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BOUNDEDNESS PROPERTIES FOR LINEAR

ORDINARY DIFFERENTIAL EQUATIONS

DAVID   LOWELL  LOVELADY

Abstract. In comparing a linear equation and the associated

nonhomogeneous equation, it is shown that if every bounded forcing

function and every Sfl forcing function yields at least one bounded

solution, then the bounded subset of the solution family of the

homogeneous equation is uniformly ultimately bounded.

I. Introduction and results. Let y be a finite dimensional normed

linear space with norm | |, and let R+ be the set of all nonnegative real

numbers. Let sé be the algebra of linear functions from Y to Y with

induced norm || ||. We propose to compare various boundedness properties

of the solutions of the problem

(1) v'it) = Ait)vit),

where A is a continuous function from R+ to si'. We shall also be con-

cerned with the associated problem

(2) u'it)=fit) + Ait)uit),

where/is always at least locally integrable.

T. Yoshizawa [7], S. R. Bernfeld [1], and others have studied the prop-

erties of uniform boundedness and uniform ultimate boundedness for

(1), primarily in connection with trying to preserve these properties under

perturbations. On the other hand, W. A. Coppel [3], [4], R. Conti [2],

V. A. Staikos [5], and P. Talpalaru [6] have studied the stability and

boundedness properties inherited by (1) when one requires that each

member f of various function spaces yield a bounded solution u of (2).

Little is known about the connections between these two schools of

thought. An exception: Coppel [4, Theorem 1, p. 131] has shown that

uniform boundedness for (1) (see [1, Definition 2.1]) is equivalent to the

requirement that if/is in J¡?1[R+, Y] then every solution u of (2) is bounded.

We shall obtain further connections.

We shall say that (1) is quasi-uniformly-bounded (QUB) if and only if

whenever £ is a bounded subset of Y there is a number p such that if c is
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in jR+, if v solves (1) on [c, oo), if v(c) is in B, and if v is bounded, then

\v(t)\^p whenever t is in [c, oo). Note that QUB does not require that all

solutions of (1) be bounded; it requires that the family of all bounded

solutions be uniformly bounded. We shall say that (1) is quasi-uniformly-

ultimately-bounded (QUUB) if and only if there is a number X such that

if B is a bounded subset of Y then there is a positive number t such that

if c is in R+, if r solves (1) on [c, oo), if v(c) is in B, and if v is bounded,

then \v(t)\^X whenever / is in (c+t, oo). The relationship between QUUB

and uniform ultimate boundedness is analogous to that between QUB

and uniform boundedness. To see that these "quasi" properties are

realistic, consider the very simple system

X'y(t) = ~Xy(t), x2(t) = x2(t).

A solution of this system is bounded if and only if x2 = 0. Yet the set of all

solutions with x2=0 is both uniformly bounded and uniformly ultimately

bounded. Thus the system satisfies QUB and QUUB but still has some

unbounded solutions.

The following theorem is our main result.

Theorem 1. Suppose that (1) is QUB and that if f is a bounded

continuous function from R+ to Y then there is at least one bounded solution

u o/(2) on R+. Then (I) is QUUB.

Note what Theorem 1 says in the case that every solution of (1) on R+ is

bounded. In this case QUB and QUUB reduce to uniform boundedness

and uniform ultimate boundedness respectively.

II. Proofs. We shall first prove a more general theorem and then show

how Theorem 1 follows as a consequence. Let S8 be a (real or complex)

Banach algebra (with or without identity) with norm || ||, and let D =

{(t,s):Oz%sz%t}.

Theorem 2. Let E be a continuous function from D to ¿¡S and suppose

that if each of (t, s) and (s, r) is in D then \E(t, i)||>0 andE(t, s)E(s,r)=

E(t, r). Suppose further that K is a positive number, that

(3) j\\E(t, 5)|| ds^K

whenever t is in R+, and that

(4) \\Eit,s)\\z%K

whenever it, s) is in D. Then

(5) lim sup{||£(f, s)||:r - s^c} = 0.
C-* 00
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Proof.    Let k=\¡K. We shall actually show that if (/, y) is in £> and

t — s>l then

(6) |£(i, s)|[ ^ K2ekek

Clearly (5) follows from (6).

Let s be in R+, and let </> be given on [s, co) by <p(t) = \\E(t, s)

from (4), )t+1 <f>(t) dt—k. Also, if / is in [c, co),

Now,

-Í¿(i)"1     <f>(r) dr = s)

r<Kr)Eit, r)E(r, s) dr

^]<pir)¡Eit,r)Eir,s)\\dr

^ i HE(f, r)\\ dr<: K,

so $'s 4>ir) dr=Kcj>it). Thus, if t =s+1,

K<f>it) = P' <£(/•) rfr + f   <j>ir) dr = k + í   </,(r) i//-,
Js J shl J s+l

and

¿(t) = k2 + k¡   Mr) dr.

Thus, if t=s+\,

<f>it) = jfcV»«*-"-1' = /fcV-*e*(<-i>   so    ||£(?, j)|| = ^(z)-1 < HW"-'1.

This completes the proof of Theorem 2.

Let M be that linear subspace of Y to which x belongs only in case the

solution v of (1) such that y(0)=x is bounded. Let £ in sé be a projection

with range M. If £=0, then QUB and QUUB are both satisfied trivially,

so we shall assume £^0. Let O be the "fundamental solution" for (1),

i.e., 3> is that continuously differentiable function from R+ to sé such that

O(0) is the identity and <5>'(t)=A(t)<S>(t) whenever t is in (0, co). Recall

that each value of <b is invertible.

Now suppose that c is in R+, v solves (1) on [c, co), v is bounded, and

v(c) = x. We can extend v to a solution of (1) on R+, and this extension is,

of course, bounded. Now v(t) = (5>(t)<l>(c)-1x whenever t is in R+, so

v(0)=<i>(c)~1x. Since v is bounded, v(0) is in M, so £0(c)-1x=<l)(c)-1x,

and we see that v(t)=<l>(t)P(l>(c)~1x whenever t is in R+ and, in particular,

whenever t is in [c, oo). On the other hand, if y is in Y and w is given on
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[c, oo) by w(t)=<ï>(t)P(D(c)~1y, then w is a bounded solution of (1) on

[c, oo).

These observations make it clear that QUB is equivalent to requiring

that

sup{||0(i)/,<D(5)-1|l : {t, v) is in D)

be finite and that QUUB is equivalent to

limsup{||<5(r)P(I)(sr1||:/ - s ^ c} = 0.
c-»oo

Also, Coppel [4, Theorem 1, p. 131] has shown that the second hypothesis

of Theorem 1 implies that there is a number K suchthat Jó \\(í>(t)P(^(s)~1\\^

K whenever t is in R+. Thus, if we let ad=sá and let E be given by

E(t, s) = (p(t)Pd>(s)-1, then the hypotheses of Theorem 1 tell us that (3)

and (4) follow. Hence (5) is true, and Theorem 1 is proved.

It follows from [4, Theorem 2, p. 131] and the above computations that

if whenever/is in ^Pl[R+, Y] there is a bounded solution u of (2) on R+,

then (1) is QUB. Thus we see from Theorem 1 that if every bounded

continuous/and every/in Jifl[R+, Y] yields a bounded solution u of (2)

then the bounded subset of the solutions of (1) is uniformly ultimately

bounded.
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