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COUNTABLY COMPACT, LOCALLY COUNTABLE T2-SPACES

J. E. VAUGHAN

Abstract. The results of this paper provide a simple method for constructing

locally countable 7"2-spaces (not T3) in which every infinite closed set has cardinal-

ity 2C. The spaces are used in a variety of ways as counterexamples. One of these

spaces may be considered as a countably compact version of the Katëtov //-closed

extension of the natural numbers.

1. Introduction. The main result in this paper (Theorem 1.1) gives a method for

constructing T2-spaces which have small local cardinality, but which also'satisfy

the property that every infinite closed set has cardinality 2C. In Corollary 1.2, we

specialize this result to the Stone-Cech compactification of the natural numbers

ß(u>), and the resulting space, which may be considered as a countably compact

version of the Katëtov extension of the natural numbers, gives rise to the following

examples.

(A) A countably compact, locally countable T2-space which is not D-compact for

any D in /?(co)\«.

(B) Locally countable T2-spaces P and Q in which every infinite closed set has

cardinality 2C, and P X Q is not countably compact.

(C) A space which shows that property wD is not hereditary in the class of

Urysohn spaces in which every point is a Gs.

(D) A T2-space in which every point is a Gs, but which has no countably infinite

closed sets.

(E) A countably compact, locally countable T2-space in which there are no

nontrivial convergent sequences. (This strengthens an example of Charles Aull [1].)

(F) A countably compact T2-space with density w and weight 2C. (This

strengthens one use of the Katëtov extension of the natural numbers.)

By applying Theorem 1.1 to the Gleason space of the closed unit interval we get

(G) A countably compact, 77-closed, locally countable T2-space which is not a

Baire space (this adds "locally countable" to an example of Eric van Douwen [4]).

2. Definitions and statements of results. In order to state our results and describe

the examples, we need a number of definitions. We begin with those definitions

needed for the statement of Theorem 1.1, and put the remaining definitions at the

end of this section.
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Let (X, S) denote a set X and a topology S on X. For A c X, let cls(A) denote

the closure of A in the space (X, S). Let « denote the first infinite cardinal (i.e., the

set of natural numbers) and c = 2". For a set E, let \E| denote the cardinal number

of E. The local cardinality of (X, S) is the smallest cardinal k > to such that for

every x G X, there exists U G S such that x G U and | U\ < k.

For a dense set D g X, let SD denote the topology on X having as a base

B = {{x} u (U n D): x G U G S}. We call 5fl the Katëtov extension of S with

respect to D. Clearly (1) S c SD, (2) D G SD, and (3) X\D is a closed discrete set

in (A', SD). The topology SD is used as an aid to understanding the topology T

constructed in Theorem 1.1.

Let (ß(u), S) be the Stone-Cech compactification of the natural numbers. Since

u is dense in (ß(u), S) we may consider the topology Sa on ß(co). We denote this

topology by K and note that ( ß(u>), K) is the Katëtov extension of the natural

numbers w.

A space is called right separated provided there exists a well-order on X such that

every initial segment in the well-order is an open set in the space.

We now can state

1.1 Theorem. Let (X, S) be a T2-space in which every infinite closed set has

cardinality 2C, and let D be a dense subset of (X, S) with \D\ < \X\ = 2C. Then there

exists a topology T on X satisfying the following conditions:

A. S G T G SD.

B. The local cardinality of(X, T) is < \D\.

C. Every infinite closed subset of(X, T) has cardinality 2C.

D. There is a discrete subspace Z of (X, T) such that for every infinite set F G X,

we have \clT(F) - Z\ = 2C, and further if F c D, then |clr(F) n Z| = 2C.

E. If D with the subspace topology induced from S is right separated, then (X, T) is

right separated.

Our main use of Theorem 1.1 is the following result. We have included in the

statement the values of most of the basic cardinal functions for the topology T.

These are all easily calculated and left to the reader.

1.2 Corollary. Let (ß(u>), S) denote the Stone-Cech compactification of a and

(/?(«), K) the Katëtov H-closed extension of w. There exists a topology T on ß(u)

such that the following hold:

A. S G T G K. Thus ( ß(u), T) is a Urysohn space, hence strongly Hausdorff in

the sense of [8], and a T2-space. Each n G w is isolated in ( /8(to), T) and w is dense in

(ß(w), T). Therefore, the density, cellularity, m-weight, and depth of (ß(u>), T) are

equal to w.

B. The space ( yS(to), T) is locally countable. Thus, the pseudocharacter and tightness

of ( ß(u>), T) equal w.

C. Every infinite closed set in (ß(ca), T) has cardinality 2C. Thus, (ß(oS), T) is

countably compact, but has no nontrivial convergent sequences.
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D. The space (ß(u), T) has a discrete subspace Z with \Z\ =2C. Thus the weight,

spread, height, and width of ( ß(ca), T) are equal to 2C. Further, every infinite subset of

« has 2C cluster points in Z.

E. The space (ß(u>), T) is right separated. Thus, its Lindelóf degree is 2C.

We now give the definitions of the main terms which are used in this paper, and

refer the reader to [5] or [10] for any omitted definitions.

A space is called locally countable if its local cardinality is w. The weight (resp.

density) of a space is the smallest infinite cardinal number which is the cardinality

of a base (resp. dense subset) of the space. A space (A', S) is called a Urysohn space

provided for every pair of distinct points x, y in X, there exist U, V in 5 such that

x E U, y E V, and c\s(U) n cls(F) = 0. A space is called countably compact

(resp. sequentially compact) provided that every sequence in the space has a cluster

point (resp. convergent subsequence). A T2-space is called H-closed if it is a closed

subset of every T2-space in which it is embedded. A point x in a space is called a Gs

provided {x} is the intersection of countably many neighborhoods of x, and x is

called a Hausdorff-Gs provided [x] is the intersection of countably many closed

neighborhoods of x. A space P is called feebly compact if each discrete family of

open sets in P is finite. A sequence (xn) of points in a space P is called a discrete

sequence if for every x in P there exists a neighborhood V of x such that |{«:

xn E V}\ < 1. A space P has property wD if for every discrete sequence (xn) in P

there exists a subsequence (xn) and a discrete family { V¡: i < w} of open sets in P

such that x E Vj if and only if / = j. Clearly a T,-space is countably compact if

and only if it is feebly compact and has property wD. A space is called a Baire

space if every countable intersection of open, dense sets is dense.

3. The examples. In order to simplify the notation in this section, let X denote the

space (ß(u), T) given in Corollary 1.2, and let /?(«) denote the space (ß(u), S).

Example (A). A countably compact, locally countable T2-space which is not

D-compact for any D in /J(w)\<o. It is an open problem to construct a countably

compact, locally countable, T3-space which is not 7)-compact for any D in yS(w)\w.

(For the definition of 7)-compactness, see [2] or [7].) Such spaces (which are even

T3i) have been constructed using extra axioms of set theory (see [11], [14], and [16])

but the problem is still open in ZFC. Example (A) shows that at least in the class of

T2-spaces, we can construct such spaces within ZFC. It is known [7, Remark 2.11]

that it is consistent that if P is a T3-space satisfying the properties of Example (A),

then \P\ > c. It is interesting, therefore, to note that the space of Example (A) can

be taken to have cardinality c. To construct Example (A), take the construction of

A. Bernstein [2] (which yields a countably compact subspace of ß(u) which is not

7)-compact for any D in /?(ío)\« and which has cardinality c) and apply it to the

space X. Bernstein's construction relies mainly on the fact that every infinite closed

set in ß(u>) has cardinality 2C; so it will work on X.

Example (B). Locally countable T2-spaces P and Q in which every infinite closed

set has cardinality 2°, and P X Q is not countably compact. This example can be

compared to the following result: If P is a countably compact, locally countable
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Tj-space, and Q is any countably compact space, then P X Q is countably

compact. (Proof: Every point in P is a Gs; so P is first countable [12], and therefore

sequentially compact. It is well known that the product of a sequentially compact

space with a countably compact space is countably compact [15].) Example (B)

shows that T3 cannot be weakened to T2 in the preceding result. To construct

Example (B), first recall J. Novak's well-known construction [13] of two countably

compact subspaces of ß(oj) whose product is not countably compact. This construc-

tion can be easily modified so that each of the two spaces has the property that

every infinite closed set has cardinality 2C. To get the spaces P and Q of Example

(B) apply this modification of Novak's technique to the space X.

Example (C). A space which shows that property wD is not hereditary in the

class of Urysohn spaces in which every point is a Gs. In [17], we proved that

property wD is hereditary in the class of Urysohn spaces in which every point is a

Hausdorff-G5, and we announced [17, p. 249] Example (C). We give here the

construction of this example. The space X is countably compact (hence X has

property wD), and is a Urysohn space in which every point is a Gs (X is locally

countable). Thus it suffices to show that X has a subspace which does not have

property wD. Let Z be the discrete subspace of X given in Corollary 1.2(D). Put

W = « u Z. Now W is feebly compact because W contains the dense set to and

every infinite subset of w has a cluster point in Z c W (by 1.2(D)). On the other

hand, W is not countably compact since sequences in Z do not have any cluster

points in W. Thus, W does not have property wD, and this completes the proof of

Example (C).

An argument similar to the above shows that the Katëtov extension of w also

does not have property wD. Our first attempt at Example (C) was to try to embed

(ß(oi), K) into a Urysohn space which has property wD. This cannot be done,

however, because property wD is hereditary to closed subsets, and the Katëtov

extension of « is 77-closed. The space W, with the subspace topology induced by X,

is somewhat similar to (/?(«), K) but they are not homeomorphic since one is

77-closed and the other is not.

Example (D). A Tj-space in which every point is a Gs, but which has no

countably infinite closed sets. This example answers a question raised several years

ago in a conversation with R. E. Hodel. Hodel has just proved [9] that if P is an

infinite space in which every point is a Hausdorff-Gs then there are \P\" countable,

closed subsets of P. The question was raised whether the conclusion of this result

still holds in 'T2-spaces in which every point is a G$". Example (D) shows that this

is not the case. The space X itself has the desired properties. Note that the Katëtov

extension of to cannot be used for Example (D) since it has a closed discrete subset

of cardinality 2°, hence has 2C countable closed subsets.

In addition to the preceding examples, which we believe are new, the space X

and Theorem 1.1 can be used to strengthen some known counterexamples. The

following are instances of this.

Example (E). A countably compact, locally countable T2-space in which there

are no nontrivial convergent sequences. It is well known that in countably compact
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spaces, every point which is a Hausdorff-Gs has a countable local base, and C. Aull

[1] has given an example to show that "Hausdorff-C7s" cannot be weakened to

"Hausdorff space in which every point is a Gs" in this result. His space is a

countably compact T2-space in which every point is a Gs and exactly one point

does not have a countable local base. It follows that Aull's space is sequentially

compact. Also, it is not locally countable. To get Example (E), we may take the

space X. This strengthens Aull's example in two ways. The space X is locally

countable and is far from being sequentially compact (X has no nontrivial conver-

gent sequences).

Example (F). A countably compact T2-space with density w and weight 2C. The

majority of inequalities in Juhász's book [10] hold in the class of T2-spaces, but

some elegant ones hold only for T3-spaces. For example the inequality

weight(P) < 2densi,y(P)

holds for every T3-space P, but not for every T2-space. The Katëtov extension of u

is the standard counterexample here since it has a countable dense set and weight

2C. The space X also has these properties, and in addition is countably compact.

We consider X as a countably compact version of ( ß(u), K) in the sense that X can

replace that space in a number of counterexamples.

Example (G). A countably compact, 77-closed, locally countable T2-space which

is not a Baire space. This example requires a countable dense set of nonisolated

points; so the space X cannot be used here. Eric van Douwen has given an example

of a countably compact T2-space which is not a Baire space [4]. Example (G) is a

locally countable version of van Douwen's space, and is constructed by combining

Theorem 1.1 with van Douwen's idea: Let (Y, S) be a compact, separable,

extremally disconnected T2-space having no isolated points (e.g. the Gleason space

of the closed unit interval [3, 2.41]). Let D be a countable dense subset of (Y, S),

and let T be the topology on Y given by Theorem 1.1. Thus, ( Y, T) is a countably

compact, locally countable T2-space (and is 77-closed by Lemma 4.1(h)). Now

( Y, T) is obviously not a Baire space since each point in D is closed and nowhere

dense, and D G T.

4. Proofs.

4.1 Lemma. Let (X, S) be a space with a dense set D, and let T be a topology on X

such that S c T c SD.

(i) For all A c D, c\s(A) = clr(^).

(ii) If (X, S) is a compact T2-space, then (X, T) is H-closed.

Proof of (i). We need only show that clsL4) = cls (A). This is half done since

S c SD implies c\s(A) d cls (A) for any A a X. We show for A c D, that

cls(A) c cls¡)(A). To do this, let x E c\s(A)\A, and let x E N E S. Then W =

{x}u(A/n7))isa typical basic neighborhood of x in (X, SD). Since A c D,

W n A = {x} n A u ((N n D) n A) = N n A, and this set is nonempty. Thus

x E c\Sd(A).
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Proof of (ii). Recall that a Tj-space is 77-closed if and only if for every filter S

of open sets, D {cl(F): f £Î)^0[5, 3.12.5]. Let S c T be a filter. Since D is

dense in (A', T), F C\ D ¥= 0 for all F G S. By compactness, D {ds(F nö):

F G S] ¥= 0. Thus, by 4.1(i), 0^fl {clr(F n D): F G S] c H ¡cl^F): F G

S).
Proof of Theorem 1.1. By hypothesis, |A"| = 2C. Let k = \D\, and well-order

X = {ua: a < 2C) such that D = [ua: a < k}. Let [X]a = {77 c X: \H\ = u).

Thus, |[AT| = (2C)W = 2C. Let A denote the set of limit ordinals X < 2C, and list

[Xf = {Hx: X E A) in such a way that for each X G A we have Hx c {ua:

a < X}. Throughout the proof, let 9l(x) denote {N G S: x G N}.

The construction of T is by transfinite induction on 2e. Put X0 = D and

T0 = S\D. For every x G X0, and for every N G 9l(x) put U(x, N) = N n D.

Thus, {U(x, N): N G 9l(x)} is a local base for x in the space (X0, T0). This

completes the first step in the induction.

Assume y < 2C and that for all ß < y we have defined a topology Tß on a set

Xß c X and sets U(x, N) for all x G Xß and N G 9l(x) such that the following

hold for a < ß:

l.\Xß\ <  \ß\-K(0<ß).

2.ua G Xa+X.

3. (Xa, Ta) is an open subspace of (Xß, Tß).

4. If x E Xß and N G 9l(x) then the following hold:

a. U(x, N) G N and U(x, N) n D = A/ n D,

b.\U(x,N)\ < k,

c.N G M G S implies t/(x, A7) c U(x, M).

5.lîx G Xß, then {U(x, N): N G 9l(x)} is a local base for x in (A^, 7¿).

6. S\Xß G Tß g (SD)\Xß, where 5^^ (SD\Xß) denotes the subspace topology on

Xß induced by S (SD).

1. If X < a and X G A, then clTß(Hx) - clTa(Hx) ̂  0.

We show how to construct Ty in two cases.

Case 1. y E A. Put Xy = U {Xß: ß < y}. Put Ty = {W c Afy: Ifn^er,

for all ß < y}. There are no new U(x, N) defined at this step, and it is routine to

verify properties 1 -7 for ß = y.

Case 2. y = a + 1. Since lA'J < 2C, we may (by the hypothesis on (A", S)) pick a

set of distinct points {xx, zx: X G A and X < a) c X\Xa such that x", zx G

cls(Hx) for all X E A, X < a. For A^ E 9l(xxa) put

t/(x«, Af) = {xAa} U (U {t/(v, JV):^ E 77A n N}).

(This will make x" a limit point of 77x in the topology Ta+X.)

For all N G 9L(zx") define i/(zxa, AT) - {z°} u (D n /V). (This will make zAa a

limit point of 77x in the topology Ta + X if Hx G D.) If ua$X„u {x£, zA": X E A

and X < a), define for N G 9l(wa), <7(«a, N) = («„} U (Z> n A7). (This takes care

of property 2.)

Now define Xa+X = Xa u {x^, za":àêA and X < a} u {«J, and $ = Ta u

{t/(x, AT): x E A'a+,\A'a and A/ E 'tJl(x)}. Note that property 4 holds for ß = a

+ 1. This can be used to show that B is a base for a topoogy on Xa+X. We denote
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this topology by Ta+X. The verification of properties 1-7 for ß = a + 1 is routine,

and this completes the induction. Define a topology T on U (Aa: a < 2C) = X as

in the limit ordinal case. We verify (A)-(E) of Theorem 1.1 for (X, T). Now (A)

follows from 6, and (B) from 4(b). Property 7 clearly implies (C), and also (C)

follows from (D). To check (D), put Z = [zx: X < a, a < 2C). Clearly, Z is a

discrete subspace of (X, T). By the construction, cl^TL^) D {xx: a > X} which is

disjoint from Z. Thus if Fis an infinite subset of X, |clr(F) — Z\ = 2C. Similarly, if

77x c D, then {zx: a > X) c c\T(Hx); so for an infinite F c D we have Icl^F) n

Z\ = 2C. To see that (E) holds, assume that D = {ua: a < k} is a well-ordering of

D such that for a < k, {uß: ß < a} is open in (D, T\D). Give XX\X0 any

well-order, and combine it with the above well-order on D so that every ua

precedes every x E XX\X0. Since each x E XX\X0 has an open neighborhood of

the form [x] u A where A c X0 = D, this shows (A',, T,) is right separated. Thus,

proceeding by induction, we see that (X, T) is right separated. This completes the

proof of Theorem 1.1.

Proof of Corollary 1.2. This follows immediately from Theorem 1.1 and the

facts (i) o> is dense in ß(u), and (ii) every infinite closed subset of ß(u) has

cardinality 2C ([13] or [6, 9H]).
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