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A NOTE ON SEMITOPOLOGICAL CLASSES

S.  GENE  CROSSLEY

Abstract. This paper shows that semitopological classes are

subsemilattices of the lattice of topologies, and gives a new

characterization for the finest topology in the semitopological class.

Introduction. In [4] Levine defined a set, A, to be semiopen if there

is some open set U so that i/<= A<= c(U), where c( ) denotes closure in the

topological space. In [1] it was shown that if (X, r) is a topological space,

there is a finest topology [we shall call it F(t)] so that the semiopen sets

are the same as for t. If X is a set of points, let T(X) be the lattice of

topologies on X. If t e TiX), let [t] denote the equivalence class of all

topologies which have the same semiopen sets as r. [t] is called a semi-

topological class of topologies on X. The object of this note is to show

that if t e TiX), [t] is a subsemilattice of TiX) with respect to the usual

join operation on topologies, and to give a new characterization for F(t).

1. Semitopological classes are subsemilattices of the lattice of topologies.

In [1] a set was defined to be semiclosed if its complement is semiopen,

and semiclosure and semi-interior were defined in a manner analogous to

the definitions of closure and interior.

Lemma 1.1. IfiX, t) is a topological space, and if ci ) and ii ) denote

the closure and interior, respectively, in iX, r) while c*( ) and /*( ) denote

the closure and interior in iX, Fir)), and sei ) and sii ) denote the semi-

closure and semi-interior in both, then if A^X, z*(c(./l))c sciA).

Proof. If O eFir) so that Occ(4 then consider 0n(X—scL/i)).

By Theorem 1.9 of [1], the intersection of an open set and a semiopen set

is semiopen. Since sciA) is semiclosed, iX—sciA)) is semiopen; therefore

OnLY—sciA)) is semiopen in iX, Fir)). Consequently, OniX— sciA)) =

O—sciA) is semiopen in (X, t). Now since 0<=cL4), we have

O - sciA) c ciA) - sciA) <= ciA) - A.

By Theorem 1.14 of [1], siiciA)—A)=0. Therefore, since O—sciA)

is semiopen, 0—sciA)= 0 , so that O — sciA).

Received by the editors June 12, 1973.

AMS (MOS) subject classifications (1970). Primary 54A05.
Key words and phrases. Semitopological class, lattice of topologies, semiopen sets.

© American Mathematical Society 1974

416



A  NOTE ON  SEMITOPOLOGICAL  CLASSES 417

Consequently, since any element of F(t) which is a subset of ciA) must

also be a subset of sciA), i*iciA))^sciA).

Lemma 1.2. If iX, t) is a topological space, and if c( ), /( ), c*( ),

and i*i ) are as in Lemma 1.1, then if A<=X,

i(c*(A)) = iiciA)).

Proof. Since F(t) is finer than t, it is clear that c*iA)<^ciA) so that

¡ic*iA))c iiciA)). Thus it only remains to show that iiciA))^iic*iA)).

If Oc dA) and Oet, then OeFir) and Or\iX-c*iA)) = 0-c*iA) is

in Fir). Since O — c*iA) is in Fir), 0 — c*iA) is semiopen with respect to

each of t and Fir). Since 0e1 ciA), we have

O - c*iA) c c(^) - c*04) <= c(/Q - ¿;

and, as in Lemma 1.1, siiciA)—A)=0, so that O — c*iA)=0. Thus

Occ*(^), Consequently, since each element of t which is a subset of

ciA) is also a subset of c*iA), ¡iciA))<=-iic*iA)). Hence we have

Hc*iA))=iiciA)y
In [1] an example is given of two topologies t and ct on a set X such that

o* is a proper subset of t, while SOiX, t) [the collection of all semiopen

subsets of X with respect to t] is a proper subset of SOiX, a). However,

based on the last two lemmas, we do have the following theorem.

Theorem 1. If iX, t) is a topological space, and if t<=o<=FÍt), then

a e [t].

Proof. Let c( ) and i( ) denote the closure and interior, respectively,

in t. Let c+( ) and i+( ) denote the closure and interior in a, and let

e*i ) and /*( ) denote the closure and interior in F(t). In [1] it was shown

that if a presemiclosure ( )c is consistent with a closure operator ( )c,

that is ;

(1) if A<=X, iA°y^Ac where ( )* is the interior induced by ( )c, and

(2) if iA°y^ A, then Ac=A,

then ( )c is the semiclosure in the topology generated by ( )c. Consequently,

we need only show that the semiclosure in iX, t), denoted by sei )• ¡s

consistent with the closure in iX, a).

First we want to show i+ic+iA))<=sciA). Since a is finer than r,

c+iA)<=ciA), so that i+ic+iA))<=i+iciA)). Furthermore, since F(t) is

finer than a, i+iciA))<=i*iciA)). Thus i+(c+(^))<=/*(c(/4)). But by Lemma

1.1, i*iciA))<=sciA), soth&ti+ic+iA))c sciA). Second, we want to show that

if i+ic+iA))<= A, then A=sciA). Since o* is finer than r, iic+iA))<= i+ic+iA)),

and since o* is coarser than Fir), c*iA)<=c+iA) so that ¿(c*(y4))cr/(c+(J4)).

Therefore we have ¡ic*iA))<= i+ic+iA)). By Lemma 1.2, /(c*(^)) = /(c(^)).
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Consequently, /(c(/í))c /+(c+(^)), so that if i+ic+iA))<= A, then iiciA))<^A,

and since sei ) is the semiclosure with respect to r, sciA)=A by Theorem

1.12 of [1]. Thus by Theorem 2.5 of [1], the semiclosed (and consequently

the semiopen sets) in iX, a) are precisely those in iX, r). Consequently

o* e It].

Corollary 1.1. If iX, t) and iX, o) are topological spaces with the

same semiopen sets, then ifrVo is the usual join in the lattice of topologies

TiX), then rWa E [t] = [a].

Proof. Since F(t)=t and Fir)=> a then F(t)=>tVo-^t, and by

Theorem 1.3, rVo e [t].

Example 2.1 of [3] shows that if iX, r) and iX, a) are topological

spaces such that SOiX, r) = SOiX, o), it is not necessarily the case that

t(~\g e [t].

In this section, we have seen that with the usual join operation for

topologies, semitopological classes are subsemilattices of the lattice of

all topologies on X. Furthermore, these semilattices all have maximal

elements.

2. A new characterization of Fir). It was shown in [3] that the finest

topology on the set of real numbers for which the semiopen sets are those

of the usual topology is the collection {O—N\0 is open in the usual

topology and N is nowhere dense in the usual topology}.

Theorem 2. If iX, r) is a topological space and if v is the collection of

all sets which are nowhere dense in iX, r), then F(t) = {{/— N\U e r and

Nev}.

Proof. The only way to find Fir) has been to go through the con-

struction process outlined in [1]. Given a semiclosure operator ( )c,

we can construct the closure operator for Fir) in the following way.

For every subset A there exists a minimal set DA such that iA UZ>¿ kjB)c =

iA(JDA'UBc) for all B^X. IDA is minimal in the sense that it is a subset

of any set satisfying this same condition.] Then defining the closure of A

by AKJDA, we get the closure in Fir) [Theorems 2.11 and 2.19 of [1]].

We want to show that Fir) = {U—N\ U er, Nev}. That is, we want to

show that the sets closed in Fir) ave {KUN\iX— K) e r, Nev}. Con-

sequently the theorem will be proven if we can show that for A<=X,

DA=0 if and only if there exist K, closed in iX, r), and N E v so that

A=KVJN.

Now, first consider any set of the form A'UA where iX—K) is in r

and Nev. In order to show that Dk^n= 0 , it is only necessary to show

that for any B^X, sciKVNUB)=lKVNUsciB)].
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Now sciK(JN*JB)=>lsciK)yJsciN)*JsciB)]. Furthermore, since K is

closed in iX, r), Kis semiclosed so that sciK) = K, and since all nowhere

dense sets are semiclosed, îc(A) = N. Thus sciKvN*UB)=> IKvNvsciB)].

Now if it can be demonstrated that KuNVsciB) is semiclosed, it will

follow that since lKvNVB]<=lKvNVsciB)], sciKUNuB)^lKuN^J
sciB)] and we will have sciKUN<UB)=lKvNVsciB)]. Ä:uAUsc(.ß) is

semiclosed if and only if iiciKUNVsciB)))<= IKuNVsciB)]. Now

ciK U N U sciB)) = IciK) U ciN) U c(íc(5))]

- [K U c(A) u c(J?)].

If IFer so that 1F<= [A:uc(A)Uc(5)], then 1F<= [/ÍUc(A)], for if not

!Fn(A'— (A'Uc(.ß))) is open and nonvoid and a subset of c(A) which

contradicts the fact that N is nowhere dense. Thus, W^ lK\JciB)].

Furthermore, W<= IKUsciB)], for otherwise, since K^JsciB) is semiclosed,

WC\iX— iK^JsciB))) would be semiopen and nonvoid and a subset of

ciB)-sciB). But c{b)-scíB) is a subset of ciB)-B, and /(c(5)-5)=0.

Therefore there can be no nonvoid, semiopen subset of cL5)—sciB).

Thus W<= IKVsciB)]. Therefore, since W<=lKVsciB)]<=lK\JNyJsciB)],

it follows that iiciK\JNVsciB)))<= IKVNVsciB)] so that IKVNUsciB)]

is semiclosed. Thus for any B^X,

IK U N U jcLS)] = jc(AT U A U 73),   and i)Ku,v = 0.

Now, if Do=0, G is closed in Fir) so that G is semiclosed in both

Fir) and t. Since /'(G) is open in t, it is semiopen in r. Thus by Theorem

1.7 of [2], c(í((t)) is semiopen in t and thus, also in Fir). X—G is open

in Fir) so that c(i(G))nLAf-G) = (cO'(G))-G) is semiopen in F(t).

Now since ici¡iG))—G) is semiopen, it must be empty, for otherwise,

there would be a nonvoid, open subset of (c(i'(G)) —G), which is not

possible. Thus c(/(G))cG, and note that ciiiG)) is closed in r. Since G

is semiclosed in r, there is a set //", closed in r, so that iiH)<= G<=H.

Clearly /(//)=/(G). H—iiH) is nowhere dense in t and therefore, since

(G - ciiiG))) <=((?- ,(G)) = (G - /(//)) <=(//- ,(//)),

G—c(/(G)) is nowhere dense in r. Thus

G = ciiiG)) u (G - c(i(Ö))),

where c(/(G)) is closed in (A", t), and G —c(/(G)) is nowhere dense in

iX, r).
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