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ONE DIMENSIONAL PERTURBATIONS OF
COMPACT OPERATORS

HARKRISHAN VASUDEVA

Abstract. Let A be a compact selfadjoint operator acting on a Hilbert

space H. P denotes a one dimensional projection also acting on H. It is

shown that the eigenvalues of A and A + tP (t > 0) interlace on the real

axis. A converse of this result is also proved.

The purpose of this note is to study the change which results in the spectrum

of a compact selfadjoint operator acting on a Hilbert space H by the addition

to it of a positive multiple of a one dimensional projection.

We begin by stating a theorem of Hochstadt [1] and giving a variant of his

proof based on [3] depending on a study of the resolvents of the operators

involved, and our methods lead us naturally to a converse to this result.

Let A he a compact selfadjoint operator acting on a Hilbert space H. P

denotes a one dimensional projection in the direction of a normalised element

x of H: then Py = iy,x)x for every y in H. B is the operator A + tP, t > 0.

Theorem 1. Suppose that the null space of A is empty. Between every pair of

distinct, successive eigenvalues ÍX¡,X¡+X) there is precisely one eigenvalue of B in

one of the intervals (a,,X, + 1], [a,,a,+1) or (A,-,A, + 1).

Proof. We can associate with A [2] a complete orthonormal set {d>,} such

that each (#>, is an eigenvalue of A so that A<¡>¡ = A;<p,- and X¡ ¥= 0 for all /', by

hypothesis. We introduce the resolvents of A and B:

Rs = fA-m~\ R'r = iB-ayx.

If u is an arbitrary element of H, then R'tu = v (say). Now

u = ÍB- $I)v = (A- U)v + tPv - (A - £/> + t(v,x)x,

and applying the resolvent Rç, we obtain

RçU = v + tiv,x)Rçx

and v = Rçu = Rtu - tiv,x)Rçx.

Taking the inner product with x,

iv,x) = ÎRçu,x) - tív,x)ÍRcx,x).

Solving for (i/, x), we obtain

Received by the editors January 13, 1975 and, in revised form, March 4, 1975 and April 18,

1975.
AMS (MOS) subject classifications (1970). Primary 47A55, 47B05; Secondary 34B25.

© American Mathematical Society 1976

58



ONE DIMENSIONAL PERTURBATIONS OF COMPACT OPERATORS 59

(v,x) - (Rsu,x)/(l + t(R{x,x)).

Substituting for (v, x), we obtain

t(Rcu,x)
R'tU  =  RrU --f--rRyX.* f        1 + t(R¡x,x)   s

Moreover

(Rsx,x) = ((A - £/)_' 2 (x,<t>j)<Pj,  2  (*,**)**)
\ 7=1 *-l /

oo oo    \(y d) M

= 2 i(*,^)i2((^-f/r,^,*J,-) = .2ft xj-r
Hence

where

R¡u = Rçu - (t{Rsu,x)/tf£))Rsx

l2
00 K*.*,)r

<í,(n = i + KP^,x) = i + ?2i^r.

Now any zero of <p(Ç) is a pole of P£, hence an eigenvalue p of P. Since the

eigenvalues of A are not eigenvalues of B, it follows that the zeros of d>(f) are

the only poles of P£.
We shall assume, for the moment, that all the eigenvalues of A are simple

and that (x, <f>¡) vanishes for noy. This hypothesis ensures that <¡>(C) has exactly

one zero in every interval of the form (a,,a,+1).

In the general case when x is orthogonal to one or more </>• (j = 1,2,... )

we perturb P to ob tain P' so thatP' is the projection in the direction of x', where

x' is a normalised element of the Hubert space, and (x',<p¡) vanishes for noy.

If {¡ij} are the eigenvalues of B' = A + tP', then exactly one pj lies in

(Ay,\j+\). In the limit as B' -» P, we have that p- belongs either to [X/,Ay+1 ) or

vVV,].

Theorem 2. Let {À,} and {p,} be two distinct monotone sequences of real

numbers, each having zero as the only limit point. Further assume that p belongs

to (A,,X +i) for each j and 2¿°=i G"* — Afc) converges. Let A be a compact

self adjoint operator on a Hilbert space H having the A, (/ = 1,2,...) for

eigenvalues. Then there exists a normalised element x and a corresponding one

dimensional projection P such that for an appropriate t > 0 the operator

B = A + tP has the eigenvalues p, (/ = 1,2,...).

Proof. We consider the function

k=\

Since

oo     :

«).SU.ii(,ttâ).
k=\   i   - A* k=l\ i   - Aj.  /
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2 KA* - M*)/tt - h)\ = 2 Oi* - h)/\Ç - h\

it follows, in view of the fact that 2 (pk - Xk) is convergent, that

CO

n  (1 + (A* - M/t)/(f - A*))
fc=l

converges absolutely and uniformly on compact subsets which avoid the

eigenvalues of A. Hence <^>(f ) represents an analytic function in the region not

containing {A,}.

Between any two successive poles Xk, Xk + X there is precisely one zero nk and

that zero is simple. Now if the residue of (#>(f) at those poles were of different

sign, the function, near the ends of the interval ÍXk,Xk+x) would be large in

absolute value and would have the same sign near the poles. Thus there would

be an even number of zeros in between, multiplicity counted. Since this is not

the case, the residues have the same sign at every pole. It is fairly easy to show

that the function <|>(f) has negative residue at f = Xx. We may therefore write

the function as

<*>«) =1+2 x^p
k=\ Aft — S

where the masses mk are positive. It is also easy to see that

CO

lim x(X - <t>ix)) =   2  mk
JC-»00 k=\

and this limit can also be computed from the product representation of <f>(f);

we find 2 mk = 2 ÍH ~ KY
Call this quantity t and write 0(f) = 1 + t 2* ím'k)/ÍXk - £). Evidently

2 m'k = X and so if we choose a vector x = 2 ak^k where <¡>k are the

normalised eigenvectors of A and ak any solution of the equation a\ = m'k,

then x is normalised. The operator B = A + tP where P is the projection

associated with x is then associated with <f>(f) and has the prescribed nk for its

eigenvalues.
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