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Abstract. With respect to a partial ordering «, the functional inequality

F(s) + tG(s) « F(s + t) arises naturally in the study of extending classical

convex-function theory to vector-valued functions. The solution F is strongly

convex and has a Riemann type integral representation, even a Bochner type

integral representation when the functional inequality is considered in a

Banach lattice. The paper also proves the equivalence of strong and weak

convexity in an ordered locally convex space whose positive cone is closed.

As an application, an affirmative answer is given to an open question raised

earlier by R. G. Kuller and the author.

1. Introduction. This paper illustrates some initial steps taken in the efforts

of extending classical theory of convexity to vector-valued functions. We start

out with the extension of the basic definitions. The strong convexity and weak

convexity are defined for functions assuming values in ordered vector spaces.

As suspected (or even expected), the possible equivalence of these two basic

convexities depends on the availability of the Hahn-Banach Theorem. It is

therefore interesting to find out that locally convex ordered topological vector

spaces with closed cones of positive elements are those general structures in

which the validity of the Hahn-Banach Theorem indeed leads to the equiva-

lence of strong and weak convexity. We then study the integral representation

of the vector-valued convex-function-solution to an inequality which evolves

from the classical theory of convexity. We obtain the order-convergent

Riemann type integral, and realize that, for norm convergent integrals, the

least we should require is a partial ordering compatible with the norm

topology. Banach lattices therefore become our choices. A Banach lattice

(V, <, ||-||) is a Banach space with a vector lattice structure such that \x\ <s |,y|

implies ||jc|| < IHI; here x,y are vectors in Fand |x| = x+ + x~. A Banach

lattice Falso has a property: Vb = V* i.e., the space Vb of all order-bounded

linear functionals on V is the same as the space V* of all norm continuous

linear functionals on F [1, p. 368]. This striking property and the compatible
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partial ordering play important roles in our derivation of Bochner type

integral representation for the convex-function-solution to the inequality when

being considered in Banach lattices.

2. Equivalence of weak and strong convexity. Throughout this paper, let <

denote the partial ordering in an ordered vector space with 6 as the zero

vector; and let (a, b) denote an open interval on the real line which has the

usual ordering <.

Definition 1. Let V be an ordered vector space. A function F: (a,b) -* V

is strongly convex on (a, b) if

F(xjs + \t) « xjF(s) + {Fit),

whenever 5 and t are in (a, b).

Definition 2. Let W be a locally convex ordered topological vector space.

A function F: (a,b) —> W is weakly convex on (a, b) if, for each positive

continuous linear functional p on V,

p[F(x2s + x2t)] < x2p[F(s)] + \p[F(t)],

whenever s and t are in (a, b).

Clearly, strong convexity implies weak convexity. The converse is valid in

ordered spaces with the property that, if p(x) > 0 for all positive continuous

linear functionals p, then x » 0. Basically this is the main concern of the

following

Lemma. Let V be an ordered locally convex space whose cone C of positive

elements is closed. Then x E C if and only if p(x) > 0 for all positive continuous

linear functionals p on V.

Proof. Suppose x $ C. Then by a theorem in [2, p. 220], there exists a

nontrivial continuous linear functional q on V, and a real number a such that

q(x) < a < q(y) for all y in C. For arbitrary y in C and arbitrary positive

integer n, ny E C. Therefore a < q(ny) and a/n < q(y). It follows that

q(y) > 0 for all y in C. Meantime q(x) < a < q(9) = 0 since the zero vector

9 is in C. Thus, if x & C, there exists a positive continuous linear functional

q such that q(x) < 0. This proves the nontrivial part of the lemma.

As a direct consequence of the lemma, we state the following

Theorem 1. Weak and strong convexity are equivalent in an ordered locally

convex space whose cone of positive elements is closed.

An application of this theorem to Banach lattices, which are examples of

ordered locally convex spaces with closed positive cone [3, p. 175], gives an

affirmative answer to the open question raised in [4, p. 366].

3. A functional inequality. By putting together several results in [5, pp. 9, 94,

95], a characterization of real-valued convex functions can be formulated as

follows: A real-valued function/is convex on (a, b) if and only if there exists

a function g on (a, b) such that f(s) + tg(s) < f(s + t) whenever 5 and 5 + t

are in (a, b).

Considering the above functional inequality in ordered vector spaces, the
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following theorem gives partial answers to two related open questions: (1) Can

vector-valued convex functions be characterized by a similar functional

inequality? (2) Can vector-valued convex functions be characterized by

integral representations as being done for real-valued convex functions as in

[6, pp. 9, 10]?

Theorem 2. In an ordered vector space (V, <.), consider the functional

inequality

(1) F(í) + tG(s) < F(í + t),   s and s + t in (a,b),

where G: (a,b) -* V is a given function. If F: (a, b) -» V is a solution to the

functional inequality on V, then F is strongly convex on (a, b), and

F(t) - F(a + e) = [     G(s)ds,    where a<a + e<t<b.
Ja+t

The integral on the right is of Riemann type and convergent relative to the order-

convergence. Suppose further that V is a Banach lattice and G is nonnegative on

(a,b) in the sense that 9 < G(s) for all s in (a,b); then the Bochner integral

(B) Sa+e G(s)ds converges under the norm on V and

(B)f'   G(s)ds = F(t)-F(a + e).
Ja+e

Proof. Since F satisfies the functional inequality (1), we have:

(2) F(i) + tG(s) « F(í + r),    whenever í and s + t in (a,b).

(3) F(s) - tG(s) « F(s - t),    whenever s and s - t in (a,b).

From (2) and (3) it follows that

2F(s) <c F(s + t) + F(s - t),   whenever s + t and s — t in (a, b).

This is equivalent to F(2s + \t) < \F(s) + jF(t), whenever í and t are in

(a, b). Thus F is strongly convex on (a, b).

The function G is isotone (nondecreasing) on (a, b), because the following

two inequalities hold for positive small 8: F(s — 8) + 8G(s — 8) « F(s) and

F(s) - 8G(s) « F(s -8).

Since G is monotone, it is natural to use step functions in proving that G is

Riemann integrable over [a + e, /] where 0 < e and a + e < t < b. In the

process of doing so, it can be assumed, without loss of generality, that

a + e = 0 and t = \. Let simple functions $„ and % be constructed by

where x['/n>0 + 0/"] is me characteristic function on the interval [/'/«,

(i + \)/n].

From the inequalities 8G(s) « F(s + 8) - F(s) and -8G(s) < F(s - 8)

- F(s) it follows that
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MíM^MíK°(^) —»•
Therefore,

-l,K0-K^)]
= F(l) - F<0) « | ic(i) a/ *„*.

Thus,

(4) /J $„ ̂  « /r(l) - 77(0) « £ % ds.

Furthermore,

(5) X' %*-£ %ds = \ | [G(i) - rj(Í^i)] = ÍG(1) - >).

From (4) it follows that

(6) supj   %ds « F(1)-F(0) « inf f  %ds.

From (5) it follows that

(7) inf /J % ds - sup /J <bn ds « inf \ [G(\) - G(0)] = 9.

Combining (6) and (7) yields

sup/o' \ds = inf JT1 %ds = F(\) - F(0).

Thus with respect to the order convergence, G is Riemann integrable and

(     G(s)ds = inf f     %ds = sup (     ®„ds = F(t) - F(a + e).
Ja+e Ja+e Ja+e

Under the additional assumption that F is a Banach lattice, the function G

is strongly Lebesgue measurable on [a + e,t], since the sequence of simple

functions {<!>„} converges strongly to G due to the construction of <&„. The real-

valued function || G(í)|| is nondecreasing on [a + e,t], and, therefore, Lebesgue

integrable, since the vector-valued function G with 9 < G(s) is isotone in the

Banach lattice V. The strong measurability of G and the integrability of ||G(s)||

imply that the Bochner integral (B) fa'+e G(s)ds exists [7, p. 133]. To establish

(B) fa'+£ G(s)ds = F(t) - F(a + e), it suffices to prove that, for each bounded

linear functional q in V*,

¡'   q[G(s)]ds = q[F(t)] - q[F(a + e)].
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This can be shown in two steps. First, use the well-known Riesz Decomposi-

tion Theorem [8, p. 68] to obtain q = q+ - q~, where q+ and q~ are positive

linear functionals on V. Secondly, to the functional inequality <7 + [F(s)]

+ tq + [G(s)] < q + [F(s + t)] apply the step-function method, just as has been

done to (1), and infer that

/'   q + [G(s)]ds = q + [F(t)] - q + [F(a + e)].

Similarly,

/'    q~[G(s)]ds = q-[F(t)] - q-[F(a + e)].
Ja+e

Thus,

fa+c q[G(s)]ds = ¡^ (q+ - q-)[G(s)]ds

(8) = iq+ - q-)[F{t)] - (q+ - q~)[F(a + e)]

= q[F(t)] - q[F(a + e)].

From (8) and the Hahn-Banach Theorem, it follows that (F) fa'+£ G(s)ds

= F(t) - F(a + e). This completes the proof of the theorem.
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