

where

dt.T(x) = H % Fx<»xM
J'i L r=o

If x g C2k, and if it is observed that both x and x satisfy the end conditions

(2), a number of integrations by parts leads to the identity

Í*Í2

T(x) - T(x) =      f(x)(x - x) dt,

where

yx(x) = FX- (djdt)Fx, + ■■ +(-\)k(dkldtk)Fx>».

Hence, if x is a solution of the Euler-Lagrange equation y(x) = 0 we have

T(x)=T(x), and (4) reduces to

(5) f(x) - Jf(x) ~pL(F) dt.

Since the expression (3) will be nonnegative if, for every fixed te [t1, t2],

Fis ex convex function of the set of variables x<sr) (r=0, • • • , k; s=l, ■ ■ ■ ,

n), (5) shows that in this case a solution of the Euler-Lagrange equation

which satisfies the end conditions indeed solves our minimum problem.

In order to make this convexity argument applicable to a wider class

of integrands F, we employ the time-honored artifice—first used by

Legendre and much later made the basis of Carathéodory's treatment of

the calculus of variations [1]—of replacing F by suitable "equivalent"

integrands. If G(t, x, x', • • • , x'*-1') is a function of class C2 in all its

variables and otherwise arbitrary, and if it is observed that dG/dt=

Gjjc'-I-- • ■ + Gxtk-i>x{k) + Gi, a computation shows that

(6) L(dG/dt) = (djdt)L(G),
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where L is the operation defined in (3). Since, by (2),

f2j-L(G)d! = [L(G)ß = 0,
Jii dt

we find that (5) may be replaced by

f(x) - Jf(x) = [\

This leads to the following sufficiency criterion.

Let x be a solution of the Euler-Lagrange equation associated with the

problem (1) which satisfies the end conditions (2). If there exists a function

G=G(t,x, x , • • ■ , xik~l))such that, for all fixed t e [tx,t2], F—G^x-•

— Gxik-i)X(k) — Gt is a convex function of the variables x[r) (r=0, • • • , k;

s= 1, • • • , «, then x is a solution of the minimum problem (1).

We illustrate the use of this condition in the case k=l. If we write

P, Q, R, <p for the symmetric «x« matrices Fxx, \[FXX,, +FX.X], Fx.x,, Gxx,

respectively, the convexity of F—C^x' —Gt is equivalent to the positive-

semidefiniteness of the quadratic form <x.Ra.+2oL(Q—<p)ß+ß(P—d<f>ldt)ß

(where a, ß are «-vectors). Since this quadratic form will have the property

in question if R is positive-definite and the matrix F— (Q — q>)R~l(Q — tp) —

dcp/dt is positive-semidefinite, we have the following result.

Set P=FXX, Q = \[FXX,, +FX.X], R=FX,X,, where F is the integrand of the

variational problem (1) (with k=l). If, for all fixed te [tx, t2] and all

x, x' e En, the matrix R is positive-definite, and if there exists a symmetric

matrix <p = q>(x,t) such that P—(Q~(p)R-1(Q — <p)—d(pldt is positive-

semidefinite, then a solution x of the Euler-Lagrange equation associated

with ( 1 ) which satisfies the prescribed end conditions is a solution of the

minimum problem (1).

It is easy to modify this statement so as to make it applicable to cases

in which x and x are restricted to subsets X, X' of En. If the conditions

of the statement are satisfied for x e X, x e X' and if the convex hull of

the Cartesian products xxx' and xxx is contained in XxX', the same

argument as before shows that f(x)~t.^(x). In particular, if we restrict

ourselves to the immediate neighborhood of xxx' and we set <p=Q +

RU'U'1, we obtain the classical result that x provides a weak local mini-

mum for (1) if R is positive-definite and the Jacobi equation (RU')' +

(Q — P)U=0 has a matrix solution which is nonsingular on [tx, t2].

3. We now consider the fixed-time optimal control problem

(7)   f(x) = i /0(x, u, t) dt = min,       ueU,   x(tx) = A,   x(t2) = B,

F-d-°

dt.
dt.
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where x, « are vectors of dimension « and m, respectively, x g C1, « e D1,

U is a closed convex set in Em and x is subject to the side conditions

(8) dx\dt =f(x,u,t).

The scalar function f0 and the vector function/are required to have two

continuous derivatives with respect to the components of u. We assume

that an optimal trajectory x—associated with an optimal control ü e D1-—

exists and, as before, we will denote quantities associated with x, û by

overhead bars.

Introducing an arbitrary vector X = X(t) = (Xu • ■ ■ , Xn), X g C1, we have,

by (7) and (8),

SOQ = fVo - Kx - f)] dt = P2[/o + ¥+ Ax] dt - [JUß
J'i Jti

(x = dx/dt),

and thus, using the end conditions and the abbreviation q)=f0 + Xf+Xx,

f(x) - f(x) = \\<p-ip) dt.
Jti

Defining the operator L by

(9) L(cp) = <p - <p - yx(x - x) - yu(u - Ü),

we may replace this by

Jf(x) - f(x) = Í \(cp) dt + i \<px(x - x) + yu(u - «)] dt.
Jti Jti

If we choose X so that ^=0, i.e., if X=—H, where H=H(x, u, t)=fü+Xf
is the Hamiltonian of the problem, and observe that because of <p =

H+Xx, L((p) = L(H) and q>u = Hu, we obtain

(10) f(x) - f(x) = [Í2L(H) dt + P Hu(u - Ü) dt.
Jti Jti

By Pontrjagin's necessary condition [5], H(x, ü, t)-^H(x, v, t) for any

v g U and all te [rl512]. Since U is convex, we may take v—(l— e)ü+

eu = ü-\-e(u—ü), where e e [0, 1] and is otherwise arbitrary. By Taylor's

theorem,

0 ^ H(x, v, t) — H(x, ü, t) = eHu[x, û + e*(u — ü), t](u — Û),

where 0^£*5=e. Letting e->-0, we obtain Hu(u — w)^0, and (10) leads to

the inequality

(11) f(x) - f(x) ^ f \(H) dt.



1973] CALCULUS  OF  VARIATIONS,   THEORY  OF  OPTIMAL  CONTROL 539

Accordingly, x will be optimal if the Hamiltonian is, for u e U and all

fixed t e [tx, t2], a convex function of (xx, • • • , xn, ux,---, um). (For other

sufficient conditions depending on convexity properties of the Hamilto-

nian, see [2], [3], [4].)

This is of course a very special situation. To make this convexity argu-

ment applicable to more general cases, we again modify the integrand by

means of a suitable arbitrary function G(x, /). A computation—using (8)

and the definition (9) of L—shows that L[(Gx-Gx)f+Gt] = (d¡dt)L(G).

Since both x and x are subject to the same end conditions, we have

Py L(G) dt = [L(G)]¡1 = 0
Jti dt

and (11) may therefore be replaced by

(12) f(x) - f(x) ^ [ ** L[H - (Gx - Gx)f - Gt] dt.
Jh

This establishes the following result.

Let H=H(x, u, t) be the Hamiltonian of the optimal control problem

(7)-(8), and let x satisfy Pontrjagin's necessary condition for this problem.

If there exists a function G=G(x, t) such that, for u e U and every fixed

te [tx, t2], the function H—(GX—Gx)f—Gt is convex in

(xx, • • • , xn, ux, • • • ,~um),

then x is an optimal trajectory.

References

1. C. Carathéodory, Variationsrechnung und partielle Differentialgleichungen erster

Ordnung, Teubner, Leipzig, 1935.

2. J. E. Funk and E. G. Gilbert, Some sufficient conditions for optimality in control

problems with state space constraints, SIAM J. Control 8 (1970), 498-504.

3. M. I. Kamien and N. L. Schwartz, Sufficient conditions in optimal control theory,

J. Econ. Theory 3 (1971), 207-214.

4. O. L. Mangasarian, Sufficient conditions for the optimal control of nonlinear

systems, SIAM J. Control 4 (1966), 139-152. MR 32 #7282.
5. L. S. Pontrjagin, V. G. Boltjanskiï, and R. V. Gamkrelidze and E. F. Miscenko,

The mathematical theory of optimal processes, Fizmatgiz, Moscow, 1961 ; English transi.,

Wiley, New York, 1962. MR 29 #3316a, b.

Department of Mathematics, Carnegie-Mellon University, Pittsburgh,

Pennsylvania 15213


