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AUTOMORPHISMS OF GL„(R)

WILLIAM C. WATERHOUSE1

Abstract. Let S be a commutative ring in which 2 is invertible. Then all

automorphisms of GL„(R) for n > 3 are of standard type.

Let jR be a commutative ring in which 2 is invertible. This paper completes the

proof that all automorphisms of the group GLJ^R) for n > 3 are of standard type.

This was previously known only under various additional hypotheses, the best

result being that it held when R has no nontrivial idempotents [4]. Basically all that

I do here is to establish in general the initial results needed to carry out

McDonald's proof in [4], and I am grateful to him for raising this problem at the

Pennsylvania State University conference on abstract automorphisms of algebraic

groups. I have included a few remarks on the nature of standard automorphisms,

since the group scheme properties involved have not been made explicit in the

papers on this subject. These also simplify the proof that for our rings the group

En(R) is characteristic in GLn(R).

1. The nature of standard automorphisms. The automorphisms of GLn(R) called

standard are the composites of three different types. First, there are the radial

automorphisms: for certain homomorphisms x^ GLn(R) -» R* the map A h» xf.A)A

may be an automorphism of GL„(R). Secondly, every ring automorphism of R

induces an automorphism of GL„(R). Finally, there are automorphisms of GLn(R)

which are induced by automorphisms of the whole algebraic group scheme GLn

over R. These are known for all reductive group schemes [2, p. 328], and in this

sense Aut(GLn) is simply the semidirect product of PGLn and the constant group

scheme Z/2Z of order 2. But it is worth pausing to see what this means concretely.

It is true quite formally that the constant group scheme of order 2 acts on GLn

by transpose inverse. When in addition Spec R is connected, (Z/2Z)(R) has just

two elements, and the action on GLn(R) is the obvious one. But in general

(Z/2Z)(Ä) has many more elements, one for each clopen subset of Spec R. It is

easy to compute that their action on GLn, and in particular on GLn(R), is trivial

over one piece of Spec R and transpose inverse over the other.

The standard automorphisms coming from PGLn, finally, reflect the action of

GLn on itself by inner automorphisms. The center Gm acts trivially, so since the

action is algebraic it factors through the group scheme quotient PGLn of GLn by

Gm. That is, though the map GL„(R) -» PGLn(R) need not be surjective, the formal
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properties make the latter group operate as automorphisms of GLn(R). This is the

only reason why in previous papers one finds "standard automorphisms" per-

formed by conjugations from some larger GLn(S). We will see below that only the

action of PGLn(R) is needed, and the somewhat arbitrary choice of the extension S

is irrelevant.

This analysis also shows a priori how big such an S must be if one wants it. The

cohomology exact sequence (see e.g. [6, Chapter 18]) gives

1 -h. Gm(R) -* GLn(R) -> PGLn(R) ^ Pic(*) -> H\/R, GLn).

Interpreting GLn as automorphisms of the free module, one can easily see that the

last map sends an invertible module P (twisted form of R) to the twisted form P"

of R". The kernel then is those P with P" free. Mapping to the sequence for an

extension S, we see that all of PGL„(R) comes from GLn(S) whenever P ®Ä S is

free for all such P. Needless to say, this is the condition which did indeed come up

in [4]. But specifically what one needs is the following automorphisms not coming

from GLn(R).

Proposition. Suppose V = R" = © Rb¡ is expressed as PX(B • • • (BP„ with the

P¡ all isomorphic. Let o¡: V —»• V be the reflection that is -1 on Pi and 1 on the other

summands. Let o¡ be defined similarly from the free decomposition V = 0 Rb¡. Then

some element of PGLn(R) defines an automorphism of GLn(R) that takes the a'¡ to a¡.

Proof. Fix an identification of each P¡ with Px, and define a group of automor-

phisms [it'] of V (isomorphic to Sn) by permuting the «-tuples in Px © • • • ©P,.

Choose some faithfully flat R —» S with Px <8> S free. Choose a basis element c, of

Px <8> S. The it' <S) id send this to a well-determined set of basis elements c, of

P¡ <8> S, and are simply the permutations of this basis of V ® S.

Let œ in GLn(S) be the map sending c, to b¡. Then <p~l(o¡ <8> id)<p = a'¡ ® id and

<p~l(ir <8> id)<p = it' <8> id, where {77-} are the permutations of the b¡. Since o'¡ ® id

comes from GL„(R), it has the same image o¡ ® id <8> id under both the maps

d°,dl: GLn(S) -* GLn(S <8> S). This says that

(¿Vr'O/1® id <8> id)(dl<p) = (d\)~\a, ® id ® id)(d°<p),

which is equivalent to

(¿V)(¿V)_1(o-/ ® id ® id) = (a, ® id ® id)(i/°m)(^1<p)"1-

Thus (¿/°<p)(^1(P) ' commutes with the extensions of the a¡, and hence it is diagonal

in GLn(S ® S). It similarly commutes with the extensions of the it, and hence it is

scalar. Thus d°(y) and dx(y) in PGLn(S ® S) are equal, which by faithfully flat

descent means that <p in PGLn(S) actually comes from an element in PGLn(R). By

construction this element has the desired effect.    □

2. Automorphisms of GLn(R). We will need the following simple lemma. It

undoubtedly must be known, but I cannot find a reference for it, so I sketch a

proof.



AUTOMORPHISMS OF GL„(R) 349

Lemma. Let R be a commutative ring. Let M be a finitely generated projective

R-module whose local rank at some prime is greater than one. Then A\xtR(M) is

noncommutative.

Proof. Embed Af as a summand of some Rm. Only finitely many elements of R

are needed to write down the projections onto M and onto a complement of M. Let

R' be the subring they generate. Then M = M' ®Ä, R for a projective M' over R',

and AutÄ.(Af') injects into AuXR(M). Replacing R and M by R' and M', we may

assume R is noetherian. The rank is locally constant [1, p. 138], so we can

decompose R as YLRj with M = II Af, having M¡ of rank /'. Keeping the other

factors fixed, we can embed Aut^A/,) in AutÄ(M). Replacing R by R¡, we may

assume Af has constant rank.

Let S be the localization of R in which all elements not divisors of zero are

inverted. Then S is semilocal [1, p. 151], and Ai ® S is free of rank greater than

one. We have EndÄ(Af) <8> S o¿ Ends(Af ® S), and EndR(Af) injects into

Ends(M ® S). Choose a basis of Af <8> S, and let eX2 and e2X be matrix units for

that basis. There is some / in R, not a divisor of zero, with feX2 in EndR(M), and

similarly some ge2X is in EndR(M). Now 1 + fel2 in EndÄ(Af) actually lies in

AutR(M), since its inverse 1 — feX2 in End5(Af ® 5) also lies in EndÄ(Af).

Similarly 1 + ge2x is in AutÄ(Af). As / and g are not zero-divisors, these elements

do not commute.   □

From now on we assume 2 is invertible in R and n is > 3. Denote by {b¡} the

standard basis of R", and let a,: R" -» R" send b¡ to -6, and the other by to

themselves. Let A be an arbitrary automorphism of GLn(R).

Lemma. For each subset a of {1, . . . , n}, let

Pa = {t>|A(o,)u = -vfor i £ a and A(a)v = v for i ÇÊ a).

Then R" = © Pa, and Pa = 0 unless \a\ equals lorn- 1. All Pa for a of the same

size are isomorphic.

Proof. Since 2 is invertible, trivially R" = 0 Pa. In particular, all Pa are

projective. Let {it} now be the permutations of the b¡. We have iro¡iT~x = o^, and

hence A(ir)A(a,)A(7r)_1 = A(o^). Simple computation shows then A(ir)Pa C P^ay

which implies A(ir)Pa = P^ since we have a group acting. The it act transitively

on the a of a fixed size, so all such Pa are isomorphic.

Consider an a with 1 < \a\ < n — 1. If Pa is nonzero, we can find a prime where

its localization is nonzero. The w-action gives us then (fa) different free summands

of the localized module, and of course this is too many. Thus Pa = 0. For \a\ = 1

or |a| = n — 1 the same argument shows that at any prime where Pa is nonzero, all

summands for different size subsets must vanish.

If now Pq or P,x „, is nonzero, then at primes in their support we can have no

terms but these two occurring. Hence the local rank of one of them must be at least

two. By the previous lemma it has noncommutative automorphism group. That

group embeds as a subgroup of GLn(R) commuting with all A(o-). But this is
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impossible, because the centralizer of the a, is the commutative group of diagonal

matrices.   □

It is worth noting that Pa may be nonzero both for \a\ = 1 and |a| = n — 1 at

once. For example, let A: be a perfect field, char(A:) = 5, and let R = k X k. On

GL4(R) = GL4(k) X GL4(k), the map A(A X B) = A X (det B)B is an automor-

phism. Here A(o() has first component that of a, and second component that of -o„

and the A(o() split R4 into eight eigenspaces Pa. This disproves McDonald's

conjecture in [4] that all automorphisms are "stable" in the sense defined there. But

the failure is not serious, because it arises only from a complexity in standard

(radial) automorphisms.

Proposition. Changing A by an automorphism from PGLn(R), one can make all

A(a¡) equal eo¡ for some e in R with e2 = 1.

Proof. The previous lemma shows that R" splits into n isomorphic summands

Pa with | a | = 1 and n more isomorphic summands (with complementary support)

Pa with \a\ = n - 1. Let e be the element of R which is 1 on the support of P,1}

and -1 on its complement. Grouping together complementary summands, we

express R" as Px © • • • ®Pn with all P¡ isomorphic, and we have A(a,)v equal to

(1 — 2e)t> for v in P¡ and equal to ev for v in the other P.. Changing A by the

automorphism constructed in § 1, we see the composite sends a, precisely to ea¡.   □

Corollary. Let uV, = o¡Oj. Then after the change of A one has A(i\i¡j) = ip¡j.

Proof. A(^) = A(o,)A(o,) = eo-.eo,. = e\} = uV,.   □

Theorem. Let R be a commutative ring in which 2 is invertible. Then every

automorphism of GLn(R)for n > 3 is standard.

Proof. The arguments in [4] after p. 163, including those cited from [5], require

nothing but the corollary above. Furthermore, the extension from R to S is not

needed once the corollary is established, and thus the automorphisms are indeed

standard in the sense explained in §1.   Q

Corollary. For such R and n, let I be an ideal of R mapped to itself by all

automorphisms of R. Then the group of elementary matrices En(I) is characteristic in

GLn(R). In particular, En(R) is characteristic.

Proof. Clearly automorphisms of R will send En(I) to itself, and radial automor-

phisms are trivial on it because it is in the commutator subgroup. Let A now come

from a group scheme automorphism. Suslin proved that En(I) is normal (see

[4, Appendix]), and so A(En(I)) is normal. It follows [3], [7] that for some /,

E„(J) Ç A(En(I)) Ç C„(J),

where Cn(J) is the subgroup that maps to the center of GL„(R/J). But group

scheme automorphisms induce compatible automorphisms of GL„(R/J), and

hence they send C„(J) to itself. Applying this to A- ', we find E„(I) Ç C„(J), which

implies I QJ. Thus En(I) Ç En(J) is contained in A(E„(I)) for all such A. The

reverse containment follows from the statement for A~'.
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Technically, I believe the proof of the theorem itself requires the fact that

standard automorphisms preserve En(R). Specifically this seems to be needed in

the first paragraph on p. 168 of [4]; the matrix P there is not in GL„(R), and thus

Suslin's result is not directly applicable. But there is no logical circle involved, since

in the corollary we used the theorem only to restrict our considerations to standard

automorphisms.
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