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BOREL MEASURABILITY IN LINEAR ALGEBRA

EDWARD A.  AZOFF

Abstract. It is shown that the usual processes of linear

algebra (e.g., finding Jordan forms, eigenvalues, and eigenvectors)

can be carried out in a Borel measurable fashion. These results

follow easily from a variant of von Neumann's principle of

measurable choice and can be applied to the study of Type I„

von Neumann algebras.

Introduction. Denote by Mn the algebra of n x n (complex) matrices,

considered as operating on the Hilbert space C". We equip Mn with its

usual (operator) norm, along with the subordinate topological and Borel

structures.

The main purpose of this paper is to show that many of the processes

of linear algebra (e.g., finding Jordan canonical forms) are Borel measur-

able. The proofs, which turn out to be remarkably simple, depend only on

a 'principle of measurable choice' presented as Theorem 1.

The considerations of the preceding paragraph turn out to be important

in the study of Type In von Neumann algebras. (This is because such alge-

bras can always be represented as algebras of matrices whose entries are

continuous functions.) Indeed, upon examining the papers listed in the

bibliography, one finds many arguments which are essentially measure-

theoretic in nature. The latter half of the present paper shows how such

arguments can be replaced by applications of Theorem 1.

Measurable choice in linear algebra. It is easy to see that many of

the processes of linear algebra are not continuous. For example, let

An=[l xbn]. Then the {An}^=1 converge uniformly to the zero matrix but

the Jordan canonical form of each An is [J J]. Thus the correspondence,

,4—»Jordan form of A, is not continuous. Similar examples show that

#(A), the number of distinct eigenvalues of A, does not depend continu-

ously on A, and that there is no continuous way of associating an eigen-

vector with each matrix.
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The remainder of this section is devoted to showing that the processes

of the preceding paragraph can be carried out in a Borel measurable

fashion. The main tool in this development is provided by the following

principle of measurable choice.

Theorem 1. Let X and Y be complete separable metric spaces and £,

a closed o-compact subset of Xx Y. Then tti(E) is a Borel set in X and there

exists a Borel function ç>:ttx(E)-+Y whose graph is contained in E.

Proof. Let £ be a closed subset of Y. Then EnXxF is closed and

hence can be expressed as a countable union of compact sets. The natural

projection 7rx being continuous, we see that ttx(EC\XxF) is the countable

union of compact sets and hence is Borel. In particular, this applies to

£= Y, whence ttx(E) is Borel.

Fix a dense subset {yn}%=i in Y. For each x e tti(E), we define cpk(x)

(inductively on k) to be the first yn satisfying

(1) £ is not disjoint from {x}x [closed l/2*-ball about yn], and

(2) either k=l or the distance betweenyn and <pk_i(x) is _l/2fc_2.

An easy induction argument shows the functions {ç»fc}"=1 are all Borel.

Thus, their (uniform) limit tp satisfies the conclusion of the theorem.    D

Remark. Theorem 1 is essentially a 'folk result'; in particular it

follows from Theorem 4 (p. 135) and Exercise 18a (p. 149) of [1].

Theorem 1 differs from the usual von Neumann clipping theorem

(see e.g., p. 35 of [2]) in that no set of measure zero must be deleted from

7Tx(E).

Corollary 2. There is a Borel function y:Mn~+Mn associating with

each matrix A, a unitary matrix y>(A) such that y>(A)*Ay>(A) is upper

triangular.

Proof. Let E={(A, U,B)e MnxMnxMn\U is unitary, B is upper

triangular and U*AU=B}. Clearly £ is closed and since any matrix is

unitarily equivalent to a matrix in upper triangular form, 7r1(£)=A/„.

Apply Theorem 1 with X=Mn and Y=MnxMn to get a Borel function

<p:Mn--MnxMn. The proof is completed by setting ij>=ttx ° cp.    □

Corollary 3. There is a Borel function rp:Mn-+Mn such that for

each matrix A, y>(A) implements the similarity between A and its Jordan

canonical form.

Proof.   Fix an integer k, and set

Ek = {(A, J, P) e Mn x Mn x Mn\J is in Jordan form,

||£|| = *, ¡P"11| = k and PAP'1 = J}.
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We now apply Theorem 1 exactly as in the previous corollary to get a

Borel function tpk:ir1(Ek)-*-ir3(Ek).

Now \Jk=x/rr1(Ek)=Mn since every matrix has a Jordan form. Thus

we take

xp(A) = tpx(A)   for A e tt^E,),

= Wk(A)   for A e tt^WE^), k > 1,

and the corollary is proved.    D

Corollary 4. (1) ß(A), ''the' Jordan canonical form of A, depends

measurably and boundedly on A.

(2) Let Gk (respectively Hk) be the set of matrices in Mn which have k

eigenvalues repeated (respectively not repeated) according to multiplicity.

Then the {Gk} and {Hk} are all Borel sets.

(3) There exist k Borel functions Ai(/4) • • • Xk(A):Hk—-C which together

trace out the spectrum of A.

(4) There exist k Borel functions Vx(A) ■ ■ ■ vk(A):Gk-+Cn such that each

Vi(A) is an eigenvector for A and every eigenvector of A is a linear combina-

tion ofVx(A) ■ ■ ■ vk(A).

Proof.    Let xp be as in Corollary 3.

(1) jf(A)=xp(A)A[xp(A)]~x is a Borel function of A since xp is Borel.

Also ||/(/l)|| ^l+sup{eigenvalues of A}<\ + \A\.
(2), (3), (4). The eigenvalues and eigenvectors of A can be read off

from J(A) and y>(A).    D

Applications to Mn(X). Let (X, p) be a perfect Stonian space and denote

by Mn(X), the C-*algebra of continuous functions from X to M„. (The

algebraic operations on M„(X) are defined pointwise and the norm is the

supnorm: II^H^supíexMíOll-) The algebras Mn(X) have been widely

studied (see references); their importance lies in the fact [7] that (to

within unitary equivalence) they represent all homogeneous Type I„

von Neumann algebras.

To say that (X, p.) is perfect Stonian means that C(X)=Lœ(X), i.e.,

every equivalence class of bounded measurable functions on X has a

unique continuous representative. In particular, a subset S of I has

full measure (p(X\S)=0) if and only if S is dense in X. These facts are

systematically exploited in the study of Mn(X). For example, let A, B e

Mn(X) and consider the problem of finding aye M„(X) such that A Y=B.

Thus we want 'pointwise solutions' {Y(t)}t€X depending continuously

on /. Suppose we could find pointwise solutions {Y(t)}t^x depending

boundedly and measurably on t. Then Y has a unique continuous repre-

sentative Y and A(t)Y(t)=B(t) for almost all t. Since two continuous

functions agreeing on a dense subset must coincide, we see that A Y=B.
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Thus we do not have to put solutions together continuously—it suffices

to assemble them boundedly and measurably. It is the brunt of Theorem 1

that even the measurability requirement may be dropped.

Corollary 5. Let A, Be Mn(X) and K—0. The following are equiva-

lent:

(1) The equation A Y=B has a solution (in Mn(X)) of norm —^K.

(2) For almost all teX, the equation A(t)Y=B(t) has a solution (in

Mn) of norm ^K.

Proof.    Clearly (1)=>(2). Thus assume (2). Let

E={(A,B, Y)eMnxMn x Mn\AY = B, \\Y\\ = K}.

Applying Theorem 1 with X=Mn x Mn and Y=Mn, we get a Borel func-

tion cp:irMnXMn(E)-*Mn. Set

?(i) = <p(A(t), B(t)),   when this is defined,

= 0, otherwise.

Let Y be the unique continuous representative of Y. Then A(t)Y(t)=B(t)

almost everywhere and hence everywhere.    D

The following two results occur as Theorem 2 of [4] and Theorem 1 of

[3] respectively. The proofs, being almost identical to that of Corollary

5, are omitted.

Corollary 6 (Pearcy). Let A e Mn(X). Then there exists a unitary

operator U e Mn(X) such that U*AU is in upper triangular form.

Corollary 7 (Deckard-Pearcy). Let A,B e Mn(X) and K=0. The

following are equivalent :

(1) There is an invertible operator P e Mn(X) satisfying PAP~1=B,

\\P\\^K, \\P~H<K.
(2) For a/most all t, there is an invertible operator P(t) e Mn satisfying

pwAWPior^Btt), \\p(tn<K, u [£(,)]-i=/:.
As a final application of Theorem 1, we give a simple proof of Theorem

4.6 of [7]. This result plays a central role in [5] and [7]. Recall that

R e Mn(X) is said to be quasi-invertible if the only D e Mn(X) satisfying

RD=Q or DR=0 is D=Q. Two matrices A,BeMn(X) are said to be

quasi-similar if there exist quasi-invertible matrices R and S in Mn(X)

satisfying (1) SA=BS and (2) AR=RB.

Corollary 8 (Hoover). Let A e Mn(X). There exists a Je Mn(X)

such that J(t) is in Jordan canonical form for each t and A is quasi-similar

to J.
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Proof.    Let f and # be as in Corollaries 3 and 4 respectively. Set

II ¥-04(0)11 II[y<¿(0)]   II

and denote their continuous representatives by S, R, J respectively.

We have for almost all t:

(1) J(t) is in Jordan form,

(2) S(t)A(t)=J(t)S(t), and

(3) A(t)R(t)=R(t)J(t).
The matrices involved being continuous, these statements must hold

for all (. Moreover, S(t) and R(t) being invertible for almost all /, we

see that S and R are quasi-invertible.    D

Added in proof. If X is merely assumed to be a Stonian space

(i.e., not equipped with a measure) then every Borel function on A'differs

from a continuous function on a set of first category. Thus Corollaries

5-8 have obvious analogues in this setting.
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