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PROJECTIONS FROM LP(G) ONTO CENTRAL

FUNCTIONS

BENJAMIN B. WELLS, JR.

Abstract. Let G denote a locally compact [FC]g-f>roup. Then for every

1 < p < oo there is a projection from W(G) onto the fl-central functions in

L"(G).

Let G denote a locally compact group and B a subgroup of the group

Aut(G) of topological automorphisms of G. We shall assume that B contains

all inner automorphisms and that each element of B is Haar-measure-

preserving. For 1 < p < oo the fi-center of LP(G), ZB(LP(G)), is defined to

be the set of all / G L"(G) such that fB=f for all B E B (where fs(x)

= f(B~lx)). Forp = 1, ZB(LX(G)) is a central Banach subalgebra of L[(G)

(see [8, p. 148]). The group G is an [FC^-group if G has precompact 5-orbits.

By a result of Liukkonen [7, p. 90] any such group has a compact fi-invariant

neighborhood of the identity, i.e. is an [/A]fl-group.

Theorem. Let G be a locally compact [FC]R-group. Then for every 1 < p

< oo there is a projection (norm 1, linear, idempotent) P: LP(G) —* ZB(LP(G)).

In addition, P commutes with the operation x —> x and preserves positive

functions. If p = 1, then

P(Pf * g) = Pf * Pg   and   P(f*g) = P(g*f).

If p = 2, then P is an orthogonal projection.

This result is essentially known (cf. [6] and [8]). [3, Theorem 2.1, p. 424]

contains a version of it in the context of central topological groups. [10,

Propositions 1.3-1.5] contains a version for [FIA]^-groups. All of the construc-

tions of the projection operators described in the literature involve integration

over the compact group B~. The purpose of this note is to offer a different and

perhaps more natural construction of the projections of the theorem and to

point out that they coincide with those already in the literature.

Sketch of the proof of the Theorem. Since G is an [7/V]-group,

ZB(Ll(G)) i^ (0), and by a result of [2] G is unimodular. Let m denote Haar

measure on G and V the sigma-field of fi-invariant Borel sets. Since G is
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[FC]^, the measure space (G, T,m) is decomposable (see [5, 19.25-19.27]). For

a nonnegative locally integrable Haar-measurable function /, the Radon-

Nikodym Theorem [5, 19.27] may be applied to get a T-measurable function

E(f), called the conditional expectation of / with respect to the sigma-field T.

One then extends E to complex-valued locally integrable functions in the usual

way. Now take P(f) = E(f). It is straightforward to verify that P has the

properties mentioned in the Theorem.

Furthermore, any two projections with the properties of the Theorem

necessarily coincide on all If(G) (1 < p < oo) since they are each equal to

the orthogonal projection of L2(G) onto ZB(L2(G)), hence agree on the

continuous functions with compact support, and thus on all of LP(G).

Finally, the author would like to thank Professor Kenneth Ross for bringing

to his attention the papers [8]—[10] and making several helpful suggestions that

improved the statement of the Theorem.
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