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ON THE HOMEOMORPHISMS WHICH
SATISFY THE POINCARÉ RECURRENCE THEOREM

CHUNG-WU HO1

Abstract. It is shown that for a large class of spaces, almost all the

homeomorphisms of the space do not satisfy the Poincaré Recurrence

Theorem. More specifically, let Jibe a compact manifold with a nonzero

Euler characteristic and H(X) be the space of all homeomorphisms of X

onto X. H(X) is given the compact open topology. Then the set of all the

homeomorphisms of X which satisfy the Poincaré Recurrence Theorem is

nowhere dense in H(X).

Let A be a Hausdorff space with a countable base and $ be a homeomor-

phism from A onto itself. A point x G A is said to be recurrent under <f> if x is

a limit point of the sequence {oi"x}^L0. The Poincaré Recurrence Theorem

asserts that if A has a finite Borel measure and <p preserves measure, then the

set of points of A which are not recurrent under <¡> is of measure zero [1], [8].

There have been attempts to extend the Poincaré Recurrence Theorem to a

wider class of homeomorphisms, for instance, E. Hopf studied the case where

the measure on A is not necessarily finite [6], [8] and recently, R. Kurth studied

the case where the homeomorphism <b is not necessarily measure preserving

[7]. Instead of trying to find a direct extension of the theorem, we ask what

kind of homeomorphism can satisfy the Poincaré Recurrence Theorem. In this

note we shall show that for a large class of spaces, in a certain sense, almost

all the homeomorphisms do not satisfy the Recurrence Theorem. To state the

result more precisely, we introduce the following notations. We shall use ¡u to

denote any given Borel measure on the space A which assigns a positive value

to each nonempty open subset of X and use H(X ) to denote the space of all

homeomorphisms of A onto A. The space H(X) will be given the compact

open topology. An element <b G H(X) will be called recurrent if the set of all

nonrecurrent points of <f> has measure zero with respect to ¡i. Our result can

now be stated in the following

Theorem. For any closed manifold X of dim > 1 with a nonzero Euler

characteristic, the set of all recurrent homeomorphisms of X is nowhere dense in

H(X).

It is well known that on a closed manifold A, there always exists a Borel
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measure which assigns a positive value to each nonempty open subset of X.

Thus, the assumption on the existence of such measure does not impose any

restriction on the manifold in our theorem. We do not know whether the

theorem is true without the assumption that the Euler characteristic of X is

nonzero. Some of the preliminaries will be collected in the first section. The

theorem itself will be proved in the second section.

I. Preliminaries. In the following, we shall let X be a Hausdorff space with

a countable base. We assume that a Borel measure ¡x is given on X which

assigns a positive value to each nonempty open subset of X. First, we observe

that a nonrecurrent homeomorphism of A' is a homeomorphism (¡> of X whose

nonrecurrent points form a set of positive measure. For this, we need the

following proposition, which was known to Carathéodory [1] and was also

implicitly proved in [8, pp. 447-450]. However, the proof given here is

somewhat simpler.

Proposition 1. For any homeomorphism <j> of X, the set of all nonrecurrent

points of <f> is measurable.

Proof. Let <j> be given. For each subset A of X, we define the subset e(A),

the escaping part of A under <p, to be the set [x E A\<j>"(x) $. A for each

positive integer «}. Let {Un}™=x be a countable base for the topology of X. It

is easy to see that if N is the set of all nonrecurrent points of X, then

N = U„*Lxe(Un). It is then sufficient to show that for any open set U, the set

e(U) is measurable. But e(U) = U — U£L,<i>"(U) and <f> is a homeomor-

phism, the set e(U) is clearly Borel measurable.

Remark 1. To show that a homeomorphism <f> is nonrecurrent, it is sufficient

to construct a nonempty open set U of X such that <¡>"(U) D U = 0 for all

n > 1, for then U is a set of nonrecurrent points of a positive measure.

In the proof of our theorem, we shall use the following two propositions.

Proposition 2 is a result of F. B. Fuller [2], also see [3] and [4],

Proposition 2. Let X be a compact metric ANR whose Euler characteristic,

x(X ), is nonzero. Then for each homeomorphism <j> of X onto X, some iterate of <f>

has a fixed point.

Remark 2. Let <p be a homeomorphism of such a space X and x be a fixed

point of some iterate of <f>. Suppose k is the least positive integer such that

<pk(x) = x. Then observe that the points x, <¡>(x), ..., (¡>k~x(x) are distinct

from each other and <i> is periodic on this set.

Proposition 3. Let (X, p) be a compact metric space, and f: X -* X be a

continuous function. For any finite sequence of positive numbers tx, t2, . . ., tk,

there exists a positive number S such that if g: X —» X is continuous and satisfies

the condition that p(f(x),g(x)) < 8 for all x E X, then for each i — 1,2,...,

k,p(fi(x),gi(x))<tiforallx EX.

Proof. Let /: X —> X be given. It is not difficult to show that for each

positive number /, there exist positive numbers sx and s2 such that for any

continuous g: X -* X with p(f(x),g(x)) < sx for all x E X, and for any two

points x and y of X with p(x,y) < s2, we have that p(f(x),g(y)) < t.

We now prove the proposition by induction on k. The case for k = 1 is
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trivial. Assuming the proposition to be true for k — 1, we consider a sequence

tx,t2, ... ,tk of k positive numbers. By the above observation, there exist

positive numbers sx and s2 for the number t = tk. Then apply the induction

hypothesis to the sequence tx, ..., tk_2, min(tk_x,s2), of k — 1 positive

numbers to produce a positive number 8X such that for any continuous

g: X -» A with p(f(x),g(x)) < 8X for all x G A, p(/'(x),g'(x)) < t¡ for i
= 1,2, ...,k~ 2 and p(fk'x (x),gk~x (x))< min(tk_x,s2). Now, let 5

= min(r5i,Ji). The proposition is clearly satisfied with this 8 for the sequence

tx, t2, ..., tk. This finishes the proof.

II. Proof of the theorem. In this section, we shall let A be a closed « (> 1.)-

dimensional manifold with x(A ) # 0. Let a Borel measure jti be given which

assigns positive values on nonempty open subsets of X. Since we assume that

all manifolds are Hausdorff and second countable, a metric p can be chosen

which induces the topology of X [5, p. 75]. It is well known that the compact

open topology on H(X) is equivalent to the topology given by the sup-metric

with respect to p. We shall denote the sup-metric on the space H(X) again by

p. Thus, to prove our theorem, it suffices to show that for any <p G H(X) and

any e-neighborhood, N(<p,e), of <i> in H(X), there exists an element/ G A(<p,e)

and a 8 > 0 such that each element of the neighborhood N(f8) is nonrecur-

rent. (Thus, N(f,8) n N(<b,e) forms a nonempty open subset of N(<b,e)

consisting of nonrecurrent homeomorphisms.)

Now, let ci G H(X) and e > 0 be given. Since a compact manifold is

always an ANR [9, p. 177], some iterate of <p must have a fixed point x0 in X.

By Remark 2, the orbit of x0 is a set (x0,<f>(x0),.. .,<¡>k~x(x0)} of k distinct

points, where k is the least positive integer such that <f>k(xr,) = x0.

We now fix a neighborhood Ux of x0 so that Ux, <I>(UX), .."., <f> ty\) are

pairwise disjoint and diam (<f>(i/,)) < e. Replacing Ux by an open subset if

necessary, we may assume that there is a coordinate function « of the manifold

A, defined on an open set containing the closure Ux of Ux such that « carries

the point x0 to the origin of R" and the set Ux to the ball F(0,1), where for

each positive number t, B(0, t) stands for the open ball of radius t centered at

the origin of R". We shall let F(0, t) denote the corresponding closed ball, and

for each t, 0 < t < 1, we shall let U¡ denote the set «"' (F(0, f)) and Ü, denote

theset«_1(F(0,r)).

Now, fix a number t < 3 such that <pk(UT) G Ux/li. We may now construct

an/ G A(<¡>,e) as follows: First define a function rj: B(0,1) -> B(0,1) by

(x) = f32TX> if0<|x|<j\

" l[3(l - r)(|x| - f) + t]x,        if2<|x|<l,

where |x| stands for the Euclidean norm of x. Observe that t/ is a homeomor-

phism from F(0,1) onto F(0,1) which fixes the boundary of F(0,1) while it

absorbs the ball F(0,2) onto the ball F(0,t). Now define/: A -* A by letting

f(x) = <f>(x) for x G A - Ux and/(x) = <p«_'t/«(x) for x G Üx. The map/

is clearly a homeomorphism of A onto A. Also note that/ G A(<#>, e), for/and

<j> differ only at points in the set t/¡ and for each x G Ux, the points

f(x) and (p(x) both belong to <p(Ux), hence, p(/(x),<p(x)) < diam (<t>(Ux)) < e.
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We shall now fix a S > 0 so that each element of N(f 8) is nonrecurrent.

This is accomplished by a sequence of lemmas.

Lemma 1. For each integer i = 1, 2, ..., k — 1,

f(U2/3) E 4>¡(Ux/3)    and   fk(U2/3) E Ux/3

where k is the least positive integer such that <f> (xq) = x0.

Proof. It suffices to prove that f'(Ü2/3) = <¡>'(UT) for each /' = 1, 2, ..., k

since the lemma is clearly satisfied if we replace f'(U2/3) by <j>'(Ur) for each ;'.

For i = l,f'(Ü2/3) = (¡>'(UT) follows from the definition of/ Now for each

/, 1 < i < k, consider the set f'(U2/3) =/(/''"'(U2/3)). We may use the

induction hypothesis to write this set as f(<t>'~x(UT)). Since 4>'~X(UT)

C <p'~l(Ux) is disjoint from Ux and/agrees with <J> outside Ux, we now have

f'(U2/3) = /(<#>'-'(UT)) = ^-x(TJT)) = 4>'{UT). This proves Lemma 1.

Lemma 2. There exists a 8 > 0 such that for each g E N(f,8), g'(i/2/3)

C ^(Ux/3)for each i = 1, 2, ..., k - 1 and gk(U2/3) C Ux/3.

Proof. For each ; = 1, 2, ..., k — 1, the preceding lemma shows that the

compact set/'(c72/3) is contained in the open set <p'(Ux,3) of X. Thus, the

distance p(f'(U2,3),X - <p'(Ux/3)) is a positive number. Let t¡ be this number

for  each  i = 1,2, ..., k — Í.   Similarly,   the  number

tk = p(fk(U2/3),X-Ux/3)

is positive. Now apply Proposition 3 of § 1 to the function / and the sequence

of numbers tx, t2, ..., tk, we immediately get a positive number 8 with the

desired properties.

We now choose a 8 > 0 satisfying the conditions given by Lemma 2. We

need now show that each element of N(f,8) is nonrecurrent. To do this, by

Remark 1 of § 1, we need only construct a nonempty open set V such that for

each positive integer i, g'(V) D V = 0 for each element g G N(f,8). This is

done in the following lemma.

Lemma 3. Let Vbe the open set U2¡3 — Uxi3. For any element g E N(f 8) and

any positive integer i, g'(V) n  V = 0.

Proof. Let an arbitrary element g G N(f 8) be given. We first show that

for each positive integer m, gmk(V) E Ux,3. The case for m = 1 is a direct

consequence of Lemma 2. The case for m > 1 may then be proved easily by

using Lemma 2 and applying induction on the integer m. Since V is disjoint

from Uxi3, the inclusion g (V) E Ux,3 implies in particular that gmk(V)

n V = 0 for each positive integer m. Now consider a positive integer i which

is not a multiple of k. Write i = mk + r for some integer m > 0 and r with 0

<r < k. Then g'(V) = gr(gmk(V)) E gr(U2/3). By Lemma 2 again, we see

that g'(V) C <t>r(Ux/3). But for 0 < r < k, 4>r(Ux/3) E <pr(Ux) is disjoint from

i/j, hence, we again have g'(V) n V — 0. This proves Lemma 3, and

therefore, also the main theorem.
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