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ON BI-QUASITRIANGULAR OPERATORS1

L. J. GRAY

Abstract. It is shown that the set of nilpotent operators T for which Tk has

closed range for all k is norm dense in the set of all nilpotent operators. A

consequence of this is that every bi-quasitriangular operator is a norm limit

of operators which are similar to a direct sum of weighted shifts plus scalars.

1. Introduction. For % a complex separable Hilbert space, denote by B(%)

the collection of bounded linear operators on %. Denote by &, 91, and BQT

the subsets of B (%) consisting of the algebraic, nilpotent, and bi-quasitrian-

gular operators, respectively. Voiculescu [5] has shown that & = BQT, where

the bar denotes norm closure. In this note, we show that one can get by with

a slightly smaller set than &, namely 6EC = ¿t, where 6tc is the set of algebraic

operators T such that (T — Xy has closed range for all complex X and

positive integers/. The operators in 6BC are of a particularly simple form: they

are similar to Jordan operators. Thus, if T E &c, there exists an invertible X

such that T = XSX~X, S = SJL, © 5,, and each Sj operates on C\ 0 < n,

< oo, by the matrix

h 1     0    0

Xj    1    0

where Xj is an eigenvalue of T (see [2], [3], or [6]).

To show that 6EC is norm dense in &, it clearly suffices to show that

9lc = 91 n &c is norm dense in 91. This result may be of interest for

problems concerning nilpotent approximations (see [1]).

2. For Y G B (%), RY and Av will denote the orthogonal projection onto

the closure of the range of Y and the null space of Y, respectively. If Q is a

projection, Q will also denote the subspace Rq-, it will be clear from the
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context which is meant. If P and Q are two subspaces, 9(P,Q) will be the

angle between them; i.e.

9(P,Q) = inf(cos- 'lO,?)!)

where p E P, q E Q and ||p|| = \\q\\ = 1. Finally, for 7 £ 91, /(7) will be

the smallest integer n such that 7" = 0.

Lemma 1. Suppose that A E B(%) and that Q is a projection. Then for any

e > 0 there exists an operator AQ such that:

(a) \\A - A0\\ < e,

(b) A0 has closed range and NA  = NA,

(c) 6(Q,RAo- RAon Ô)>0,°

(d) R(\-Q)A  =  R0-Q)A0-

Proof. We first note that, by using the polar decomposition, it is easy to

see that any operator Y can be uniformly approximated by operators X with

closed range such that RY = Rx and NY = Nx. Thus, we may assume that A

has closed range. Let 8 be the greatest lower bound of A (i.e. \\Ax\\ > 8\\x\\,

x E NAL) and set e0 = min(e/2, 5/4). Now, apply the above remark to the

operators QA and (1 - Q)A to obtain Ax and A2 with closed range such that

\\QA - Ax\\ < e0, ||(1 - Q)A - A2\\ < e0 and RA¡ = RQA, RAi = R(X_Q)A

and similarly for the null spaces. If we now set A0 = Ax + A2, (a) and (d) are

obviously satisfied.

To prove (b) note that NAf = NA¡ n NAi = NQA n N{X_Q)A = NA and,

thus, it remains to verify that A0 is bounded below on A7/. If x £ NA,

\\x\\ = 1, then \\Ax\\ > 5, and we may assume Hô^-xll > 8/2 (if not, then

||(1 - Q)Ax\\ > 8/2). Since \\QA - Ax\\ < 8/4, we have ||^,x|| > 8/4, and
thus ||v40x|| > 8/4. This verifies (b), and now (c) follows from the fact that

(1 - Q)A0 = A2 has closed range.

Lemma 2. If 7 £ 91 and e > 0, there exists 70 £ 91 such that

(a) || 7- 70||<£,/(7) = /(70),

(b) 70 has closed range,

(c) RT = RTo.

Proof. The proof is by induction on t(7); assume that the lemma is true

for i(7) < « - 1. Let /'(7) = n and write % = RT © N^. With respect to

this decomposition, 7 has the matrix representation

IT    A\
I 0      0)

where 7' = T\Rt. Thus, 7' is nilpotent and i(7') = n - 1; let 70 £ 91 be

such that || 7' - 7Ó|| < e/2 and properties (a)-(c) are satisfied. We let A0 be

the operator guaranteed by Lemma 1, with Q = Rr, such that \\A — A0\\ <

e/2. We now set
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r°"U    o)
(we note that since

Rn< RT   and   R^-r^a- R(i-Rru0,

the range of A0 is contained in RT). We have T0 E 91 because T¿ E 91, and

clearly, (a) is satisfied. Note that RT e RT is a consequence of the way we

constructed T0, while the reverse inclusion follows from the fact that Rr =

RT. and property (d) of Lemma 1. Thus, (c) is verified and it remains to show

that T0 has closed range. But

Rn + Ra„ c ranêe of To C Rn = sup(RT,,RAo)

and thus we must show that Rr + RA is closed. However, this follows from

9(RT¡¡,RAo - RAo n RT¿) > 0 and problem 3, p. 243 of [4].

Theorem 1. 9lc is norm dense in 91.

Proof. We will show that for T E 91 and an integer k, there exists

T0 E 91 with i(T0) = i(T), || T - T0\\ < e and such that for 1 < j < k, T{

has closed range and RT^ = RTj. Letting k = i(T) will complete the proof.

The above statement for k = 1 is the content of Lemma 2; assume it is true

for k < n - 1. We proceed as in Lemma 2: write

T=(T'    A).
\ 0      0/

To construct T0, replace 7" by the T$ assured by the induction hypothesis,

and replace A by the A0 of Lemma 1, again with Q = Rr. That TQ has closed

range equal to RT follows as in Lemma 2. Furthermore,

range(702) = rangeai ^ = rangeíT^) = RT¡¡

and, thus, in succession, we obtain

range(ru) = range(70|       ) - range(ro|/j(r)7-2) - R(ny->
0 0

for /' < / < n. Thus, V has closed range.

Corollary 1. <£c is norm dense in &.

Corollary 2. Every operator in 91 is the norm limit of operators similar to

nilpotent weighted shifts.

Corollary 3. Every bi-quasitriangular operator is a norm limit of operators

which are similar to an operator of the form S"k _, © Wk, where Wk is of the

form weighted shift + XkI.
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