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LOCALLY CONTRACTEE AND EXPANSD7E MAPPINGS

THAKYIN HU AND HARVEY ROSEN

Abstract. Locally contractive and locally expansive mappings are studied in this

paper. A remetrization theorem and some fixed point theorems are proved.

1. Introduction. The classical Banach contraction principle states that if (X, d) is a

complete metric space and/: (X, d) -* (X, d) is a contraction (i.e. a'ff(x), f(y)) <

ad(x, y) for all x, y G X, where 0 < a < 1), then / has a unique fixed point.

Edelstein [4] generalized this result to mappings satisfying less restrictive assump-

tions such as local contractions and locally contractive mappin.gs. Subsequently

these locally contractive mappings were also studied by D. F. Bailey [1], R. D.

Holmes [6], H. Rosen [8], and I. Rosenholtz [9] and many nice theorems were

proved. It is our primary purpose in this paper to study these maippings and locally

expansive mappings and make further contributions.

2. Basic definitions. Let (X, d) and (Y, p) be metric spaces. A continuous

mapping /: X -* Y is locally expansive (respectively, locally contractive) provided

that each x G X belongs to a neighborhood N so that if y and z are distinct elements

of N, p(/( v), /(z)) > d(y, z) (respectively, p(/( v), /(z)) < d(y, z)). Furthermore,/

is e-locally expansive (respectively, contractive) if 0 < d(.x, y) < e implies

P(f(x), /( v)) > d(x, y) (respectively, p(f(x), /( v)) < d(x, v)). The family of all

nonempty closed and bounded subsets of X is denoted by CB(X),, and the family of

all compact subsets of X is denoted by K( X). If A is a subset of X and e > 0, then

N(A; e) = {x G X: d(x, a) < e for some a G A}, and for A, B GCB(X), the

Hausdorff metric h induced by d is defined as

h(A,B) = inf{e>0:^ c N(B; e), B Q N(A; e)}.

Equivalently, h(A, B) = max(supxgj4 d(x, B), supxSB d(x, A)}, where d(x, S) is de-

fined by ini eSd(x, y). An e-chain from x to y in AT is a finite set of points

z0, zx,...,zn such that z0 = x, zn — y, and d(z¡, z,+ 1) < e for all / = 0,1,...,« — 1.

A point x is said to be a fixed point of /if x = f(x) (or x Gf(x) if /is a set-valued

mapping). Thus fixed point theorems for set-valued mappings are generalizations of

their single-valued analogues.
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3. Locally contractive set-valued mappings. In this section, a remetrization theorem

as well as some fixed point theorems for set-valued mappings will be proved. S.

Leader [7] proved a related fixed point theorem for set-valued mappings that are

local expansions. We begin with the following lemma.

Lemma 3.1. Let f: (X, d) -» (CB(A'), h) be a continuous set-valued mapping. Then

the mapping a: X -» R defined by a(x) = d(x, f(xy) is continuous.

Proof. It follows immediately from the definitions that for any x, y G X and for

any A, B G CB(^), we have d(x, B) < d(x, A) + h(A, B) and d(x, A) < d(x, y)

+ d(y, A). Thus d(x, f(x)) < d(x, y) + d(y, f(y)) + h(f(x), f(y)). Hence

d(x, f(xy) - d(y, f(y)) < d(x, y) + h(f(x), f(y)). By symmetry, we get

\d(x,f(x))-d(y,f(y))\<d(x,y) + h(f(x),f(y)). It follows that a(x) =

d(x, f(x)) is continuous.

It was proved by Edelstein [4] and Rosenholtz [9] that a contractive mapping /of a

compact metric space into itself has a unique fixed point. The following theorem is a

generalization of their result; it is also a basic tool for later theorems.

Theorem 3.2. Let (X, d) be a compact metric space and f: (X, d) -» (K(X), h) be

contractive. Then f has a fixed point.

Proof. Let ô = mî{d{x, f(x)): x G X}. It follows from the compactness of A'and

Lemma 3.1 that there exists some x0 G X such that 8 — d(x0, f(x0)). Also, it

follows from the compactness of f(x0) that there exists some x, G/(x0) such that

ô = d(x0, x,). If ô > 0, then d(xx, f(xx)) < h(f(x0), f(xx)) < d(x0, xx) = o. That

is a contradiction to the minimality of 6. Thus d(x0, /(x0)) = 0, which implies that

x0 G f(x0) and the proof is complete.

Next, we shall prove a remetrization theorem which is a generalization of a result

of Rosenholtz [9]. We shall need the following lemma, whose proof follows im-

mediately from the definition of the Hausdorff metric.

Lemma 3.3. Let A, B G CB( A') be such that h(A, B) < Ô. Then for any a in A, there

exists some b G B such that d(a, b) < 6.

We are now ready for the following theorem.

Theorem 3.4. Let (X, d) be a compact, connected metric space and (K(X), h) the

space of compact subsets of X equipped with the Hausdorff metric h. Suppose

/: (X, d) -» (K(X), h) is locally contractive. Then there is a new metric D for X

equivalent to d such that f:(X, D) -* (K(X), H) is globally contractive, where H is

the Hausdorff metric induced by D.

Proof. Since / is locally contractive, we may use compactness of X to find a

positive number o such that h(f(x), f(y)) < d(x, y) whenever 0 < d(x, y) < 8.

Now for each/», ?GX, define

fn-l2 d(xj, xJ+x) | x0,... ,x„ is a ô/2-chain fromp to q>.
j=o J
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Observe that since X is connected, a 5/2-chain always exists between each pair of

points p and q. It can then be verified that D is a metric on X equivalent to d. Also,

without loss of generality, we may use a bound for the number of the x,'s in

calculating D(p,q), say m (cf. Rosenholtz [9]). Thus

(m-l

D(p, q) = mil   2 d(xj, Xj+X)\x0,.. .,xm is a. 8/2-cha.m horn p to q
[j=o

Now by using compactness and by taking convergent subsequences at most m — 1

times, we can find x0, x,,... ,xm such that x0 — p, xm = q, d(Xj, xj+x) =s 8/2 for

j = 0, \,...,m - 1, and D(p, q) = d(x0, x,) + d(xx, x2) + • • • +d(xm_x, xm).

Since d(Xj, xJ+l)<8/2<8, we get h(f(Xj), f(xj+x)) < d(xp xj+x). Let 2£j =

d(Xj, xJ+x) - h(f(xj), f(xJ+x)), and consequently we have h(f(xj), f(xj+x)) <

d(xj, xj+x) — Ej ioTj = 0,1,2,.. .,m — 1. Given any y0 E/(x0), we may use Lemma

3.3 to get y, E/(x,) such that d(y0, y,) < d(x0, xx) — e0. For this y, E/(x,), we

may use Lemma 3.3 again to get y2 E/(x2) such that d(yx, y2) < d(xx, x2) — ex.

Inductively, we get yy E/(xy) such that d(yj_x, y-) < d(xj_x, xf) — tj_x for j =

l,2,...,m. Obviouslyy0, y,,...,)>m is a o/2-chain fromyQ toym and thus D(y0, y„,)

< d(y0, yx) + ¿(y„ y2) + • • ■ +d(ym_x, yj < D(p, q) - 2J~¿ e;. Let r =

D(p, q) — SJJo' 8/. We have shown that given any_y0 E /(x0), there existsym E f(xm)

such that D(y0, ym) < /•. Consequently y0 G ND(f(xm); r), which implies that/(x0)

Q ND(f(xm); r). Similarly, we can show that f(xm) C ND(f(x0); r). Thus

H(f(p), /(?)) < r = (D(p, q) - 27=0' fv) < ö(/». ^)- That is, /: (X £) -
(A^( A'), H) is contractive and the proof is complete.

As an application of our remetrization theorem, we obtain the following fixed

point theorem which generalizes a result of Edelstein [4] and also Theorem 1 of

Rosenholtz [9].

Corollary 3.5. Let (X, d) be a compact connected metric space and f: (X, d) -*

(K(X), h) be a locally contractive mapping. Then f has a fixed point in X.

Proof. It follows from Theorem 3.4 that there exists an equivalent metric D such

that/: (X, D) -> (K(X), H) is globally contractive, and hence/has a fixed point by

Theorem 3.2.

4. Locally expansive mappings. In this section, locally expansive mappings and

their set-valued inverses will be investigated. One of the authors [8] recently proved a

stability theorem for fixed points of a uniformly convergent sequence of open,

6-locally expansive mappings of a compact connected ANR. It is the main result of

this section to show that for a Peano space, the ANR requirement can be dropped.

We begin with the following lemma which is essentially due to Rosenholtz [9].

Lemma 4.1. Let f be an open, e-locally expansive mapping of a compact, connected

metric space (X, d) onto itself. There is a positive number 8 < e/2 such that if

x, y G X andd(f(x), y) *£ 8, then there exists a unique x, E Xsuch that d(x, x,) < 8

andf(xx) =y.
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That open locally expansive mappings defined on compact, connected metric

spaces are closely related to locally contractive set-valued mappings shall be il-

lustrated by our next theorem.

Theorem 4.2. Let (X, d) be a compact connected metric space and f: X -> X be an

open, e-locally expansive mapping. Then there is a positive number 8 < e/2 such that

f~h(X,H)-* (K(X), h) is a 8-locally contractive mapping.

Proof. Connectedness of X implies that the open mapping / is surjective.

Compactness of X and continuity of/then implies that for each x, the nonempty set

f~l(x) is compact. Thus F-1 is a well-defined mapping of X into K( X). We now let

F = f~l for convenience. According to Lemma 4.1, there is a positive number

8 < e/2 so that if x, y G X are such that d(f(x), y) «E 8, then there exists a unique

x, E A1 such that d(x, xx) < 8 and/(x,) = y. To show that Fis o-locally contractive,

we let x, y G X be such that 0 < d(x, y) < 8. Next, let r = sup,6F(x) d(t, F(y)).

Compactness of F(x) then implies that there exists some x' E F(x) such that

d(x', F(y)) — r. Since/(x') — x, we have d(f(x'), y) < 8. It follows now that there

exists a unique y' G F(y) such that d(x', y') < 8, which in turn implies that

d(x, y) =  d(f(x'), f(y')) >  d(x', y') ^  d(x', F(y)) =  r.    That    is,

suP<ef(x) d(t, F(y)) < d(x, y). Similarly, we can prove that supjef(v) d(s, F(x)) <

d(x, y). Hence

I )
ä(F(x),F(y)) = max     sup  d(t, F(y)),    sup   d(s, F(x))    < d(x, y).

1 teF(x) seF(y) '

Therefore F: X ^> K(X) is a S-locally contractive mapping and the proof is

complete.

The following result of Rosenholtz [9, 10] now follows as an easy corollary to our

theorems.

Corollary 4.3. Let (X, d) be a compact connected metric space and f: (X, d) -»

(X, d) be an open locally expansive mapping. Then f has a fixed point in X.

Proof. Compactness of X implies that there exists an e > 0 such that / is e-locally

expansive. Thus f~u.(X,d)->(K(X),h) is ô-locally contractive for some 8 by

Theorem 4.2. We may now use Theorem 3.4 to obtain a metric D equivalent to d

such that/-1: (X D) -* (K(X), H) is globally contractive, and thus F~' has a fixed

point by Theorem 3.2. That is, there exists an x such that x E f~ \x) or equivalently

f(x) — x, and the proof is complete.

We give here additional properties of open e-locally expansive mappings.

Property 4.4. Let (X d) be a compact connected metric space and /: X -> X be

an open locally expansive mapping. Then/is a covering projection.

Proof. Surjectivity of/follows from connectedness of X. We may now follow the

proof of Theorem 1 in [2] to prove this property.

Property 4.5. Let (X d) be a compact connected metric space and /: X -> X be

an open locally expansive mapping. Then there is an integer n such that for all

x E Xcard[f"'(x)] = n.
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Proof. Let Ak = (x E X\ card[ F"'(x)] = k). Then it follows from a result of

Eilenberg [5] that each Ak is closed as well as open. Connectedness of X now implies

X = An for some n and the property is proved.

Lemma 4.6. Let (X, d) be a compact connected locally connected metric space, and

let /: X -» X be open e-locally expansive mappings for i— 1,2,_ Suppose the

sequence {f}f=\ converges uniformly to an open mapping f0: X -» X. Then Tp1 -^fol

uniformly as mappings of (X, d) into (K(X), h).

Proof. Let v > 0 be given. Since /■ is e-locally expansive for i > 1 and / *» /0

uniformly, then /0 is e-locally noncontractive. That is, d(x, y) < e implies

d(fo(x), fo(y)) * ^(*> v). According to Lemma 2 in [8], there is an open cover {Wß}

of X such that for each ß and for /' = 0,1,2,..., diam Wß < min{e/2, tj} and/ maps

every component of f~\Wß) homeomorphically onto Wß. Let S be a Lebesgue

number for {Wß}. If x, y G X and d(f¡(x), y) < ô, then there is some Wß containing

/(x) and y. Let C be the component of f~\Wß) containing x. Then there exists a

point x, in C with the unique property that d(x, xx) < 8 and/(x,) = y. This shows

that one delta can be found which satisfies a result like Lemma 4.1 for all/. Since

/ T» /0 uniformly, there exists an N such that i > N implies d(f(x), /0(x)) < 8 for all

x in X Let x0 be an arbitrary point in X Suppose now /' > N and z E F~ '(x0). Then

d(f(z), /0(z)) = c/(x0, /0(z)) < ô. Then there exists a unique x' E A" per z such that

¿(z, x') < 5 and /0(x') = x0. Thus F~'(x0) C Ar(/T'(^o); 5) because yT'(x0) is

finite. Similarly, JÖ\x0) C tf( F"'(x0); 8) ancfhence h(fc\x0), F"'(^0)) < « < tj.

This shows that/"' converges uniformly to F^'.

Property 4.7. With the same hypotheses as in the previous lemma, there exists an

N such that i > N implies card[/"'(x)] — card[ fo\y)] for all x, y in X

Proof. Let n, 8, N, x0, and the x"s be as in the proof of the previous lemma. Also

let m = card[/¡"'(x0)] and n¡ = card[/~'(x0)] for /' > JV. We already showed that

/' > A^ imphes /¡(^'(xq), /~'(x0)) < 5. If m > «,, then it would follow from the

uniqueness of the x"s that there must be some w G fo\x0) for which d(w, f¡~l(x0))

> 8. Therefore h(f^\x0), F"'(x0)) > 8, which is a contradiction. A similar argu-

ment shows that m < «, is also absurd. Therefore n¡ — m, i.e. card[ F~'(x0)] =

card[/^'(Xq)], which in turn implies that card[/"'(x)] = card[/g"'(y)] for all i > N

and for all x, y in A" by Property 4.5.

We are now ready for the main result in this section.

Theorem 4.8. Let (X, d) be a compact connected locally connected metric space,

and let f: X -» X be open e-locally expansive mappings for i — 0,1,2,... such that the

sequence {f¡}%\ converges uniformly to f0. Then for each fixed point a0 of f0, there

exist fixed points a¡ off such that {aj}°°=x converges to a0.

Proof. Let a0 be any fixed point of/0, and according to Lemma 4.1, let 5 be such

that 0 < 8 < e/2 and such that whenever x, y E X and d(f0(x), y) < 8, then there

is a unique x' G X for which d(x, x') < 8 and/0(x') = y. Let K = {x E X: d(x, a0)

=£ 8). Now for each x in K, we have d(x, f0(a0)) = d(x, a0) *z 8 < e, and thus there

exists a unique x0 with d(x0, a0) < 8 and /0(x0) = x. Consequently, we may define
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a single-valued function g0: K -* K by g0(x) = x0. It is easy to see that g0 is

contractive since whenever x and y are distinct points in K, we have 0 < d(x, y) <

20<e and therefore ¿(g0(x), g0(y)) = d(x0, y0) < d(f0(x0), /0(y0)) = ¿/(x, y).

Now using the compactness of AT and the continuity of g0, we get

i/( A" - Int(A:), g0(K)) = i] > 0. For this 17 > 0, it follows from Lemma 4.6 that

there exists an N such that i^N implies that h( F~'(x), F^'(x)) < 17 for all x.

Suppose now i s* A7 and x E K with g0(x) = x0. Then x0 E jjj"'(x), and we may use

compactness of F~'(x) to get an x, E/~'(x) such that J(x0, x,) = d(x0, f~\x)) <

A( F^'(x), /~'(x)) < T). Thus x, E Ä" and it is unique by the e-local expansiveness of

/. Let g¡: K -» K be defined by g,(x) = x,. As in the case of g0, it can be shown that

each g¡: K ^ K is contractive on the compact set K and thus has a fixed point a,, i.e.

g,(a,) = a, or a¡ Gf~\a,). Thus f(a,) = a, G K for i > N. Since 8 > 0 can be

chosen arbitrarily small, the theorem is proved.

If / -» /0 pointwise on A' instead of uniformly, then is the preceding theorem still

true?

In Theorem 4.8, we cannot omit the assumption that/0 is e-locally expansive as the

following example shows. Let X be the unit circle x2 + y2 — 1, and for i > 1, let A¡

be arcs on X containing (1,0) such that;4, C Ai+X and U^4, = Int AQ, where A0 is a

semicircle with endpoints (0,1) and (0, —1). For i > 1, there exist open e-locally

expansive mappings/ of X such that (1) each/ maps v4(- curvilinearly onto A0, (2)/

has winding number 3, (3)/ has just two fixed points (—1,0) and (1,0), and (4)/

converges uniformly to a mapping /0 which is the identity on A0. Then no fixed

points of the mappings/ converge to the fixed point (0,1) of /0.

We end with a result observed by the referee.

Corollary 4.9. Let X be a compact connected locally connected metric space,

Ht: X -» X, t G [0,1] a homotopy such that for each t, Ht is an open e-locally expansive

map. Then H0 and Hx have exactly the same number of fixed points.

Proof. Define S = {f. H0 and H, have a different number of fixed points}. If

5 ¥= 0, then let u = inf S. As a consequence of Theorem 4.8 and the e-local

expansiveness of Ht, it follows that if /„ -» u, then H, and Hu ultimately have the

same number of fixed points. Then u G S and therefore u > 0. But u — u/n -» u

implies u — u/n G S for large enough n, a contradiction.
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