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REMARKS ON NONOSCILLATION THEOREMS FOR A

SECOND ORDER NONLINEAR DIFFERENTIAL EQUATION

JAMES S. W. WONG

Abstract. This paper proves two results concerning nonoscillation of solutions of

the second order nonlinear differential equation

(t) y" + a(t)My sgay = o,     y > o,

where a(j) is positive, continuous and locally of bounded variation, and sgn.y

denotes the sign of the function y(t). Assume also that a(t) satisfies

J" ¡f a~'(s) da+(s) < oo. The main results are

Theorem A. Let 0 < y < I. If lim,.,^, t2a(t) = 0, then (t) is nonoscillatory.

Theorem B. Let y > 1. //'lim,_>0O t1+xa(t) = 0, then (t) is nonoscillatory.

1. Introduction. The purpose of this paper is to establish two nonoscillation

theorems concerning solutions of the second order nonlinear equation

(1) y" + a(t)\y\y sgny = 0,       y > 0,

which were announced earlier [11, Theorem 4.14]. We are here concerned with the

behaviour of solutions y(t) of (1) on the half-infinite interval [0, oo); here prime

denotes differentiation with respect to t and sgn v denotes the sign of the function

y(t). It shall be assumed that the coefficient a(t) is positive, continuous and locally

of bounded variation on [0, oo). Under this assumption, it is known that all

solutions of (1) can be continued throughout [0, oo), see e.g. [3]. A non trivial

solution of (1) is said to be oscillatory if it has arbitrarily large zeros; otherwise it is

said to be nonoscillatory, i.e. it is eventually of one sign. Equation (1) is called

nonoscillatory if all solutions are nonoscillatory. We are here concerned with

sufficient conditions on the coefficient a(t) in order that (1) be nonoscillatory.

From the equation itself, it is easy to see that if y(t) is a solution so is -y(t). It is

also customary to distinguish equation (1) according to y > 1 and y < 1 and refer

to them as the superlinear and sublinear equations respectively.

In [4], [5], we initiated a study of oscillation and nonoscillation results based

upon a so-called "duality principle" between superlinear and sublinear equations,

whereby results in one case would lead to the formulation of results in the other

case. More specifically, in [4] we discuss results based upon monotonicity condi-

tions on a(t) whilst in [5] we study results based upon integral conditions. However,

results in [5] are concerned only with oscillation of (1), and in particular its
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necessary and sufficient conditions. Here we shall explore this duality principle

with regard to nonoscillation theorems for equation (1).

2. Statements of results. We summarize below a number of nonoscillation criteria

for equation (1). For the linear equation, we have

(I) M. Bôcher [2], y - 1, /* ta(t) dt < oo;

(II) A. Kneser [9], y = 1, lim sup,^ t2a(t) <\;

(III) W. Leighton [10], y = 1, a(t) is nonincreasing,

f   Vajt)  dt < oo.
•>o

In the superlinear case, also under the assumption that a(t) is nonincreasing, we

have

(IV) F. V. Atkinson [1], y > 1, /J» tya(t) dt < oo.

For the sublinear case, again under assumption that a(t) is nonincreasing, the result

corresponding to the above is

(V) J. W. Heidel [7], 0 < y < 1, /„° ta(t) dt < oo.

Heidel showed among other things that the monotonicity condition on a(t) cannot

be removed entirely when y =^= 1. Thus, it is necessary to impose an additional

condition on a(t) in case of nonlinear equations.

The function a(t) is said to be locally of bounded variation on [0, oo) if it is of

bounded variation on each compact subinterval of [0, oo). If a(t) is continuous and

locally of bounded variation on [0, oo), then a(t) admits the Jordan representation

a(t) = a+(t) — a_(t) where a+, a_ are continuous nondecreasing functions of t.

Gollwitzer [6] showed that the nonincreasing assumption on a(t) can be weakened

to that of

- da+(t)
< oo.

o a(t)

More significantly, he applied techniques of Lyapunov functions coupled with

Sturm's comparison theorem and obtained various extensions of (III), (IV) and (V).

Thus, under the weaker assumption (2), he proved the following nonoscillation

criteria for (1):
(VI) y > 1, (2) and ¡^ a(/)1/(Y+1) dt < oo;

(VII) y > 1, (2), /rf sy~xa(s) ds < oo, and

/•oo

lim / I     sy  la(s) ds = 0;
/—»oo     J t

■

(VIII) y > 1, (2), So a(*)2/<Y + 1) ds < oo, and

lim  tC a(s)2/iy+x)ds = 0;
/-»oo    J,

(IX) 0 < y < 1, (2), /rf sya(s) ds < oo, and

lim a(tfy~l)/2 C sya(s) ds - 0.
i-»oo -'/
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Using the "duality principle" introduced in our earlier work [4], [5], conditions for

the oscillation and nonoscillation of the superlinear equation involving the parame-

ter y can be translated into results for the sublinear equation by setting y = 1. This

is evidenced here in Heidel's extension (V) of Atkinson's Theorem (IV), although

methods of their proofs bear little resemblance.

Accordingly, Gollwitzer's results for the superlinear equation can be used to

yield conjectures for probable nonoscillation criteria for the sublinear equation.

Thus, condition (VI) would lead to

(X) 0 < y < 1, (2) and fô Vaji)  dt < oo;

while conditions (VII) and (VIII) both lead to

(XI) 0 < y < 1, (2), /o" a(t) dt < oo, and
/•OO

lim t I     a(s) ds = 0.
t—»00      JI

Indeed, we shall show that (X) follows from the following

Theorem A. Let 0 < y < 1 and let a(t) satisfy (2). Then,

(3) lim t2a(t) = 0
i-»oo

implies that equation (1) is nonoscillatory.

On the other hand, Theorem A would follow from (XI) upon application of

L'Hôpital's rule. Obviously, (V) follows from (XI) in the same way. We can also

prove the superlinear counterpart of Theorem A, namely,

Theorem B. Let y > 1 and let a(t) satisfy (2). Then

(4) lim  ty+xa(t) = 0

implies that equation (1) is nonoscillatory.

We note that Theorem B follows from (VII) by a simple application of

L'Hôpital's rule. We shall proceed to show that (IV) follows from (VI) and (VI) in

turn follows from Theorem B. Our results thus relate these existing nonoscillation

criteria in an interesting way. Unfortunately, our methods fail to establish the

validity of (XI) as predicted under the "duality principle".

3. A technical lemma. The proofs of Theorem A and other assertions depend on a

result concerning integrals of functions satisfying (2), which may be of some

interest in itself.

Lemma. Let ju be nonnegative, X be positive. Assume that a(t) is positive, continu-

ous, locally of bounded variation and satisfies (2). Then,

(5) C s*ax(s) ds < oo,
•'o

implies

(6) lim  t^xa\t) = 0.
/-►oo
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Furthermore, ifO<ß<\, then

(7) lim ax-"(f)/*+1 =0,
/-»oo

implies

(8) lim a~ß(t) f °° í"ax(i) ¿5 = 0.
/—»oo J t

Proof. The following identify follows from a simple integration by parts:

(9) /' s»a\s) ds =-lÇ-a\t) - -±- V s^xa^\s) da(s).
J0 ft + 1 p. + I Jo

Let a(t) = í'1+1aA(í)- It follows from (9) that a(t) satisfies the inequality

(10) a(t)<B(v+l)+\f'a(s)^^-,
Jo a(s)

where B = ¡q sßax(s) ds. An application of Gronwall's inequality to (10) yields

that a(t) is bounded on account of (2). Since a(t) is positive, we obtain also from

(9) the following estimate:

/ii\ A      C'   í \ da_(s)       ft      x   r X      et    . .   da+(j)
(11) ——r /   a(s) —j^- <  I   ^(s) ife +- J    a(s) —iV1-

p+ U0 a(s)       Jo w ju + IJ0    w    a(j)

As a(t) is bounded and a(i) satisfies (2), it follows from (5) and (11) that the

integral on the left has a finite limit as t —» oo; hence /" s'L+xax~x(s) da(s) exists

and is finite. Returning to (9), we deduce therefore that lim^^, t,l+xa\t) exists and

is nonnegative. However, if such a limit is positive, then iMax(r) > e/t for some

e > 0 and for all sufficiently large t, which would contradict assumption (5),

proving (6).

We now assume (7) holds. Since 0 < ß < X, it is easy to verify that (7) implies

(5). Thus, we can obtain the following identity upon integration by parts:

(12) f s'aHs) ds = -j^a\t) - ^J" s^xax-x(s) da(s).

Thus, to prove (8), it is sufficient to show that

(13) lim a-ß(t)T s«+xax-x(s)da_(s) = 0.
t—»oo J t

Before proving (13), we first note that if a(t) satisfies (2), then for all / > 0, we have

(14) sup -^ < K < oo,
s>t    a(t)

where the constant K is independent of t. Note that

aÇs) = r* da(j)       r> da + (r)       /•«> da + (s)

°g a(t)     J,     a(r)   * J,      a(r)    * J0       a(s)   '

from which (14) follows from (2) at once. To prove (13) we fix any e > 0, and

choose T > 0 such that for all t > T,

(15) ax-ß(t)t»+x <eß/2,
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which is possible by (7). Using (15), we can estimate the integral in (13) as follows:

f°° s»+xax~x(s) da_(s) < ^y {/°° <*ß-\s) (da + (s) - da(*))}

(16) R     '
<fraß'\s)da + (s)+^aß(t).

z j, z

The integral on the right of (16) can now be estimated by

(17) f aß-x(s)da+(s) < Kßaß(t) C ^^-.
Jt Jt       a(s)

In view of (2), we can choose Tx > T so that

(18) ßKßC ^p-< 1,    for/>7V
J,       a(s)

Combining (17), (18) in (16) and noting that e > 0 is aribtrary, we obtain the

desired conclusion (13). This completes the proof of the lemma.

4. Remarks. We first note that condition (3) can be rewritten as

lim a(t)(y+xy2ty+x =0.
/—»oo

Setting X = 1, ß = (1 - y)/2, and tt = y in (7), we find the above expression.

Applying the lemma just proved, we see that (8) reduces to (IX), so equation (1) is

nonoscillatory.

We shall now show that (X) follows from the improved version of (V), i.e. when

a(t) satisfies the weaker assumption (2). Note that for any y > 0,

(19) f °° a(t)x/(y+x) dt <oo=*[X sya(s) ds < oo.
-'o -'o

Take A = l/(y + 1), it = 0 in (5); then (6) becomes

lim ta(t)x/(y+X) = 0,
/-»oo

which implies that there exists a constant M such that |fa(/)1/(Y+I)| < M. Conse-

quently, \tya(t)y/(y+X)\ < AfY. Multiplying by a(i)1/(Y+1) on both sides, we have

|/Yfl(/)| < Mya(t)x/(y+X), yielding the desired conclusion (19). Note that (19) shows,

first of all, (III) follows from (I) and is indeed a special case of a much older result.

It also shows that (VI) follows from the improved version of (IV). Taking y = 1 in

(19), we easily see that (X) follows from (V), and setting ju = X = 1 in (5), it follows

that (6) becomes (3), so (V) follows from Theorem A. If we set /x = y, X = 1 in (5),

then (6) becomes (4), so (IV) follows from Theorem B.

Acknowledgement. The author is grateful to his referees for pointing out an

error in the original manuscript purporting that (XI) follows from Theorem A while

the reverse is true.
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