
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 47, Number 2, February 1975

NOTE ON THE SUPPLEMENT TO THE LAW

OF CUBIC RECIPROCITY

KENNETH S. WILLIAMS1

ABSTRACT. A short proof is given of the supplement to the law of cubic

reciprocity proved by Eisenstein in  1844.

Let (ú = (-1 + \/-3)/2.  Let  n = a + bco be a primary complex prime in

the Eisenstein domain Z[o>] so that

(1) a = 2  (mod 3),       b = Q (mod 3),

say

(2) a = 3m — 1,       b = 3«,

and

(3) a   — ab + b    = TTTT = p,

where p is a rational prime = 1   (mod 3) (see for example [3, Chapter 9]).

The cubic residue character  (./V),  modulo n is defined by

(4) (a/ff)3 = »'    if a(i~1)/3 = a/ (mod 77),

where  r= 0, 1, 2  and a e Z[(o] is such that a^ 0 (mod n).  The supplement

to the law of cubic reciprocity proved by Eisenstein [2] in 1844 states that

ö) (a - «y»), = co2m.

We remark that  1 - cu is a prime factor of  3  in Z[cy].  Here is a simple proof

of this result (see comment in [3, p. 115]).

Let  (b, k).  denote the number of solutions   (r, s) of  1 + g3        =

g (mod p), with  0 < r, s < (p - l)/3, where  g  is a primitive root   (mod p)

such that (g/77), = a>.  (Kg  is such that  (g/V), = <u   , we can replace  g by

-
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an appropriate power of g  so that this power of g  is a primitive root with

cubic residue character  (mod 77) equal to  a>.) Then it is well known (see for

example [l, p. 397]) that

9(0, 0)   = p- 8+ 2a- b,

9(0, 1)   = 9(1, 0), = 9(2,2)   =p-2-a + 2b,
(6) > 3 >

9(0, 2)3 = 9(2, 0)3 = 9(1, 1)3 - p - 2 - a - b,

9(1,2)3 = 9(2, 1)3 = p+ 1 + 2a-b.

From the work of Muskat [4, Corollary 1 with  e = 3] we have

(7) indg(3) = (1, 1)3 - (2, 2)3  (mod 3),

where, for any integer a 4 0 (mod p), ind  (a) denotes the unique integer  b

such that  a = g     (mod p), 0 < b < p - 2.   Putting (2), (6) and (7) together we

obtain

(8) ind   (3)s-n (mod 3),

so that  3(p-1)/3 s g-"^-»/3 = M—  (mod 77), showing that  (3/77)3 = ûT".

Hence

(i^)!-(^)J-(^)>-»-'"-2".

and the result follows since from (2) and (3) we have  (p - l)/3 =772 + 72

(mod 3).
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