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SEQUENTIAL CONTINUITY IN DYADIC SPACES

R. H. MARTY

Abstract. A characterization of metrizability in dyadic spaces in terms of

sequential continuity is given. Also, it is shown by examples that invariance

under projections (composition) cannot be eliminated from the hypotheses

of theorems of Mazur and Engelking concerning the continuity of

sequentially continuous functions.

The author [3, Theorem 2.9] proved that a dyadic space is metrizable iff it

is sequential, and in [6, Problem 4.6] asked whether a dyadic space, for which

every sequentially continuous real function defined on a subspace is

continuous, must be metrizable. An affirmative answer to this question was

announced in [4] and a sharper version is given by Theorem 1.

Let [Xa: a G A) be a collection of topological spaces. For every y G X,

the product of the spaces, let 2(v) = {x G X: {a: x(a) ^ y(a)} is count-

able}. A dyadic space is a Hausdorff space which is a continuous image of

some topological power of the two-point discrete space.

Theorem 1. Every nonmetrizable dyadic space has a dense, countably

compact subspace on which there is defined a sequentially continuous, but

noncontinuous, real valued function.

Proof. Let /: 2" -» Z be continuous and onto and suppose Z is not

metrizable. By a result of Efimov [1, p. 248], /[2(0)] =£ Z. Clearly, 2(0) is

dense in 2" and is countably compact so that/[2(0)] is dense in Z and is also

countably compact. Thus /[2(0)] is sequentially closed in Z. The characteris-

tic function of /[2(0)] restricted to /[2(0)] u /[2(1)] (or to /[2(0)] u {y}

where y G Z \ /[2(0)]) is sequentially continuous but not continuous. This

completes the proof.

Let x* be a fixed element of the product X of {Xa: a G A}. For every

x G X and every B c A we denote by xB the element (x\B) u (x*\A \ B) in

X (x\B denotes the restriction of x to B). A set S c^ is said to be invariant

under projections provided xB G S for every x G S and every B c A. A set

S c X is said to be invariant under composition provided (x\B) u (y\A \ B)

G S for every x,y G S and every B c A. Clearly, S is invariant under

composition iff S is invariant under projections for each x* G S. For every

v G X, 2( v) is invariant under composition.

The sets 2(0) and 2(1) are disjoint, sequentially closed subsets of 2". Thus
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the characteristic function of 2(0) restricted to the subspace 2(0) u 2(1) is

sequentially continuous but not continuous when k > w,. Note that the

subset 2(0) u 2(1) is not invariant under projections but it is the union of

two sets that are invariant under composition.

The subset 2(0) u 2(1) relates to theorems of Mazur [5, Theorem III] and

Engelking [2, Theorem 4] concerning the continuity of sequentially

continuous functions defined on certain subspaces of products.
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