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AN EXAMPLE FOR FACTORIZATION THEORY

IN BANACH ALGEBRAS

P. G. DDCON

ABSTRACT. It has been conjectured that, if A is a separable Banach algebra

in which every element factorises (i.e. for every x g A there exist y, z G A with

i = yz), then every pair of elements in A has a common factor. An example

is given of a commutative, separable Banach algebra A where the set M of

elements of A which factorize is of codimension one in A and there exists a

pair of elements of M with no common factor in A.

It has been conjectured [2, 5.3(iii)] that, if A is a separable Banach algebra in

which every element factorizes, then every pair of elements of A has a common

factor. This conjecture remains open. The purpose of this note is to show that if

the conjectured result is true, it will depend crucially on all the elements factorizing.

We give an example of a commutative, separable Banach algebra A in which the

set M of elements which factorize is of codimension one in A, but such that there

exists a pair of elements of M with no common factor (indeed many such pairs

will exist). It is hoped that this example will also be found interesting for its use

(unusual in this context) of the notion of topological degree.

To clarify definitions: we shall say that an element x G A factorizes if there exist

y, z G A with x = yz. We say that xi,x2 G A have a common factor y G A if there

exist zi,z2 G A with xi = yzi, x2 = yz2. We write

A2 = {xiyi H-h xnyn ■ Xi, Vi G A (1 < i < n), n = 1,2,3, ...}.

We denote by C the complex plane and by C* the Riemann sphere (the one-point

compactification of C). We write A = {z G C: \z\ < 1}, A = {z G C: \z\ < 1}

and<3A = {zGC: \z\ = 1}.
Our example is the uniform algebra A consisting of all continuous functions

/: C* -► C such that / is analytic on A and /(0) = 0. Let M = {f £A: f'(0) =
0}.

Theorem. The algebra A is a separable uniform algebra. The subspace A2 =

M is of codimension one and every element of M factorizes (in A). However, there

exists a pair of elements of M with no common factor (in A).

PROOF. The algebra A is separable because C* is metrizable. The key fact

about A is that every / G A has at least one zero in C*\A. To see this, suppose

/ G A with no zeros in <9A. Then, since / is analytic on A with /(0) = 0, the

degree of / on dA (i.e. the topological degree of the mapping //|/| : dA —► dA) is

strictly positive. But, since / is continuous on C*\A, this forces / to have a zero

in C*\A.
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Now let hi, h2 G M with no common zero in C*\A. (Such elements are easily

constructed.) Then hi, h2 can have no common factor / G A, since any zero of /

in C*\A would be a common zero of hi and h2.

It is clear that M is of codimension one and that A2 Ç M. The hardest part

of the proof is to show that every element h G M can be written as h = fg with

/, g G A. The proof of this divides into two cases.

The easier case is when h has no zero on dA. The degree argument given above

implies that h(zo) = 0 for some zo G C*\A. By using a homeomorphism of C*\A

which fixes dA and sends zo to oo, we may assume, without loss of generality, that

zo = oo. We then define

z (z G S),

/(*) = \ (M-1 + (1 - Izl-'Mzr^z/lzl    (z G C\A),
0 (* = oo),

and g(z) = h(z)/f(z) (z G C), g(oo) = 0. One easily verifies that /, ¡7 G A.

The second case is when h(zi) = 0 for some zi G dA. Let B be the uniform

algebra consisting of all continuous, complex-valued functions on C* which are

analytic on A and vanish at Zi (but not necessarily at 0). Then B has a bounded

approximate identity (en) given by

en(z) = 1 - 2-n(zz^ + 1)"        (z G A),

en{z) = en(z—1) (zEC*\E).

We may therefore apply Cohen's Factorization Theorem [1, §11, Corollary 11] to B

and deduce that h = fg for some f,g&B. If /(0) = g(0) = 0, then f,g G A and
the result is proved. Otherwise, suppose g(0) ^ 0. Then /(0) = /'(0) = 0, since

h G M. Let c : (C*\A)\{zi} —► dA\{zi} be a retraction (i.e. c is continuous and

restricts to the identity on dA\{zi}). We then have h = figi, where

Í0 (z = 0),

U(z)/z (*€2\{0}),

\f(z)/c(z)       (zGC-\A),

9i(z) = l
zg(z) (z G A"),

ç(z)g(z) (z G C*\S).

It is easily verified that fx, gx G A.
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