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AN ALGORITHM FOR COMPLEMENTS OF

FINITE SETS OF PNTEGERS

GERALD WEINSTEIN

Abstract. Let Ak = {0,a2."3. • • • ,"k} and B = {0,b2,b3,...} be sets of

nonnegative integers of k elements and infinitely many elements, respective-

ly. Suppose B has asymptotic density x : d(B) = x. If, for every integer

n a 0, we can find ai e Ak, bj e B such that n = a, + bj, then we say that

Ak has a complement of density £ x.

Given Ak and x there is no known algorithm for determining if such a set

B exists.

We define regular complement and give an algorithm for determining if B

exists when complement is replaced by regular complement. More precisely,

given A4 and x — 1/3 we give an algorithm for determining if A4 has a

regular complement B with density £ 1/3. We relate this result to the

Conjecture. Every A4 has a complement of density S 1/3.

Let Ak = {0,a2,a3,... ,ak} and B = {0,b2,bi,... ,bn,...) be sets of

nonnegative integers of k elements and infinitely many elements, respectively.

If, for every integer n =S 0, we can find a, G Ak, b}■, G B such that «

= a, + bj, then B is said to be a complement of A.

Let B(n) be the number of elements in B which are Si n, and define d(B),

the density of B, as follows:

d(B) =   lim B(n)/n    if this limit exists.
n—>oo

From now on we consider only those sets B for which the density exists.

For a given set Ak we wish to find the complementary set B with minimum

density. More precisely, we define c(Ak), the codensity of Ak, as follows:

c(Ak) = inf d(B)   where B ranges over all complements of Ak.
B

Finally we define ck as the "largest" codensity of any Ak. More precisely,

ck = sup c(Ak).

D. J. Newman proved [1] that c3 = 2/5 and also that ck ~ (log k)/k. We
proved [2] that 1/3 g c4 < .339934.

Given a set Ak suppose we can find a set B = [bx,b2,...,bn) and a number
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N such that Ak® B = [0,1,2,... ,N - 1] (mod N). Then the codensity of Ak

is Si n/N.

In [2] we introduced the concept of regular complement. If, in the previous

paragraph, the complement B consists entirely of consecutive multiples of a

given element, i.e., B = {M,2M,3M,... ,nM), then we say that Ak has a

regular complement of density Si n/N.

Not only is there no known algorithm for determining the codensity of Ak,

there is not even one for determining whether Ak has a complement B such

that diB) Si x. It is the purpose of this note to remedy the situation somewhat

by giving an algorithm for answering the question: Does Ak have a regular

complement of density Si xi We actually give a method for determining

whether A4 has a regular complement of density Si 1/3, because of its obvious

application to the

Conjecture. c4 = 1/3.

However, the generalization of our result presents no difficulties.

We adopt the following conventions throughout: A4 represents a set of four

integers, A4 = [ax,a2,a3,a4), with 0 = ax < a2 < a3 < a4. M and N are

positive integers, with M < N and (M, N) = 1. i,j, k, I is a permutation of 1,

2, 3, 4.

Lemma 1. Given A4 and B = {M,2M,... ,[N/3]M), consider a set of the

form D = {aj — a^Oj — ak,ak — at,at — a,} (mod N). Then B is a regular

complement of A if and only if D E B for some permutation of i,j, k, I.

Proof. We write a, = KtM, ay = KjM, ak = KkM, a, = KtM iK„ < N,n

= 1,... ,4). Assume that DEB. Since {AT, - Kj,Kj - Kk,Kk - KhK,
- K/\ (mod N) E {1,2,... ,[N/3]}, it must be true that no two adjacent ICs

are separated by a gap larger than [N/3]. Therefore, since {1,2,..., [N/3]} is a

set of [N/3] consecutive numbers, it is a complement to {Kh Kj,Kk, Kt). Hence,

{M,2M,...,[N/3]M} is a complement to {KiM,KjM,KkM,K,M}. Now

assume that B is a complement to A. It follows that {1,2,... ,[A/3]} is a

complement to {Ki,Kj,Kk,Kl) and therefore the gap between adjacent fCs is

g [A/3]. We assume, without loss of generality, that K, < Kk < Kj, < Kt,

and so D E B.    U .

Lemma 2.    Given A4 consider the congruences:

kxM = at — Oj

k7M = a, — ak
(1) i j       k       (modiV)

k3M = ak — al

k4M = aj — a,

Then A4 has a regular complement of density 2i [A/3] if and only if there exists

a solution o/(l) with k, ^ [A/3], i = 1, ..., 4.

Proof. If ^44 has a regular complement of density Si [A/3] then, by Lemma

1,    {at - aj, aj - ak,ak- a,, a, - a/\ E {M,2M,..., [N/3]M) (mod N).    If
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there exists a solution of the required type then, by Lemma 1, A4 has a regular

complement of density 2= [N/3].    □

Define k0 by k0M = 1 (mod N) and let r = kjN. Let dtj = \at — a-|. We

have

Lemma 3.    Let i > j imply a, > a,. The congruence

(2) KM = a,,- a, (mod A)

/ia.s a solution K S [N/3] if and only if r satisfies one of the inequalities:

3(k-l) 3(k-l)+ 1
3^-     ^    = 3rfy u'^y.

/c = 1, 2, ..., <L.
3*- 1 ^       , 3A:     ., .    . .

Proof. Suppose K < [N/3]. If i >/, then KM = a(. - a. (mod N) implies KM

= dy (mod A). However, since kQM = 1 (mod A), we have d^k^M = cf.. (mod N) so

that A: = dtjk0 (mod iV). Therefore, dtjr = s (mod 1) where 0<x^ 1/3. This im-

plies that

3C* ~ 0 ^ ,f r ^ 3(A: -Q+1 3(* - 1) 3(fc - 1) +1
3       ^ a'>r =3 3^     ^    - 3dij

for some k, 1 g= A: S dy. If i <y, then K = -djjk0 (mod A7) and so — 4r

= j (mod 1), 0 < j g 1/3 implies

dtjr = -5 (mod 1)    or   dtjr = r (mod 1),        2/3 ^ / < 1.

This implies that

3* - 1       ,     ^3k 3k- I 3*

for some A:, 1 ^ k ^ d(j. Since the argument can also be read backwards, for

( > j and i < j, this completes the proof.    □

As we showed in Lemma 2, the existence of a regular complement of density

2= [A/3] is guaranteed if there exists a solution to the congruences (1) for some

permutation of i, j, k, I. We will show that not all six permutations need be

examined -three are sufficient.

First we note that D G B, in Lemma 1, and the solvability of the

congruences (1), in Lemma 2, are both equivalent to the following. If we list

the numbers M,2M,3M, ..., (N - \)M, NM = 0, then the numbers 0

= ax, a2, a3, a4 occur in this list in some order, say a2, a3, a4, ax, in such a

way that adjacent a,'s are separated by fewer than [A/3] numbers.

Lemma 4. The only congruences one need attempt to solve, in Lemma 1, are

those involving the following orderings of the Oj's:

(I) a2   a3   a4   ax,
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00 «3     a2    a4    Or,

(HO «2     a4     a3     a\-

Proof. Since all orderings end with ax = 0, there are only six permutations

to consider. The remaining three are:

(I') a4    a3    a2    ax,

(II') a4    a2    a3    ax,

(III') «3    a4    a2    ax.

We will show that if a primed ordering occurs, then so does the respective

unprimed ordering. Clearly one is the reverse of the other. If a primed ordering

occurs in the set of numbers M, 2M, ..., (A - l)M, NM, then we obtain the

same numbers in reverse order: (A - M), 2(A - M),..., (A - 1)(A - M),

A(A — M). Hence we obtain the unprimed ordering.    □

Recalling that </» = \a, - a,|, Lemma 4 indicates that there are three sets of

differences which are of interest to us:

Case I. d4i, d32, d2X, dX4.

Case II. d42, d2i, dix, dX4.

Case III. /J>34, d42, d2x, dX3.

Each difference dy determines a set of intervals Ry on the unit interval:

i/3jk-1) 3jk-1) + n j
I     3d      '-3d- ti>J,

k = 1,2, ...,</,,.  L
[ 3k-l   3k\ ,J

l^d-'Jd-J *><■>' j
Our result can now be expressed in the following

Theorem. A4 does not have a regular complement of density Si 1/3 if and only

if

(3) r43 n R32 n fl21 n Rx4 = 0,

(4) /?42 n r23 n *31 n #,4 = 0,

(5) /?34 n R42 n ^21 n RX3 = 0.

Proof, It is clear from Lemma 3 that for the congruences

kx M = a4 — a3

k7 M = a3 — a-,
(mod A)

k3M = a2 — ax

k4M = ax - a4

to be solved simultaneously in M and A, with kt si [N/3], i = 1, ..., 4, it is

necessary and sufficient that i?43 n /?32 n R2X n 7?14 ̂  0. From Lemma 4
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we see that only three sets of congruences are involved—hence the equations

(3), (4), and (5).    □

There do exist sets A4 which do not have regular complements of density

^ 1/3. A computer search has revealed that for A4, with a4 ^ 100, only two

such sets exist! They are {0,1,7,9} and {0,3,5,11}.' Both these sets have

complements of density ±k 1/3.

We conjecture that at most a finite number of sets A4 do not have regular

complements of density 2= 1/3. We have attempted to prove this by assuming

that a4 is large and that equations (3), (4), and (5) are satisfied. So far we have

failed to find the desired contradiction.
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1 {0,2,8,9} and {0,6,8,11} also turned up, but the first has the same difference set as {0,1,7,9}

and the second has the same difference set as {0,3,5,11}. Hence, more strictly speaking, only two

equivalence classes of sets exist which do not have regular complements for a4 £ 100.


