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NONEXISTENCE OF INVARIANT MEASURES

DAVID PROMISLOW

Abstract. Let G be a group acting on a set X. Suppose that for some positive

integer r, G contains a free group F of rank > r and the intersection of any stabilizer

with F has rank =S r. A graph theoretic approach is used to show that there is no

invariant measure on X.

1. Introduction. Let G be a group acting on a set X. By an invariant measure for

this action we will mean a finitely additive, nonnegative measure p, defined on all

subsets of X, such that p(X) = 1 and p(gA) = p(A), for all g G G and A EX. For

any x G X let Gx denote the stabilizer subgroup at x. That is,

Gx= {g^ G:gx = x).

Consider the question of whether or not an invariant measure exists. If G is

amenable (i.e. an invariant measure exists when X = G and the action is by

multiplication), it is not difficult to show that an invariant measure exists for all

actions (see Greenleaf [5]). Our question then is of interest only for nonamenable

groups. In particular we consider groups which contain a nonabelian free group.

These are always nonamenable, and until recently were the only known examples of

such.

In [10, Proposition 3.5] Rosenblatt shows that if an invariant measure exists, and

Gx is amenable for all x, then G is amenable. It follows immediately that if G

contains a free group F of rank greater than 1 and if for all x, Gx fl F is of rank =£ 1,

therefore abelian, then no invariant measure exists. This same result was obtained

independently by Akemann, using quite different methods (see [1, Proposition 4.7]).

The purpose of this note is to prove the following generalization of the above result.

Theorem. Let G act on X. Suppose that for some positive integer r, G contains a free

group F with rank > r + 1 (possibly infinite) and that Gx D F has rank < r for all

x EX. Then no invariant measure exists.

Our techniques seem to differ somewhat from the usual ones used on problems of

this type. We use a graph theoretic approach. Before giving the proof we will review

briefly some background concepts.

2. Graph theory concepts. We will basically follow the terminology of Imrich [7].

See also Berge [2, Chapter 2]. Let r = (V, E) be a connected directed graph where V

is the set of vertices and E the set of edges. To each e G E we associate the inverse
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edge <?"' for which we reverse the initial and terminal vertices of e. The inverse edges

are considered distinct from the set E. Fix a vertex p. Let Cp be the set of all walks

(i.e. a finite sequence of adjacent edges or inverse edges) beginning and ending at p.

Under a natural equivalence relation and operation, the equivalence classes of C

form a group trx(p), called the fundamental group of the graph at/?. This turns out to

be a free group and its rank v(T), independent of p by connectivity, is called the

cyclomatic number of the graph T.

For another definition of cyclomatic number, consider the map T from C. into the

vector space of all real valued functions on E, defined as follows. For any to G C

and e E E, let

[r(w)](e) = (number of occurrences in co of e)

- (number of occurrences in to of e~l ).

The subspace Z generated by the image of T, which is independent of p by

connectivity, is called the cycle space of T and its dimension is v(T). From this

formulation it is immediate that for a connected subgraph T' = (V, E'),

(1) v(T')^v(T)

since the cycle space of the subgraph can be identified with a subspace of Z, namely

those functions in Z which vanish on the edges not in E'.

Let | | denote cardinality. It is well known that when V and E are finite

(2) v(T)=\E\-\V\+l.

To any action of a group G on X and a subset 5 of G we associate a graph T as

follows. The vertex set is X and the edge set is ( S X X). The edge (g, x) has initial

vertex x and terminal vertex gx. (This is known as the Caley graph in the case that

X = G and the action is by multiplication.) Let F be the group generated by S. Then

the orbits for the restriction of the action to F correspond to the connected

components of T. Fix a vertex/? and let Tp be the component containing p. The map

which assigns g to the edge e = (g, x), and g"' to its inverse, induces a homomor-

phism from -nx(p) onto Gp D F. This will be 1-1 precisely when S forms a free set of

generators for F. So in such a case we have

(3) rank(G, n F) = v(Tp).

3. Conclusion.

Proof of the Theorem. We first reduce to the case where F is finitely generated.

Suppose that A is an infinite set of free generators for F. Choose any finite A0 E A

of cardinality > r and let F0 be the subgroup generated by A0. Using, for example,

the Kurosch subgroup theorem [6, Theorem 17.3.1] or [8, p. 117, Exercise 32], we see

that for any subgroup 77 of F, H D F0 is a factor in some free product decomposi-

tion of 77 and so rank(77 n/0)< rank(77). We can therefore replace F by the

finitely generated group F0. Accordingly let S — {gx, g2,...,g,} be a set of free

generators for F where t is finite and > r. We first want to show that for any finite

nonempty Y E X,

(4) 2lftrnr|<(f-i)|y|.
i=i
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To do so we form the graph corresponding to S as indicated above and let

T' = (Y, E') be the full subgraph on Y (i.e., E' consists of all edges with initial and

terminal vertices in Y). We can assume that I" and T are connected, since if (4)

holds on each component, it will clearly hold globally. From (1), (2), (3) and our

hypothesis on rank,

(5) \E'\=r(T') -1 + 1 Y\<v(T) - l+1Y|<(r- l) + |ï"|

=£(/•- 1)| Y\ + | Y\=r\ Y\<(t- l)\Y\.

This establishes (4), as the number of edges in E' with g, as first coordinate

= | Y n g~lY | = | g¡Y n 71 which shows that the left-hand side of (4) is just | E' | .

We now appeal to the well-known Folner condition. See Rosenblatt [9] for a very

general treatment. This condition says that an invariant measure exists iff given any

finite nonempty set S G G and any e > 0 there is a finite nonempty Y G X such that

(6) |gynr|>(i-e)|y|

for all g E S.

Given S as above, e < t'\ and any finite nonempty Y, (6) cannot hold for all

g G 5 as this would contradict (4). Hence, no invariant measure exists.

Remark. The theorem is obviously false for r = 0 since F could be of rank 1. An

attempt to adapt the proof would break down precisely on the last line of (5), since

(r- 1)<0.

Example. In the case that F has infinite rank the theorem is not necessarily true if

we simply require that each Gx n F be of finite rank. The uniform bound is needed.

Consider the following example, which appeared in [3]. G is generated by

{g,, g2, g3,...,«,, «2, «3,...} subject to the relations that «, and hj commute for all

i, j and that g, and «. commute for i <j. Let F be the subgroup generated by

(g,, g2,...}, a free group of infinite rank. Let X consist of all nonidentity elements

of G and let G act on X by conjugation. For x equal to a product of «,'s and their

inverses, with s being the minimum index i which is needed, Gx fl F = the group

generated by {gx, g2,.. .,gs). For all other x, Gx fl F is trivial. There is however an

invariant measure. In other words, G is inner amenable in the terminology of [4]. This

follows from the results of [3 and 4] but the most direct way to see this is simply to

use the Folner condition. For any finite subset 5 of G there is a one point

S-invariant set, namely {hN} for TV sufficiently large. It does follow from our

theorem that the measure of a finite union of conjugacy classes will be zero for any

invariant measure on X.
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