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ACYCLIC MODELS AND EXCISION

ROLF SCHON

Abstract. This note gives a proof of the excision theorem in singular

homology using the method of acyclic models and avoiding the commonly

used barycentric subdivision operators.

1. Notations, definitions. TopCov is the category of pairs (X, ll), where X is

a topological space and ll a covering of X having an open refinement. A

morphism / from (X, II) to (Y, 33) is a map /: X —> Y such that for every

77 G U we have/(G) C Kfor some V G 33. Two maps/ g: (X,U) -> (y,33)

are called homotopic, / ^ g, if there exists a homotopy H: X X [0,1] —> Y

from / to g such that for every U G ll, we have H(U X [0,1]) C V for some

V G 33. The definitions of a homotopy equivalence and of a strong deforma-

tion retract (A,ll) ^ (Y,33) are the obvious ones. S(X,ll) is the subcomplex

of the singular chain complex S(X) = S(X, X) generated by the singular

simplexes a: A —> X such that a(A) C U for some U G IX. X = {X} is the

trivial covering. Using the naturality of the chain homotopy D: S(j0)

=a S(jx): S(X) -* S(X X [0,1]) with/ = (x i-» (x,i)) for 7 = 0, 1, we easily

get the following lemma and corollary.

2. Lemma. /// =* g: (X, ll) -> (Y, 33), 7/ten

S(/)a*S(G):S(Jf,U)-» 5(7,93).

3. Corollary. A homotopy equivalence f: (X, ll) —> (Y, 33) induces a chain

equivalence S(f): S(X,ll) -» 5(733).

4. Lemma. For every object (O, U) in TopCov with □ a« unit cube of any finite

dimension, we have Hn(LA,VL) s Hn(*,X) for n > 0.

Proof. We construct a finite sequence (A',,It,), i = 0, ..., k, of objects in

TopCov, such that (X0, U0) = (□, ll), (A^, H/) = (*, X), with * one point and

(Xh Uj) a strong deformation retract of (X(_x, IL_,). By the Lebesgue covering

lemma the cube □ may be subdivided by sections parallel to its faces into a

finite number, say k, of subcubes, each of which is contained in some U G ll.

Now, beginning in one corner, we retract off one subcube after the other onto

that part of its boundary which is in common with the remaining ones. The

last cube is retracted onto a corner. For illustration we give the following

picture of a subdivided two dimensional cube.
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The subcubes 1, 2, 3, ... are successively retracted onto that part of boundary

which is marked by a double line. That is, we define Xt as Xt_x with the ith

subcube retracted off and It, as U,_, n Xt. Obviously {Xt,VLf) is a strong

deformation retract of iXi_x,Ui_x) in the sense of the homotopy notion in

TopCov defined above. Corollary 3 gives the rest.

5. Theorem. The inclusion

(§) i: S(X,VL)-* S(X)
is a chain equivalence.

Proof. We consider both sides of (§) as functors from TopCov to the

category of the augmented chain complexes of abelian groups: S0(X,U)

= S{X,VL), SX(X,U) = SiX). As models in TopCov we choose all pairs

(A, 93) with A a standard simplex of any dimension and 93 a covering of A

having an open refinement. Because of 4 and the homeomorphism A =* □,

both functors are acyclic on models. The forgetful functor TopCov -» Top

induces a retraction r: F —> Sx, where F(X,U) is the free functor defined as

the free abelian group generated by the set (a: (A,93) —> iX, U)/(A, 93) model}

with base the identities ids: (A,93) -> (A,93). The inclusion /: S,(aV,U)

-* F(X,VL) is given by considering a: A -> X as a: (A,a~'tl) -> (X,U), and

we have clearly ri = id . The functor 50 is free by itself: in dimension n we

take the single element id: (A, £) -> (A, X), A the standard «-simplex, as base.

Now the theorem on acyclic models applies; see 4.3.4 of [2, p. 169] and 11.11.1

of [l,p. 177],

6. Remark. As in [2, p. 189] we get the excision isomorphism

H+(X - U,A - U) = H*iX,A) if U C urU,

because {intA,X — U) is an open refinement of {A,X — U).
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