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LARGEST NORMAL NEIGHBORHOODS

V. OZOLS

ABSTRACT. It is well known that the largest normal neighborhood of a point
in a compact Riemannian manifold is a Euclidean cell, that is, homeomor-
phic to the open unit ball. In this paper it is proved that this normal
neighborhood is in fact C* diffeomorphic to the open unit ball. The method
is to paste together a sequence of C* radial dilations which combine to
engulf an open ball or all of R".

Let M be a compact C* Riemannian manifold of dimension n. For each
p € M let C(p) be the cut locus of p in the tangent space T,M. Then C(p)is
‘homeomorphic to the (n — 1)-sphere S*~ ! and the bounded component £ of
T, M\C(p) is homeomorphic to an open n-ball B" in R" (see [1]). It is not true
1n general (even when n = 2) that C(p) is a smooth manifold, in which case
it cannot be diffeomorphic to S"~ ' It is natural to ask, therefore, whether Ep
is diffeomorphic to B". When n # 4, it is known [2], [3], [4] that any open set
in R"” which is homeomorphic to B” is C* diffeomorphic to B". The method
of proof is not elementary, however, and the result is so far not known if
n = 4. On the other hand, the sets Ep encountered in Riemannian geometry
have the additional property that they are star-shaped about 0 € M. This
property makes them more tractable, and allows us to give an elementary
proof that every Ep is C*® diffeomorphic to B" with no restriction on the
dimension. In fact, we will construct a diffeomorphism (a kind of “radial
engulfing”) which preserves directions (i.e. preserves the rays emanating from
the origin).

Let ||---|| be the Euclidean norm in R", and for each r >0 let S,
= {x € R"||lx]| = r} and B, = {x € R"|||x|| < r}. Suppose u: S, = R'isa
continuous function with u(f) > 0 for all # € S;, and define the open set
U, C R by

={x € R"x = 00r 0 < lx|l < pulx/llx[)}.

LemMA. If U C R" is defined by a continuous function p: S, — R' as above,
then there is a C* diffeomorphism h: U — B, which preserves directions.

PROOF. Let p: S; — R be the defining function of U, and let r = inf{u(8)]
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g €S}, R=sup{u@)# € S;}. Let 0 <ry<r be fixed, and choose a
sequence {¢;}, such that: (i) ¢ > 0, (ii) ¢ > ¢, (i) § <r—ry, (iv)
lim,, & = 0.Let§; = ¢ :+1’ so that 0 < 8; < g and lim§; = 0. Define
continuous functlons i S1 - R' by fi = p— & + 8,/2. Thus, () is the
midpoint between pu(f) — ¢; and u(f) — ¢, . For each i, let p;: S} — R!' bea
C* function such that |u,(0) — ,&,.(0)| < §,/4 for all § € S;. Then {p,}
satisfies: (a) ry < py (0) < py(0) < -+ (b) () — p; () > 8,/4 +6,,,/4
= (& — €42)/4 > 0; (c) p; = n umformly on §;. For each i, let Uy = U, be
the set defined by p,. Then all the sets U satisfy U, C U, and U = ['°_1 U.

Let py: S| — R' be the constant function Mo = ry, and Uy = B, the set it

o

defines. Let r = inf{yu,(0)|8 € S}, R, = sup{p;(8)|0 € S,}. Then ry < n

< -+, and Ry < R, < :---. Let 4, = R, and define inductively 4, ,
= R, ,,(4,/r). Then

Aip1/Riyy = A)fr 2 A/R; = Ayfroy 2 2 A)/Ry = L

Let a: R — R! be a C* function such that: (i) a(r) = 0if 1 < 0, a(t) = 1 if ¢
> 1; (i) «’(t) > 0if t € (0, 1). Introduce polar coordinates (4, r) in R", where
6 € S, and r > 0. When r > 0 and @ is restricted to a coordinate patch on
S|, then (6, r) is a coordinate patch on R"\{0}. Define a sequence {n;}ie o of
maps 1;: R — R' inductively by: 1, = 1, and

I ifr=0,
n,(0,r) = (1 (E(e)f—l,u:(?zﬁj) )"i—l(a»’)
" “<u,:0; f";,‘._(f?a))“ié) r#0

Note that for 0 < r < p,_,(8) (i.e. (8,r) € U_,), we have n,(o, r) = m;_,(8,r);
and for r > p,(0), n;(0,r) = A4;/p;(9). In partlcular all ;; = 1 when 0 < r
< ry = Ry. Therefore, each n,: U — R' is a C*® function. Moreover, if
8,r) € U\U_,, then n,_(8,r) = A4;_;/m_,(9); and

Afp(0) > AR, = A,y /rioy > Ay /1, (0).

Thus, along each ray r = (6, r) (f fixed), 9, is nondecreasing in each interval
[4;_(9), n;(8)]; hence nondecreasing along the entire ray emanating from 0.
Moreover, 7,(8,0) = 1 so m; > 1 on U. Define maps f: U — R" by £(4,r)
= (0,m,(8,r)r) (ie. f(x) =m(x)-x). These are C* maps and f[U,_,
= f_,|U_,. Let n(x) = lim;_, n;(x) and f(x) = lim,_, , f(x). Since U_,

U, fIU, = £|U, and n|U; = ,|U;, it follows that n and f are C* maps on
U. Note that the inductive definitions above make sense for all x € R", but
one cannot expect n or f to be differentiable on U = U\U even though
n; and f are. Let § = (6,,...,6, ) be a coordinate chart on S;, and compute
Df in terms of the local coordinates (6,, . ..,6,_,,r) in U\{0}. It is easily seen

Licensem;;yr’gn( r!sélxﬁ{)g }nay‘X;ﬁly]&a'e\qgribution; see https:/iwww.ams.org/journal-terms-of-use



LARGEST NORMAL NEIGHBORHOODS 101

1| 0
[ rom,/or + ;)

where I,_, is the (n — 1) X (n — 1) identity matrix. Thus, det(Df) = rdn,/0r
+ 7;. But 7, is nondecreasing in the r-direction so d7,/dr > 0; and since
r > 0,m; > 1, it follows that det(Df) > 0 in U\{0}. In a neighborhood of
0, f = id, so f is nonsingular on U. Since f preserves the rays r — (8, r), and
m; > 1, it follows that f is one-to-one on U. Since A4,,, = R, 4,/ and
R,/ > 1, we have 4] < A, < ---. Thus, either limA4; = +oo or lim 4,
= A4 < +o0. Foreach§ € S|,

Df = (1”"*‘

lim _ f(6.1) = limf(6.7) = lim(6,,(6, 1)7)
t—u;(9)

= (0.4;1,(0)/1,8)) = (6.4))

(the limit is taken through values 1 < p,(6)). Consequently, f(U;) = B 4, for
eachi = 1,2, .... Therefore, either f(U) = R" or f(U) = B,, A < +o0. It
is easy to construct direction preserving C*® diffeomorphisms R" — B,, B,
— B, so the proof is complete. Q.E.D.

In the case of a compact Riemannian manifold, the sets Ep are all defined
by positive continuous functions p: S, — R, so by the lemma:

THEOREM. Let M be a compact C* Riemannian manifold, p € M any point,
C(p) the cut locus of p in .M, and Ep the bounded component of T, M \C(p).
Then there is a direction preserving C* diffeomorphism E'p - B,.

Since exp, Ep is the largest normal neighborhood of p in M, this theorem
shows that exp, Ep is diffeomorphic to the open unit ball.
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