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FUGLEDE'S THEOREM AND LIMITS OF SPECTRAL

OPERATORS

DONALD W. HADWIN

Abstract. Suppose K is a compact subset of the plane. A bounded

sequence (t„) of uni tal homomorphisms from C(K) into a Banach algebra

is pointwise norm convergent if and only if [t„(9(z) = z)} is convergent.

Applications are made to norm limits of scalar type spectral operators. The

proof is based on an asymptotic version of Fuglede's theorem for Banach

algebras.

1. Introduction. If {Tn) is a sequence of normal operators on a Hilbert

space and if \\T„ - T\\->0, then it is easy to show that \\<p(T„) - <p(T)\\ ->0

for every continuous complex function q>. (First consider the case when <p(z)

is a polynomial in z and z, and then use the Stone-Weierstrass theorem.) This

idea can be reformulated in terms of *-homomorphisms. Let C (K) denote the

C*-algebra of all continuous complex functions on a compact subset K of the

plane, and let 9 be the function on K defined by 9 (z) = z for every z in K.

Here is the reformulation: if {t„} is a sequence of unital »-homomorphisms

from C(K) into the set of operators on a Hilbert space, and if {t„(9)} is

norm convergent, then there is a homomorphism t on C(K) such that

I|t„(<p) - T(9)|| -» 0 for every <p in C(K).

It is reasonable to ask whether this phenomenon occurs for a sequence of

unital homomorphisms from C(K) into a Banach algebra. The uniform

boundedness theorem requires that the sequence of homomorphisms be norm

bounded. The main theorem of this paper (Theorem 3.1) says that if {t„} is a

bounded sequence of unital homomorphisms from C(K) into a Banach

algebra, and if {r„(9)) is norm convergent, then there is a unital

homomorphism t on C(K) such that ||t„(ç>) - t(<¡d)||-»0 for every <p in

C(K). The proof is based upon an asymptotic Fuglede theorem for Banach

algebras (Theorem 2.3).

An immediate consequence of these results is that if {T„} is a sequence of

scalar type spectral operators on a weakly (sequentially) complete Banach

space, if the norms of the spectral measures are uniformly bounded, and if

|| T„ - T\\ -» 0, then F is a scalar type spectral operator and ||<p(Fn) - <p(T)\\

-> 0 for every continuous complex function ¿jp.
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Throughout, K denotes a nonempty compact subset of the plane, C(K)

denotes the set of continuous complex functions on K, and 9 denotes the

function on K defined by 9(z) = z. Also 31 denotes a unital complex Banach

algebra. If A' is a Banach space, then X* denotes its dual, B(X) denotes the

set of operators on X, and T* denotes the adjoint of an operator T on X.

2. Fuglede's theorem. A well-known theorem of B. Fuglede [2] says that if

5, T are operators on a Hilbert space, T is normal, and ST = F5, then

5F* = F*5. The following theorem is the analogue for homomorphisms on

C (K). The proof is only a slight modification of M. Rosenblum's proof [6] of

Fuglede's theorem. A version of C. R. Putnam's extension [5] of Fuglede's

theorem is also true for homomorphisms (as is the "Putnam" analogue of

Theorem 2.3). Note that Corollary 2.2 shows that a scalar type spectral

operator has a unique spectral measure (see [1, Corollary XV.3.8]).

Theorem 2.1. If t is a continuous unital homomorphism from C(K) into 91,

and if a is an element of'91 such that ar(9) = r(9)a, then ar(9) = r(9)a.

Proof. Since r(9) commutes with a, it follows that exp(i'Xr((?)) commutes

with a for every complex number X. Therefore

F(X) = exp(/XT(f? ))a exp(-¡Xt(9~J)

= expii(XT(0) + Xr(9))]a exp[-i(Xt(0) + Xt{9))

for   every _complex   number   X.   Since    ||exp[± ¡(Xt(9) + Xt(0))]|| =

||T(exp[±i'(Xf? + Xf?)])||,< ||t|| for every complex number X, it follows from

Liouville's theorem that F(X), being a bounded entire function, must be

constant. The equation F"(0) = 0 implies that ar(9) = r(9)a.

Corollary 2.2. If t,, t2 are unital continuous homomorphisms from C(K)

into 91, andifrx(9) = r2(9), then t, = r2.

Proof. Let 93 denote the Banach algebra of 2 x 2 matrices with entries

from 91, equipped with any algebra norm that gives that topology of

coordinatewise convergence. Define a continuous unital homomorphism t:

C(K)-+%by

1        \   0      r2(v)J

for every <p in C(K)L Since r(9) commutes with (£ ¿), it follows from Theorem

2.1 that r,(f?) = t2(9). Thus, by the Stone-Weierstrass theorem, t, = t2.

The preceding theorem implies an asymptotic version of itself. The first

asymptotic version of Fuglede's theorem was proved by R. Moore [4]. Note

that Corollary 2.5 was proved by M. Radjabalipour and independently by W.

Zame. Let /°°(9t) denote the Banach algebra of all bounded sequences in 91

(with the supremum norm), and let c0(91) denote the ideal of /°°(91) consisting

of those sequences that converge to 0. For {an} in /°°(9I) note that
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||{fl„} + c0(ä)||-limsup|K||.

Theorem 2.3. Suppose {an}, {a'n) are bounded sequences in 91 and M is a

positive number such that

(1) lim sup\\p(a„, a'n)\\ < M sup{\p(z, z)\: z E K)

for every noncommutative polynomialp(x,y). If {bn} is a bounded sequence in

21 such that

(2) \\anbn-bnan\\-^^,

then

(3) \\a'nb,,-bna'n\\^0.

Proof. Statement (1) allows us to define a continuous unital

homomorphism t: C(K)^> /0O(2I)/c0(2i) that sends each polynomial p(z, z)

onto (the equivalence class of) the sequence {p(a„, a'n)}. Statement (2) says

that the sequence {b„} commutes with t(9) in /°°(2l)/c0(2f). Statement (3) is

therefore an immediate consequence of Theorem 2.1 (i.e., {bn) commutes

withT(f?)in/°°(3r)/c0(2i)).

Corollary 2.4. // {jn} is a bounded sequence of unital homomorphisms from

C(K) into 91, and if {bn) is a bounded sequence in 91 such that

\\bM0)-Tn(9)bn\\-,O,

then \\b„r„((p) - Tn(<P)6JI -+0for every (¡p in C(K).

Corollary 2.5. // {S„}, {Tn) are bounded sequences of operators on a

Hilbert space such that \\T*T„ - T„T*\\ -^0 and \\S„Tn - TnSn\\->0, then

115,7?- 7?S„||-+0.

3. The main results. We are now in a position to prove the main theorem of

this paper. The proof is similar in spirit to the proof of Corollary 2.2. This

theorem was proved by the author [3, Theorem 6.7] in the case when 2Í is the

set of operators on a separable Hilbert space.

Theorem 3.1, // {t„} m a bounded sequence of unital homomorphisms from

C(K) into 21, and if {rn(9)} is norm convergent, then there is a homomorphism

t on C(K) such that \\rn((p) - t(<p)|| -* Ofor every <p in C(K).

Proof. In view of the Stone-Weierstrass theorem we need to show only

that {t„(9)} is norm convergent. Assume via contradiction that {rn(9)) is not

a Cauchy sequence. By passing to a subsequence, if necessary, we can assume

that there is a positive number e such that ||Tn+,(0) — t„(0)|| > e for n = 1,

2, . .. . Define a continuous homomorphism it: C(K) —> B(lx(9l)) so that, for

each (¡p in C(K), we have that 7t(<jd) is the operator that sends a bounded

sequence {¿z„} in lx(W) onto the sequence {t„(<p)¿z„}. For each positive

integer n, let Wn be the operator on /°°(2l) that interchanges the nth and the

(n -f- l)st terms of each sequence. Then || W„\\ = 1 for n = 1, 2, . . . , and

|| W„tt(9) - Tr(9)Wn\\ ̂ 0. It follows from Corollary 2.4 that
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|K+,(0) - rn(9')\\ -\WH<n(Ô) - -n(9)W\^.

This is the desired contradiction.

The following two corollaries follow immediately from the preceding

theorem and Theorems XVII.2.4 and XVII.2.5 in [1]. These corollaries should

be compared with the results in Chapter XVII of [1], especially the theorem of

W. G. Bade (Theorem XVII.4.1). The reader should consult [1] for the

definitions and basic facts concerning scalar type spectral operators. Note

that the boundedness condition on the spectral measures is equivalent to the

boundedness of the corresponding sequences of homomorphisms (see [1, p.

1929]).

Corollary 3.2. If {Tn} is a sequence of scalar type spectral operators on a

Banach space, if the spectral measures of the F„'i are uniformly bounded, and if

\\Tn — F|| -» 0, then T* is a scalar type spectral operator and

llç,(7?)-<p(r»)||->o
for every continuous complex function <p.

Corollary 3.3. If { Tn} is a sequence of scalar type spectral operators on a

weakly (sequentially) complete Banach space, if the spectral measures of the F„'i

are uniformly bounded, and if \\Tn — T\\ —>0, then T is a scalar type spectral

operator and ||<p(F„) - <p(F)|| —>0for every continuous complex function <p.
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