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ON SUBSEQUENTIAL LIMIT POINTS

OF A SEQUENCE OF ITERATES

M. MAITI AND A. C. BABU

Abstract. In this note we study the properties of the subsequential limit points of

a sequence of iterates of mappings which are contractive over two consecutive

elements of an orbit.

Let A be a self-map of a nonempty metric space X. For a point x G X, the

sequence of iterates {/lmx}^_, may or may not converge to a point in X. In fixed

pont theory it is an important aspect to examine convergence of the sequence of

iterates or of its subsequences. It is our main aim here to study the structure of the

set of subsequential limit points of a sequence of iterates.

In a recent paper Diaz and Metcalf [1] have initiated a study of the structure and

properties of the set of subsequential limit points of a sequence of iterates and in

doing so they have generalized a result of Tricomi [2] in connection with the

iteration of a real-valued function. In this note we first make some observations on

the results derived by Tricomi [2], Diaz and Metcalf [1] and show that their results

may also be derived under some alternative (and possibly weaker) conditions. In

fact, we have established that discontinuous mappings may also be accommodated

in their works. Secondly, we arrive at the same conclusions as in [1] about the set of

subsequential limit points of a sequence of iterates of mappings introduced by Pal

and Maiti [3] and, further, this has been done under conditions weaker than those

imposed by Diaz and Metcalf [1].

We now recall the following result of Tricomi [2] as established in [1].

Theorem 1. Let A be a real-valued continuous function on the (finite or infinite)

open (or closed) interval (a, b) whose values lies in the same interval. Suppose

(i) there exists a p in (a, b) such that Ap = p,

(ii) \Ax — p\ < \x — p\ for a < x < b, x ^p.

Then, for every x in (a, b), Amx —»/? as m —> oo.

Our first observation on the above theorem is that the requirement of continuity

of A cannot be omitted. This is obvious from the following example.

Example 1. Let A be a function defined over [-1, 1] such that

Ax = -x/2 + l/2" + 1,       x Gf-1/2"-1, -1/2"),

= -x/2 - l/2n+1,       x 6(1/2", 1/2"-'],
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for n = 1, 2, 3, . . . and that AO = 0. This function maps [-1, 1] into itself and

satisfies (i) and (ii) of Theorem 1, but it is discontinuous at x = ±1/2" for

n = 1, 2, 3, ... . Further, we see that the sequence of iterates of A at x = |, say,

does not converge to 0, the fixed point of A.

However, it is to be noted that the condition of continuity on the function A may

be weakened if we replace the condition (ii) by

(ii)' given e > 0 there exists a 8 > 0 such that, for x (¥=p) G X, e < |x — p\ < e

+ 8 implies \Ax — p\ < e.

It is easy to establish the conclusions of Theorem 1 with (i) and (ii)', but without

the continuity of A. In this connection it may be mentioned that (ii)' implies (ii),

but that A, with (ii)', need not be continuous throughout and is continuous only at

x = p. This is illustrated further by the following example.

Example 2. Define a function A of [-1, 1] into itself such that

Ax = -x/4 + l/2" + 1,       x Gf-1/2"-1, -1/2"),

= -x/4-l/2"+1,       x G(l/2M/2"-'],

for n = 1, 2, 3, . . . and that A0 = 0. The function A satisfies (i) and (ii)' and,

further, ^"x^Oasm-x» for x G [-1, 1]. But the function is discontinuous at

x = ±1/2" for« =1,2,3,_

In a similar fashion Theorem 1.1 of [1] may be modified. We now discuss the

results of [1] in metric spaces. Let A be a mapping of a metric space (X, d) into

itself. Denote the set of fixed points of A in X by F(A). Further, for x G X, £(x)

will denote the set of subsequential limit points of the sequence of iterates {Amx}.

In this connection we state the following theorem due to Diaz and Metcalf [1]

which is a generalized version of Theorem 1.

Theorem 2. Suppose

(i) A: X —» X is continuous,

(ii) F(A) is nonempty and compact,

(iii) for each x G X and &F(A), d(Ax, F(A)) < d(x, F(A)).

Then, for each x G X, the set £(x) is a closed and connected subset of F(A). Either

£(x) is empty, or it contains one point, or it contains uncountably many points. In case

£(x) is just one point, then limm_>00 Amx exists and belongs to F(A). In case £(x) is

uncountable, then it is contained in the boundary of F(A).

As in the earlier case we observe here also that the continuity condition on the

mapping A throughout X may be relaxed. Indeed, if we replace the conditions (i)

and (iii) respectively by

(i)' A : X —» X is continuous at each point of F(A),

(iii)' given e > 0 there exists a 8 > 0 such that, for x G X and £ F(A), e <

d(x, F(A)) < e + 8 implies d(Ax, F(A)) < e and keep (ii) as it is, then the same

conclusions hold good except in that £(x) is nonempty. We only show here that

£(x) is nonempty and the remaining conclusions may be derived following the

lines of argument given in Theorem 2 of Diaz and Metcalf [1].
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Since F(A) is compact, for each iterate Amx there exists a.pm G F(A) such that

d(Amx, F(A)) = d(Amx,pm). Further, from the sequence {/>„,}"_, we can extract a

subsequence {pm.}'?Lx converging top G F(A). Also we have

d(p, Am'x) < d(p,Pm) + ¿(p^A^x).

Now, as / -» oo, />„, —»/; and rf(/»,^, y4"\x) -»0 (this follows from (iii)'), implying

d(p, A "be) -» 0. Thus, dLSi-*cc,Am>x^>p G £(x) and hence £(x) is nonempty.

Next, we show that the conditions (ii) and (iii) of Theorem 2 imply the closure of

the orbit 0(x, A) of a point x G X to be compact, i.e. 0(x, A) is compact.

Obviously, 0(x, A) = 0(x, A) u £(x). Consider a sequence {y„}^x C 0(x, A).

If {y„}™„x contains an infinite number of points from £(x), then from the

compactness of £(x) it follows that {y„}™=x contains a convergent subsequence. If

{_yn}"_, contains a finite number of points from £(x), then there exists a k such

that yn G 0(x, A) for n > k. Since F(A) is compact, there exists a p„ such that

d(y„, F(A)) = d(yn,pn) for n > k. Now {/»„}"_k contains an infinite subsequence

{Pn,)T-i (n¡ ^ ^) converging top G F(/l). Then

d(p, y„) < ¿(;>, />„,) + d(pv y„) -h> 0   as i -► oo

implying _y -»/> G £(x). Thus, whatever may be the case, the sequence {y„}™-x C

0(x, A) always has a subsequence converging to a point/) G 0(x, vi). This shows

that 0(x, A) is compact.

We now use the compactness of 0(x, A) in the following theorem and derive the

same conclusions as those of Diaz and Metcalf [1] in the case of the mappings

introduced by Pal and Maiti [3, Theorem 2].

Theorem 3. Let A: X —> X be a continuous mapping and 0(x, A) be the orbit of a

point x G X. Suppose that 0(x, A) is compact and A satisfies, for any two distinct

elements x,y G. X, at least one of the following conditions:

(i) d(x, Ax) + d(y, Ay) < 2d(x,y),

(Ü) d(x, Ax) + d(y, Ay) < \{d(x, Ay) + d(y, Ax) + d(x,y)},

(iii) d(x, Ax) + d(y, Ay) + d(Ax, Ay) <\{d(x, Ay) + d(y, Ax)},

(iv) d(Ax, Ay) < m&x{d(x,y), d(x, Ax), d(y, Ay), x2[d(x, Ay) + d(y, Ax)]}.

Then £(x) is a nonempty, closed and connected subset of F(A). Either £(x) contains

exactly  one point  or  uncountably   many points.  In  case   £(x)   is  a  singleton,

lirn^^^, A mx exists and belongs to F(A). In case £(x) is uncountable, it is contained

in the boundary of F(A).

Proof. It has been shown in [3] that the compactness of 0(x, A) ensures the

existence of subsequential limit points, which are also fixed points of A. Thus £(x)

is never empty in this case. Then £(x) is a closed subset of ^(^4), which, because of

the continuity of A, is also closed.

To prove the connectedness of the set £(x) we assume the contrary, i.e. let

£(x) = Sx u S2, where Sx and S2 are both nonempty, closed and disjoint. Since

£(x) is a closed subset of the compact set 0(x, A), then £(x) is also compact.

Further, Sx and S2, being closed subsets of £(x), are also compact and hence
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d(Sx, S2) > 0. It has also been shown in [3] that the mapping A is asymptotically

regular, i.e. d(A mx, A m+ 'x) -» 0 as m -h> oo.

We now need to show that d(A mx, £(x)) -» 0 as m -» oo. To do so we assume the

contrary. Then there exist an e > 0 and a sequence of integers {/w,}°l, such that

d(Am,x, £(x)) > e > 0. Since 0(x, A) is compact, then the sequence {Am<x}'j°m,x has

a subsequence, say {A"'x}"!,,converging top G £(x). Therefore d(An,x,p) < e for

large values of i, implying a contradiction.

From the above results we see that there exists an integer M such that for

m > M

d(Amx,Am+lx)<\d(Sx,S2),

d(Amx, S, U S2) = d(Amx, £(*)) <\d(Sx, S2).

Since £(x) = 5, u S2 is compact, there exists a S G S, u S2 such that

d(Amx,Sx U S2) = d(Amx, S).

If S G Sx, then d(Amx, Sx) < d(Amx, S) <\d(Sx, S^. Therefore, for any m > M,

either

d(Amx,Sx)<±d(Sx,S2),

or

d(Amx,S2) <\d(Sx,S2).

But both these inequalities cannot hold simultaneously for the same m because in

that case

d(Sx, S2) < d(Amx, Sx) + d(Amx, S2) <¡d(Sx, S2),

which is absurd.

Next, we claim that the set of positive integers m > M satisfying d(A mx, Sx)

<\d(Sx, S2) is nonempty, since Sx c £(x) and Sx is nonempty. Similarly, the set of

positive integers m > M for which d(Amx, Sj) <jd(Sx, S^ is nonempty. Suppose

that, for mx > M, d(Am<x, Sx) < \d(Sx, S^. Then there exist integers n > mx such

that d(A"x, S2) <^d(Sx, S^. Let k + 1 be the smallest of such integers, and we

have

d(Akx,Sx)<ld(Sx,S2)

and

d(Ak+lx, S2) <\d(Sx,S2).

Then one has

d(Sx, S2) < d(Sx,Akx) + d(Akx,Ak+lx) + d(Ak + lx, S2)

< ±d(Sx, S2) + \d(Sx, S2) + i(S„ S2) = d(Sx, s2),

which is absurd. Therefore the hypothesis that £(x) = S, U S2, where 5, and S2

are nonempty, closed and disjoint, is wrong. Hence £(x) is connected.
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The fact that £(x) is either a singleton or uncountable follows readily from

Theorem 1 of Berge [4, p. 96]. In case £(x) is a singleton {p}, d(Amx,p) =

d(A mx, £(x)) ->0asm^M. Following the same arguments as those of Diaz and

Metcalf [1] it is possible to show that £(x) is contained in the boundary of F(A), in

case it is uncountable.

Remark 1. In the above theorem the continuity condition on A may be removed

if A satisfies the conditions (i) and (ii) only. Further, if A satisfies (iv) only, then

£(x) is just one point.

Remark 2. If, instead of A, the kth iterate Ak is continuous, then with Ak a

corresponding theorem may be formulated resulting in the same conclusions as

those in Theorem 2* of [1].
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