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BANACH SPACES WITH THE 4.3. INTERSECTION PROPERTY
ASVALD LIMA

ABSTRACT. We show that a finite-dimensional Banach space has the 4.3. intersec-
tion property if and only if it is isometric to an /-sum of one- and two-dimen-
sional spaces.
1. Introduction. Let n and k be integers with n > k > 2. We say that a Banach
space A has the n.k. intersection property (n.k.I.P.) if for every family { B(q;, r;)}}..,

of n closed balls in 4 such that N¥., B(a,,r,) # S whenever 1 <i, <i,

r=1
< ---<i <nwehave N}, B(a, r) + <.

In this note we want to compute the structure of finite-dimensional real Banach
spaces with the 4.3.1.P. We showed in [2] that complex spaces with the 4.3.1.P. are
exactly the predual L,-spaces. This is not true in the real case. By Helly’s theorem
[5] all one- and two-dimensional real spaces have the 4.3.1.P. Hence also /_-sums of
one- and two-dimensional spaces have the 4.3.1.P. In Theorem 3 we show a partial
converse: If a finite-dimensional real space has the 4.3.1.P., then it is an /_-sum of
one- and two-dimensional spaces.

In the real case, a Banach space has the 4.2.I.P. if and only if it is a predual
L,-space [4]). But if 4 C C(X), X compact Hausdorff, and / € A4, then 4 has the
4.3.1.P. if and only if it is a predual L,-space [4].

In the following, let A be a real Banach space. Closed balls in 4 are denoted
B(a, r), and we write A, = B(0, 1). The convex hull of a set S is denoted conv(S),
and the set of extreme points of a convex set C is denoted 9,C. Let J be a subspace
of A and letn > 2. H"(A, J) denotes the space

n
H™(A,J) = {(x,,...,x,,): allx, € 4 and ), x,.EJ]

i=]

equipped with the norm

n
”(xl’ MR xn)” = 2 "x:“
=]

We also write H*(A) = H"(A, (0)).
We shall use the following result [1].

THEOREM 1. If A has the 4.3.1.P. and (x,, . . . , x,) € 3,H*(A*),, then at least one
x; equals 0.
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If in the definition of the 4.3.1.P. we replace N {_, B(a;, ;) # & by

4
() B(a,r,+¢) D

im=]

for all e > 0, then A has the 4.3.1.P. if and only if every extreme point in H%(4*),
has at least one component which is 0.

Since for each i, S; = {(x,, . . . , x,) € H%A*),: x; = 0} is a w*-compact convex
set, we get the following corollary.

COROLLARY 2. If A has the 4.3.1.P., then H*(A*), = conv(U}_, S).
2. The main result. Our main result is the following theorem.

THEOREM 3. Assume A is a real finite-dimensional space. Then A has the 43.1.P. if
and only if A is isometric to an l_-sum of one- and two-dimensional spaces.

A subspace J of A4 is called an L-summand if there exists another subspace N
suchthat A =J @ Nand ||x + y|| = ||x|| + |||/ forallx € Jand ally € N.
Clearly Theorem 3 follows from Proposition 4.

PROPOSITION 4. Assume A has the 4.3.1.P. and let e € 3,A}. Then there exists an
L-summand J of A* such that e € J and dim J is 1 or 2.

If J is a subspace of 4, let J’ denote the (usually nonconvex) cone
J' = {x €A:x=0o0rJ n face(|| x| "'x) = &}.

For x € A,, face(x) denotes the smallest face of 4, containing x. A closed
subspace J of 4 is called a semi L-summand if for all x € J and all y € J’ we have
I + y|l = llx|| + ||»}- In [1] we proved that each L-summand J is a semi
L-summand. N in the definition of L-summand is equal to J'.

In the proof of Proposition 4 we will need the following result.

PROPOSITION 5. Assume A has the 4.3.1.P. If J is a semi L-summand of A*, then J
is an L-summand.

PROOF. Let a € J and let x, y € J’. By [1, Theorem 5.3] and [1, Lemma 5.4, it
suffices to show that ||a@ + x + y|| = ||a]| + ||x + y||. By Corollary 2, there exist
(Zi1> 212> 2130 214) € H¥(A*) with z;; = Ofori = 1, ..., 4 such that

(a,x,y,-a—x—y)=(0, 21,2 21,3 21,4) + (zz,l’ 0, 223 22,4)
+ (230,232 0, 234) + (2415 2425 243, 0)

and |la]| = |zl + llz54ll + Nzaall, %Il = llz12ll + llz32ll + llz45ll and so on.
Since both J and J’ are hereditary cones [1], we get z;; € J and z,,, 2,5 € J' for all
i. But then since J is a semi L-summand,

z43ll = lza1 + za2ll = lzaall + |24l
= llzgll + lzag + zasll = 2|zl + | 245ll-
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Hence z,; = 0 = z,, + z,5. Now using that J is a semi L-summand several times
gives

4
lla+x+yll= 2 llzg4l
im=]

= |lz1p + 250l + Nz + 2330l + |23, + 23,

= |lz12 + z3ll + 2l + Nzo5ll + llz34]l + [1252l
2 llz1p+ 213+ 235 + Z3,|l + [|25) + 23|l
= llx +yll + llall > |la + x + y|I.

The proof is complete.

PROOF OF PROPOSITION 4. Let e € 9,47. If span(e) is a semi L-summand, then by
Proposition 5 there is nothing more to prove. Hence assume that span(e) is not a
semi L-summand. Then by [1, Corollary 5.13], there exists an (x,y) €
d,H*(A*, span(e)), such that x, y & span(e) and x + y # 0. Let z = —(x + y) €
span(e). Let a™! = ||x|| + ||ly|| + ||z]l. Then a(x,y, z) € H*(4*),. By [3, Lemma
1), we get a(x, y, z) € 9,H*(A*),. Let e, = e, e, = ||x||'x, e; = ||y||”" and let
E = span(e,, e,, e;). Then dim E = 2. By [2, Lemma 3.3], we also get e,, e; € 9,4}.

We claim that E is an L-summand. By Proposition 5, it suffices to show that E is
a semi L-summand. Suppose (4, v) € 9, H*(4*, E),. By [1, Corollary 5.13}, E is a
semi L-summand if we can show thatu + v =0oru,v € E.

So suppose u + v # 0. Since u + v € E, we can write ¥ + v = ae, + be,. By
using the basis e,, e, or e,, e; for E if necessary, we can assume a # 0 and b # 0.
By Corollary 2, there exist (z;, z; 2,3, 2,4) € H(A*) with z, =0 for i =
1, ..., 4 such that

(u, v, —ae;, —be;) = (0, 215, 2,3, 21,4) + (231, 0, 223, 224)
+ (231232 0, 234) + (241, 242 243, 0)
and ||u| = |lzg, || + llz3ll + Nzgnlls loll = llzy2ll + lI232l + |Iz4.]l and so on. Since
e, e, € 9,4}, we get z;5, 2,4 € E for all i. Hence
(4, 0) = (0, 215) + (22,1, 0) + (231, 232) + (240 242)
gives us a convex combination in H*(4*, E),. In fact,

4
1= lufl + llol = 2 (zill + llz;2)
jm=]

= 11(0, zy )Nl + [1(z,1, Ol + [I(25,15 231l + (241> 2a DI

If (23, z35) # 0, then since (u, v) is an extreme point, we have (u, v) = (23, z;5)
for some ¢t > 0. Hence ae, + be, = u + v = #(z;, + 23,) = —tz;, = ce, for some
c. Since e, and e, are linearly independent, we get a contradiction. Hence (z, ), z5,)
= 0. Similarly we show that (z4,z4,) = 0. But then u = z,, = (2,5 + 2,) € E
and v = z,, € E. The proof is complete.

Let 4 = (I2 ® R),, dim 4 = 4. Hence 4 has the 6.5.1.P. An inspection of the
extreme points of H>(4*),, using a generalized version of [2, Lemma 3.3], shows
that every extreme point of H>(A*), has at least one component which is 0. In fact,
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if (x;,...,xs5) €9,H*A*), with all x; # 0, then ||x;||™'x; € 3,4} for all i. (See [2,

Lemma 3.3].) The extreme points of A} are (+1,0,0+ 1), (0, 1,0+ 1) and

(0,0 + 1, +1). Since Z3_, x; = 0, we may assume that all x; have a zero first

coordinate. But then it follows that at least one x; = 0, since we can consider all x;

as vectors in (I} ® R),_ = I2.. A typical extreme point of H*(A4*)s is
((0,0,0,0),(1,0,0, 1), (-1,0,0, 1), (0, 1,0, -1), (0, -1, 0, -1)).

We get from [1, Theorem 2.10], that 4 has the 5.4.1.P. This example shows that if a

finite-dimensional space A has the (n + 1).n.I.P. with n > 4, then it is not always
possible to write A4 as an /_-sum of spaces whose dimension is < n — 1.
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