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A SCHWARZ  LEMMA FOR  CANONICAL
ALGEBRAIC MANIFOLDS

MYUNG  H.   KWACK

Abstract. It was proved that a holomorphic mapping with a

fixed point between a canonical algebraic manifold is biholomorphic

if and only if the absolute value of the determinant of its differential

at the fixed point is 1.

In this note we prove the following theorem.

Theorem. Let Vn be a compact complex manifold such that the canonical

line bundle K=An T* is very ample (n = dimc V). Let x0 be a point of V

and f:V-*V be a holomorphic mapping such that /(x„)=x0. We denote

by df0:T0(V)^-Tiy(V) the differential of f at x0 where T0(V) denotes the

tangent space of V at x0. Then

(1) ldetrf/,1^1,

n* df0 is the identity transformation if and only

if f is the identity transformation of V, and

(3) |det df0\ = 1 if and only iffis a biholomorphic mapping.

For bounded domain and hyperbolic manifold, the above theorem

is due to H. Cartan and S. Kobayashi [2].

Before we start proving the theorem we recall a few facts, proved by

Griffiths [1], about holomorphic mappings into a canonical algebraic

manifold (i.e. A" T* is very ample).

Proposition 1. Let V be a complete canonical algebraic manifold of

dimension n and m0, ■ ■ • ,wN be a basis for the vector space of holomorphic

n-forms on V. Suppose that {/f} is an arbitrary sequence of holomorphic

mappings of the unit ball B about 0 of C" into V. Then

(1) There exists a subsequence {fk} of {ff} such that the pull-backs

/*Wj converge uniformly on compact sets to a holomorphic n-form cp¡

(/=0, •■■ ,N).
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(2) If |det dfki0)\ = 1, the meromorphic mapping fi.B~+V given by the

homogeneous coordinates f= [<p0, ■ ■ • , <pN] is holomorphic in a neighborhood

UofO and the sequence {fk} converges uniformly on compact subsets of U

tof.

Proposition 2. Let V be a complete canonical algebraic manifold

of dimension n and B the unit ball about 0 in Cn. Letfi. B—+ V be an arbitrary

holomorphic mapping with |det <^~(0)| _t 1. Then there exists an absolute

constant r>0 such that there is a univalent ball A(f(0), r) of radius r about

f(0)forf.B^V.

A univalent ball A(x0, r) for f:B—- V is by definition a disc A(x0, r)

on V of radius r about x0 such that/maps some open set U in B biholo-

morphically onto A(x0, r). The above two propositions are proved in [1].

Now we prove our theorem. Let/:K—>-F be a holomorphic mapping

suchthat/(x„)=Jt0. Assume (1) of the theorem is false, i.e. \detdf0\=a>l.

For each positive integer k, the mapping fk=f ° • ■ ■ °/(A-times) satisfies

|det dfl\ =ak. By Proposition 1, there is a neighborhood U of x0 such that,

when restricted to U, a subsequence of {/*} converges uniformly on

compact subsets of U to a holomorphic mapping g:U~*V. Since ak

diverges to infinity as A goes to infinity, we arrive at a contradiction.

This proves (1).

We denote by dmf0 all partial derivatives off of order m at x0. We will

show that if df0 is the identity transformation of T0(V), then dmfo=0 for

m=2. Let m be the least integer —2 such thatdmf0^0. Then dm(fk)0=

kdmf0^Q for all positive integers A. As A goes to infinity, dm(fk)0 also

goes to infinity in contradiction to the fact that a subsequence of {/*}

converges uniformly to a holomorphic mapping in a neighborhood of

x0. This proves (2).

Iff is a biholomorphic mapping, then the inverse/-1 is a well-defined

holomorphic mapping of V into V such that/-1(x0)=x0. Therefore if

|deti#"0|<l, |det<#V|>l.By (1) of the theorem we must have |det^"0| = l

if/is a biholomorphic mapping.

Assume |det dfi\ = l. The mapping fk=f° •••<>/ (A-times) has a subse-

quence which converges uniformly on compact subsets to a holomorphic

mapping g is a neighborhood of x0. Let / denote an eigenvalue of df0.

Then dfk has an eigenvalue Xk. If |/|>1, then Xk goes to infinity as A

goes to infinity, which is a contradiction. Therefore the eigenvalues of df0

have absolute value less than or equal to one. As \detdf0\ = l, \X\ = l.

Now put df in Jordan canonical form. We claim that df is then in diagonal

form, and the diagonal entries are all of the form e'e. If it is not, it must
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have a diagonal block of the form

~X    1

X    1 0

\A

o •    i

The corresponding block of df\ is then of the form

~Xk   kXk~l

0 ■    kX*-1

Xk _

It follows that the entries kX^1 immediately above the diagonal of df\

diverge to infinity as k goes to infinity. This is again a contradiction to

the convergence of a subsequence of {fk} in a neighborhood of x0.

Since df0 is a diagonal matrix whose entries have absolute value 1,

there is a subsequence {df%{i)} of {dfl} such that {dfl(i)} converges to the

identity matrix. By Proposition 1, there is a subsequence of {fkW}, denoted

again by {fkH)}, which converges uniformly to a holomorphic mapping h

on a compact neighborhood of x0. Since {df^} converges to dh0, dh0 is

the identity matrix. Then h is the identity mapping of a neighborhood of

x0, which can be proved in a similar way as (2) of the theorem.

Let W be the largest open subset of V with the property that some

subsequence of {/*<■>} converges to the identity transformation of W

uniformly on compact subsets. Without loss of generality we may assume

that {/*'•''} converges to the identity transformation of W uniformly on

compact subsets. Letp e W and U be a neighborhood of p with compact

closure. By Proposition 1, there is a subsequence of {fkU)}, denoted again

by {fHi)}, such that the pull-backs/':(':,*(ivJ) (y'=0, ■ ■ ■ , N) converge uni-

formly on compact subsets to holomorphic «-forms tp}, where w0, ■ • ■ , wN

are a basis for the vector space of holomorphic «-forms on V. Then the

mapping given by the homogeneous coordinates /= [95,,, ■ • • , <px] is

the identity mapping on WnU and is meromorphic on U. It follows that
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/= ["Pe ' ' ' ' 9n\ must define the identity mapping on U. This proves that

W is closed and hence W= V.

By change of notation we may assume that{/*(i)} converges to the identity

transformation of V uniformly on compact subsets. To show/is one-to-

one, let f(x)=f(y). ThenfkH)(x)=fkU)(y) and as k(i) goes to infinity, we

get x=y. This shows/is one-to-one. Finally we show/is onto. Suppose

it is not. Then there is a pointy in V—f(V). We also have/? e V—fkU)iV)

for all k{i). Since {dfkH)} converges to the identity matrix, |det dfkvH)\ ̂ 1 —

£>0 for sufficiently large rc(i')'s. By Proposition 2, there is a univalent

ball forfHi) about fHi)ip) of radius r>0 for sufficiently large k(ifs. Since

fHi)(p) converges to p as k(i) goes to infinity, p belongs to all of these

univalent balls for all sufficiently large k(i)'s. Hence p efHi)(V) for all

sufficiently large k(iy~s contradicting p e V—fkli)(V). This proves the

theorem.
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