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POINTWISE INDUCED OPERATORS

ON Lp-SPACES

ANZELM IWANIK

Abstract. In this note we present a characterization of pointwise induced

operators on L -spaces with finite measures, 1 < p < oo. An operator P is

pointwise induced if and only if \Pu\ = P\u\ and P\ = 1. As an application

we obtain a characterization of the linear positive isometries mapping 1 into

1.

1. Introduction. Let (X¡, 2,, m¡), i = 1, 2, be positive measure spaces with

finite measures. A function <p: X2 —» Xx is called a nonsingular transformation

when it is (22,2|)-measurable and m2y~x(A) = 0 whenever mx(A) = 0. For

each such transformation we define the operator Pv from 2rmeasurable

complex (real) functions on Xx to 22-measurable complex (real) functions on

X2 by setting P'fu = ucp. From the nonsingularity of <p it follows that

P^u = Pvu' a.e. whenever u = u' a.e.; therefore we can (and will) identify

functions equal almost everywhere. For any 1 < p < oo the operator P*.

restricted to L (Xx) will be denoted by P*.

In the sequel we answer the following two questions:

(1) Under what conditions on tp does the operator Pv take L (Xx) into

LP(X2) ?

(2) Under what conditions on a linear operator P: Lp(Xx) —> Lr(X2) does

there exist <p: X2 -+ Xx such that P = Pf ?
The former is answered in §2, the latter in §3. In §4 we give an application

of our main result, the answer to (2).

The functional spaces L (X¡) can be considered either complex or real. The

characteristic function of A is denoted by \A ; the function identically equal

one is denoted by 1.

2. Properties of Pv. The following proposition answers the first question.

Proposition 1. Let <p: X2 —» Xx be a nonsingular transformation and let

1 < p < oo. The operator Pv takes L (Xx ) into L (X2 ) if and only if there exists

a constant K such that m2rp~x < Kmx. Moreover, if k is the infimum of all such

constants, then WP^W = kx/p.

Proof. If m2<p~x < Kmx then for any u E L (Xx)

j\Pfu\pdm2 = f \u\pdm2<p~x < Kf\u\pdmx = K\\u\\p;
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therefore, Pfu G Lp(X2) and \\P9u]\ < Kx/p\\u\\. Taking the infimum over all

such F we obtain \\P'pu\\ < /cl//;,||w||. However, for any A G ~2,x we also have

m2q>-\A) = \\P*lA\\p < ||$*||'||lj|' = \\P/\\Pmx(A).

Thus WPj^W > kxlp and, consequently, the equality holds.

To prove the converse we assume that there exists a sequence of sets

An G 2, such that m2y~x(An) > n ■ mx(A„)for n = 1, 2,_We define the

sequence of functions

"n =   k/V' mMn))

and set u G (2 u„)l/p so that f \u\pdmx = 2 l/«2 < oo and j" \P'?u\pdm2

= S \u\pdm2cp~x > X I/« = oo- Therefore, the function « G Lp(Xx) and

F1?!/ G Lp(X2); the proof of the proposition is complete.

Obviously F* maps Lx(Xx ) into Lx (X2) for any nonsingular transformation

cp. It is also easy to see, under the assumptions of the proposition, that the

operator F?> takes Lr(Xx) into Lp(X2) whenever 1 < r < p < oo.

\î P = pv for some nonsingular transformation <p: A^ -» A^, then, clearly,

the following properties hold:

(i) | Pu\ = F|w| for any u in the domain of P, and

(ii) Fl = 1.
We show, under an additional, but not very restrictive assumption about A',,

that these two properties characterize operators of the type Rv for 1 < p

< oo.

3. Pointwise inducing of F. We first observe that any linear operator

F: L (Xx) -» Lr(X2) satisfying (i) is nonnegative, i.e. carries nonnegative

functions into nonnegative functions. In the sequel we use the following

general result about nonnegative operators in L^-spaces; the proof of Lemma

1 for p — r = 1 was suggested to us by Professor C. Ryll-Nardzewski. (We

note that the finiteness of the measures is not needed in Lemma 1.)

Lemma 1. Let 1 < p < oo, 1 < r < oo. If P: Lp(Xx) -* Lr(X2) is a nonneg-

ative linear operator then P is continuous.

Proof. Let ak > 0 and ^ ak <C oo. If F is not continuous then there exists

a sequence 0 < uk G Lp(Xx) such that \\uk\\p < 1 and ||2/c=i akPuk\\r ~* °°-

By the completeness of Lp(Xx) we have "2, akuk G Lp(Xx). Thus

n n

F 2 akuk > F 2  akuk =   2  akPuk
k=\ k=l

yielding the contradiction that ||F 2 <*kuk\\r ̂ H2£=i oikPuk\\r -* oo.
In the real case the above proof actually yields a more general statement.

Namely, it is sufficient to assume that both spaces are F-lattices, i.e. real

Banach spaces and vector lattices, satisfying ||x|| < ||.y|| whenever \x\ < |^|

(see [11, p. 369] for the definitions). We also remark that Lemma 1 gives an

alternative proof of the "only if" part of Proposition 1.

Lemma 2. If a linear operator P: LX(XX) -* LX(X2) satisfies (i) and (ii) then
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P takes characteristic functions into characteristic functions.

Proof. For any A E 2, we have \\A ± 1  c\ = 1 so that

i =p\ = p\\a±\aC\=\p\a±p\aC\.

consequently P\A(x) = 0 or 1 and P\A must be a characteristic function.

R. R. Phelps proved [8] that for any linear operator P: Laa(Xx) —> LX(X2)

belonging to the set

P = [P: \\P\\ < 1 and 0 < PI < 1}

the following conditions are equivalent:

(iii) P takes characteristic functions into characteristic functions,

(iv) P is multiplicative,

(v) P is an extreme point of P.

The following proposition is another characterization of ext P.

Proposition 2. For any PEP condition (iii) is equivalent to the following

condition:

(vi) P = \A Q for some A E 22 and Q satisfying (i) and (ii).

Proof, (iii) => (vi). We have P\ = \A for some A E 22. Define Q: LX(XX)

-* La0(X2) by Qu = Pu + \AcU. Clearly, the operator Q satisfies (ii), (iii), and

P = \AQ. To prove (i) we assume, without loss of generality, that m is a simple

function. Thus, there exist a, G C and disjoint sets A¡ E ~2.x, i = \, ..., n,

such that u = ¿i, a¡lA.. We observe that if B and C are disjoint then Q\B and

Q\c, as well as Q(\B + lc), are characteristic functions forcing the supports of

Q\B and Q\c to be disjoint. Thus

\Qu\ = |2 a,Q\A¡\ = 2 \a¡\Q\A¡ = ß2 kill, = CM-

(vi)=> (iii) is an immediate consequence of Lemma 2.

In the light of Lemma 1 we have the following characterization of a subset

of ext P.

Corollary. For any nonnegative P: LX(XX) -» LX(X2) conditions (i) A (ii)

and (iii) A (ii) are equivalent.

A. J. Ellis showed [3] that if X¡ are compact HausdorfT spaces, C(X¡) their

algebras of real-valued continuous functions, and P: C(XX) -+ C(X2) a non-

negative linear operator, then (i) A (ii) is equivalent to each of the following

three conditions: (vii) P is an extreme point of the set of all positive operators

mapping 1 into 1, (viii) P is multiplicative and maps 1 into 1, (ix) the adjoint of P

maps the extreme points of {/G C(X2)* : f > 0, /(l) = 1} into extreme

points ofU G C(Xxf : f > 0,/(l) = 1}.
Therefore, in the real case, the equivalence in the corollary can be also

obtained by comparing, e.g., (iv) with (viii) and by using the well-known fact

that there exist compact HausdorfT spaces Y¡ such that L00(X¡) is isomorphic

with C(Y¡) for / = 1,2 (see e.g., [2, p. 445]).

A more abstract statement of equivalences (iv) <=* (v) and (vii) <=> (viii) has

been proved in [4, Theorem 3].
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We recall that a topological space is called a Borel space if it is homeomor-

phic to a Borel subset of the Hilbert cube. Whenever a measure structure on

a Borel space appears, we assume that the measure is positive, finite, and

defined on the Borel a-algebra.

Lemma 3. Let Xx be a Borel space and P: Lx (Xx ) -* Lx (X2) a linear operator

satisfying (i) and (ii). // hn | 0 a.e. implies Phn -» 0 a.e. for any sequence

0 < hn G Laa(Xx), then there exists a nonsingular transformation <p: X2 —> Xx

such that P = Rff.

Proof. From Lemma 2 it follows that F carries characteristic functions into

characteristic functions. Let B, denote the quotient Boolean a-algebra of 2,

modulo sets of measure zero. For every [A] G B, we define i»([i4]) = [F]

G B2 when Fl^, = 1B. It is easy to see that $: B, B2 is a well-defined

homomorphism of the Boolean algebras. Moreover, if [^4j ] 2 [A2] 2 • • • and

D [A„] = 0 then lAn | 0 a.e. so that lBn = P\An j 0 a.e. with [B„] = $([An]).

Therefore fl í»([^„]) = 0 so $ is a a-homomorphism. By [9, 5.1(c)] there

exists a nonsingular transformation qx X2 -* Xx such that <&([/!]) = [<p~'(^)]

for all A G 2, (see also [10, 32.5] for a simpler proof of that fact). This implies

P^-a = li <P which, by the continuity of F (Lemma 1), proves our assertion.

We are now in a position to prove our main result.

Theorem 1. Let Xx be a Borel space, /e/l</><oo,l<r<oo, and let

P: Lp(Xx) -* Lr(X2) be a linear operator satisfying (i) and (ii). Then P = Pp° for

some nonsingular transformation 4>: X2 —* Xx.

Proof. From well-known measure theory results it follows that P^, the

restriction of F to L00(XX), satisfies the assumptions of Lemma 3. Hence, there

exists a nonsingular transformation <p: X2 —> Xx such that F^ = P£. From

Lemma 1 and the fact that L^A,) is dense in Lp(Xx), we can conclude that

P = P/.
The theorem is no longer true when p = 00. Indeed, if p = r = 00 then

every homomorphism of the Boolean quotient a-algebra B, into B2 induces a

linear operator satisfying (i) and (ii) (define the operator on the characteristic

functions and extend it to the whole space). On the other hand, any

homomorphism inducing RJ? must be a a-homomorphism.

4. Isometries. In this section we give an application of Theorem 1 and prove

a result about isometries of L^-spaces.

The following theorem gives a characterization of the nonnegative linear

isometries on L -spaces (1 < p < 00) taking 1 into 1.

Theorem 2. Let Xx be a Borel space and let 1 < p < 00. Then an operator

P: Lp(Xx) —» Lp(X2) is a nonnegative linear isometry (not necessarily onto) with

Pl = I if and only if there exists a measure preserving transformation <p: X2

-* Xx such that P = P/.

Proof. If F is a nonnegative isometry then for any u G L (Xx) we have

||w|| = ||Fw|| < ||F|w||| = ||u|| which implies |Fh| = F|«|. By Theorem 1 there

exists a nonsingular transformation tp: X2 -* Xx such that F = R*. For any
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A G 2, we have mx(A) = \\\A\\P = \\P\A\\P = \\\^{A)\\P = m2<p-x(A), so

that <p is measure preserving.

The converse is obvious.

There are several known results about isometries of L^-spaces;

assuming P > 0 and P\ = 1, Theorem 2 is a particular case. However,

Theorem 2 is valid when p = 2; this is not the case for the other results. In

Banach's book [1] we find a characterization of the onto isometries of the real

spaces Lp([0,1]) and lp for 1 < p < oo, p ¥= 2. J. Lamperti generalized these

results [5]. He gives a characterization of isometries (not necessarily onto) of

Lp-spaces with a-finite measures for 0 < p < oo, p ¥= 2. Our result, for/) ^ 2

and (Xx,2,,mx) = LY2,22,m2), can be deduced from [5, Theorem 3.1] with

the already mentioned [9, 5.1(c)]. Lamperti's results have been generalized to

the reflexive Orlicz spaces by G. Lumer [6], [7]. Again, the space has been

assumed to be different from a Hilbert space.

In the case of L^-spaces we have the following result for the onto

isometries.

Theorem 3. Let Xx and X2 be uncountable Borel spaces and let P: Lx (Xx )

—* LX(X2). The operator P is a nonnegative linear isometry onto L00(X2) if and

only if there exists an invertible nonsingular transformation <p such that P = PJf.

Proof. The "if" part is clear. To prove the "only if" part we note that by

the Banach-Stone theorem P is a multiplicative operator (see [2, V. 8.11 and

V. 8.8]); consequently, P takes characteristic functions into characteristic

functions. Therefore, P induces an isomorphism between the quotient Boolean

a-algebras Bt and B2 (see the proof of Lemma 3). By [9, 6.2] there exists a

transformation <p satisfying the required conditions. When applying [9] we

make use of the known fact that there exist uncountable subsets of measure

zero in both Xx and X2.

5. A generalization. If the measures mx and m2 are infinite, the condition

P\ = 1 in Theorem 1 is no longer meaningful. However, if the measures are

a-finite, we can generalize Theorem 1 by substituting (i) A (ii) by the new

condition:

(iii)„ P maps integrable characteristic functions into integrable characteristic

functions.
Taking an appropriate partition of Xx and applying Theorem 1 to each of

the parts, we can easily obtain the following result for o-finite measures mx and

m2.

Theorem 4. Let Xx be a Borel space, 1 < p < oo, 1 </•< oo, and let

P: Lp(Xx) -* Lr(X2) be a linear operator satisfying (iii)CT. Then there exists a

set B E 22 and a nonsingular transformation <p: B -» Xx such that

Pu(x) = (U/x)       ,f*GB>
{0 otherwise.

6. Acknowledgements. I am indebted to the referee for his very helpful

remarks. In particular, Lemma 2 and Proposition 2 were suggested to us by

the referee.
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Added in proof. The author has recently learned of a general result

(Chapter III, Proposition 9.2 in [S]) containing our implication (i) A (ii) =>

(iii). The result is valid for arbitrary F-lattices with quasi-interior elements.

Our Lemma 1 is stated in [S] in more general form as Theorem 5.3, Chapter II.
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