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NUMBER g + 1

JAMES R. C. LEITZEL

Abstract. Congruence function fields of genus g and class number g + 1

are fully classified. As an application we determine explicitly the real

quadratic function fields with this property and of odd characteristic for

which the ring of integers is a unique factorization domain.

Introduction. In his dissertation Emil Artin [1] studied the arithmetic and

analytic theory of quadratic extensions of K(x) where A' is a field of prime

order. His approach to this subject was in complete analogy to the theory of

algebraic number fields, and, for this reason, he separated these extensions

into two classes, real and imaginary, depending upon the decomposition of

the infinite prime of K(x) in the extension. The field was called an imaginary

extension if only one prime lies over the infinite prime of K(x) and in the

other case the field was called a real extension.

Since Artin's original work, the idea of a congruence function field has

been broadened to include any finite field K as field of constants.

Throughout this paper the term "function field" will mean a function field in

one variable whose exact field of constants, K, is a finite field with q

elements. For F/K, a function field, we denote by hF the order of the finite

group of divisor classes of degree zero. In the sense of Artin, the class number

hx of a quadratic function field is the class number of the Dedekind ring R

which is the integral closure of K[x] in F. In the context of real quadratic

function fields, the connection between the two class numbers is given by

hF = rhx and is a consequence of F. K. Schmidt's relation [6, p. 32]. The

number r is the "regulator" and can be computed as follows: Let px,p2

denote the two primes of degree one lying above the infinite prime of K[x].

Then px/p2 is a divisor of degree zero in F and r = ord(px/p2) in C0(F), the

group of divisor classes of degree zero for F. Alternatively r = ±vp(e0) where

e0 is a fundamental unit (in the sense of Artin) of the quadratic extension and

v is the valuation associated with the corresponding extension of the infinite

prime of K[x].

In his recent doctoral thesis, D. J. Madden [5] has proved that if a is a

primitive integral element in a geometric extension F of K(x) of prime power

degree /", where / + char K, and containing /" - 1 roots of unity there is a

prime px lying over the infinite prime of K(x) so that
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(1) O-   (a)  <
/" -  1 /" /"(/" -  1)

where g is the genus of F and ex is the ramification index of px. Interpreting

this result for real quadratic extensions of Ä'(x) we see that, in terms of the

regulator,

(2) r > g + 1.

Therefore if F/K is a real quadratic function field with hF = g + 1, (2) and

the relation between hx and hF noted earlier would imply hx = 1. These fields

then provide examples of function fields where the ring of integers is a unique

factorization domain. The result of Madan [3] is also of interest for genus one

fields.

In this paper we determine all congruence function fields F of genus g with

class number g + 1 and, for those with char F + 2, we explicitly characterize

the ones which are real quadratic fields. More specifically we prove the

following theorems:

Theorem 1. Let F/K be a function field of genus g and with \K\ = q. Then

hF > g + I for each of the following cases: (a) q > 5; (b) q = 5, g > 1; (c)

q = 4, g > 2; (d) q = 3, g > 3; (e) q = 2, g > 8.

Theorem 2. Let F/K be a real quadratic function field with \K\ = q and

char K =£2. If g is the genus of F and hF = g + 1, then either

(a) q = 5, g = 1 and Nx = 2, or

(b) q = 3, g = 1 and Nx = 2, or

(c) q = 3, g = 2 and Nx =2,N2 = 3.

(NX,N2 denote, respectively, the number of primes of degree one and degree

two in F.)

1. Proof of Theorem 1. Let F/K be a function field of genus g and with

\K\ = q. Let F/K denote the constant extension of degree 2g — 1. If TV,

denotes the number of primes of degree one in the extension F, we have, by

the Riemann hypothesis,

TV, > q2g~l + 1 - 2g-q(2g~X)/1.

Because of the decomposition behavior of primes in constant extensions of

function fields, these TV, primes come from primes of F of degree dividing

2g - 1. Thus F must have, at least, (q2g~x + 1 - 2gq(2s" 1)/2)(2g - 1)_1

integral divisors of degree 2g - 1. However the total number of integral

divisors in F of degree 2g - 1 is hF(qg - \)(q - I)-1. Therefore hF > g + 1

if

(q - \)(q2g~x + 1 - 2gq«g-x)/2) > (g + \)(2g - \)(qg - 1).

Set

S(q,g) =(q~ l)(?2g-' + 1 - 2g<7(2*-1)/2)

- (g + \)(2g - l)(qg - \).



22 J. R. C. LEITZEL

The argument now proceeds parallel to that given in [4].

We consider 5 (q, g) as a function of g and compute

dS/dg = (q- l)[27?2*-1ln q - 2q(2^xx'2 - 2g77(2*-1)/2ln q]

-(g+ l)(2g - l)q*\n q-(q*- \)(4g + 1).

After simplification we can write

dS/dg = 4g+l+2(q- \)q^~x)/2T(q, g)

where

T(q,g) = (q(2*-x)/2\nq- 1 - g In q)

- W/2(° - l)"'[4g + 1 + (2g2 + g - l)ln q\

Likewise we find

dT/dg = (In 77)V2g"I)/2- In q - \qx,1(q - 1)"'[4 + (4g + l)ln q].

Therefore as a function of g, S (q, g) will be an increasing function

whenever S(q, g) > 0, T(q, g) > 0 and (dT/dg)(q, g) > 0. It can be readily

checked that these conditions are satisfied precisely for the values stated in

the theorem.

2. Proof of Theorem 2. Let F/K be a real quadratic function field of genus

g with \K\ = q ¥= 2V and hF = g + 1. In the case g = 1 we know that

hF = Nx, the number of primes of degree one. Since F is a real quadratic

function field the infinite prime of K[x] must split so that in any case Nx > 2.

From Theorem 1 and the above remarks we conclude (a) and (b) of Theorem

2.

The remaining possibilities are q = 3 and g = 2 or g = 3.

Using the functional equation for the zeta function it is possible to develop

an explicit formula for the class number in terms of the number of primes of

degree less than or equal to g. For the details of this procedure see, for

example, [4, pp. 426-427]. In the case of interest here, q = 3 and we have

(3) for g = 2,   2hF = Nx2 + Nx + 2N2 - 6,

(4) for g = 3,   6hF = N3 + 3N2 - 16/V, + 6NXN2 + 6N3.

Now for a real quadratic function field of genus 2 with |A"| = 3 we get

from (3), since hF «■ 3,

(5) N2 + Nx + 2N2 = 12.

Furthermore Nx > 2 so (5) gives two possibilities:

(i) Nx = 2,N2 = 3, or

(ii) Nx = 3,N2 = 0.
A field of genus 2 is necessarily hyperelliptic. For q = 3, K[x] has four

primes of degree one. If Nx = 3 then at least two of these primes remain inert

in F, i.e. /V2 > 2. So we are left with possibility (i), which is (c) of the

theorem.
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To complete the proof we must show that there is no such field of genus 3.

If g = 3, then hF = 4 and from (4) we get

(6) N3 + 3NX2 - 16/V] + 6NXN2 + 6N3 = 24.

As before Nx > 2 in our situation and since Nx, N2, N3 are nonnegative, (6)

clearly requires A', < 4. For Nx = 2, 3, respectively, we find the conditions

2N2 + N3 = 6 and 3N2 + N3 = 3. Because F is a quadratic extension of

A:(x) we further have that if Nx = 2 then N2 > 3 and if Nx = 3 then N2 > 2.

These requirements rule out all possibilities except

(7) Nx = 2,  N2 = 3,   N3 = 0.

Corresponding to this possibility we compute the polynomial numerator of

the zeta function to be

(8) L(u) = 1 - 2m + u2 - 8w3 + 3m4 - 18m5 + 27M6.

As in Eichler [2], we compute the logarithmic derivative of the zeta

function expressed as a power series in u. In this series expansion the

coefficient of uj,j = 0, 1, 2, ... , gives the number of primes of degree one in

the constant extension of degree j + 1. Carrying out this computation we get

the series

(9) 2 + 8m + 2m2 + 28w3 + 62m4 + 344m5 + . . . .

Of particular interest is the coefficient of m5, giving the number of primes of

degree one in a constant extension of degree six. On the other hand for a

constant extension of degree six, the Riemann hypothesis gives the following

lower bound on the number N, 6 of primes of degree one,

Nl6 > q6 + 1 - 2gyjq1> .

In our case q = 3 and g = 3, so that

(10) ÑU6 > 568.

This is a contradiction and so there is no function field which satisfies the

conditions (7).

3 Remarks and examples. The possibilities listed in Theorem 2 are actually

realized.

(a) For \K\ = 5, F = K(x,y) where _v2 = x4 + 2 is an example where

g(F)= \andhF = 2.

(b) For |ä:| = 3, F = K(x,y) where y2 = x4 + 2x2 + 2 is an example

where g(F) = 1 and hF = 2.

(c) For |A:| = 3, F = K(x,y) where y2 = x6 + x4 + 2x3 + x2 + x + 2 is

an example where g(F) = 2 and hF = 3.

As a further remark let me note that to achieve real quadratic fields F in

which the ring of integers is a unique factorization domain one must have

that the group C0(F) of divisor classes of degree zero, is a cyclic group.

Madan [3] does this for genus one fields by requiring the order of C0(F) to be

prime. The examples cited above also have prime class number. This need not



24 J. R. C. LEITZEL

always occur. The field F = K(x,y),y2 = x6 + x5 + x4 + x3 + x2 + x + 1

and \K\ = 3, provides an example of a field with genus 2 and composite class

number, hF = 35. Here the group C0(F) is cyclic and by computing the

fundamental unit one can check that the regulator r = 35 so that hx = 1.
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