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GRAPHS ORIENTABLE AS DISTRIBUTIVE LATTICES'

DWIGHT DUFFUS AND IVAN RIVAL

Abstract. There are two types of graphs commonly associated with finite (partially)

ordered sets: the comparability graph and the covering graph. While the first type

has been characterized, only partial descriptions of the second are known. We prove

that the covering graphs of distributive lattices are precisely those graphs which are

retracts of hypercubes.

Much of the combinatorial interest in finite ordered sets is linked to the properties

of two types of undirected graphs commonly used to represent them: the comparabil-

ity graph and the covering graph. For an ordered set (P,*í) the vertex set of both

graphs is P. A pair [a, b] of elements of P is an edge of the comparability graph of

P if a < b; a pair [a, b) is an edge of the covering graph Q(P) of P if b covers a

[that is, a < b and, if a < c < b, then c = b]. It is well known that a graph G is the

comparability graph of an ordered set if and only if each odd cycle of G has a triangular

chord [4,5]. In contrast little is known about this question (cf. [9]): when is a graph

the covering graph of an ordered setl The purpose of this note is to answer the

question for a special class of ordered sets: finite distributive lattices.

Of course, every finite distributive lattice D of length n can, as an algebra, be

embedded in the distributive lattice 2" of all subsets of an «-element set; in fact,

(?(£>) is a subgraph of (the hypercube) 6(2"). It is curious that the graph retracts of

the hypercubes account for the covering graphs of all finite distributive lattices.

Theorem. A finite graph G is the covering graph of a distributive lattice of length n if

and only if G is a retract of Q(2") and diamG = n.

Let H = (V(H), E(H)) and G = (V(G), E(G)) he graphs. An edge-preserving

map f of H to G is a map of V(H) to V(G) such that {f(a), f(b)} G E(G) if

[a, b) G E(H). Call H a retract of G if there are edge-preserving maps/of H to G

and g of G to H such that g ° f(a) — a for each a G V(H). (If H is a retract of G it

is convenient to take H as a subgraph of G and / to be an inclusion map.) Notice

that every subgraph of Q(2") is the covering graph of an ordered set. In fact, there

are even nondistributive lattices whose covering graphs are subgraphs of 6(2"). Both

H and Fare subgraphs of G s ß(23). H is a retract of G and H is the covering graph

of a distributive lattice. F is the covering graph of a nondistributive lattice and F is

not a retract of G.
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Proof of the Theorem. Several technical results are required for the proof.

Let G be a finite connected graph and let D be a finite distributive lattice. For

a, b G V(G) we define the distance d(a, b) of ato b as the number of edges in a path

of minimum size in G which contains a and b. For a chain C of D we define its

length by 1(C) — \ C \ — 1 ; the length 1(D) of D is the maximum of the lengths of the

chains of D. The height h(a) of an element a of D is the length of the interval

[0D, a]= {xGD\0D*Zx<a}, where 0D is the least element of D.

Lemma 1 [3]. Let D be a finite distributive lattice.

(i) Ifa<b<c in D then d(a, c) = d(a, b) + d(b, c) in 6(D).

(ii) For alla, b G D, d(a, b) >\h(a) - h(b) \ in 6(D).

(iii) For all a, b G D, d(a, b) = h(b) - h(a) in 3(D) if and only if a =£ b in D.

a

For a finite connected graph G we define the diameter diam G of G by

diamG = sup{d(a, b) \ a, b G V(G)}.

Lemma 2 [2; cf. 3]. Let D be a finite distributive lattice.

(i) diam6(Z)) = 1(D) in 8(D).

(ii) If d(a, b) = diamQ(D) in G(D) then there is a distributive lattice D' such that

Q(D') = Q(D), with least element QD, = a and greatest element \D, = b.    O

Lemma 3 [10]. Let D be a maximal proper sublattice of a finite distributive lattice D'

satisfying 1(D) = l(D'). Then there is a cover-preserving sublattice S of D' and

elements a =s b in S satisfying the following conditions:

(i) D = D'- [a, b];

(ii) [a, b] G S;

(Hi) y G S if y covers x or x covers y for some x G [a, b];

(iv) there is an order isomorphism <pofS onto 22 X [a, b] where 22 = (0 < u, v < 1},

such that <p(x) = (u, x) for ail x G [a, b].    D
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Let G be a retract of 6(2") and let diamG = n; we may take G to be a subgraph

of (2(2"). Let g be an edge-preserving map of (2(2") onto G satisfying g(a) = a for

a G V(G). Let d(a, b) = n in G. By 2(h) there is a distributive lattice D' such that

G(D') = 6(2"), 0D. = a, and lD. = b. For jc, y G V(G) GD'letxVy denote their

supremum in D' and let z = g(x V y). According to l(i),

d(a, x Vy) + d(xVy, b) = d(a, b) = d(a, z) + d(z, b).

Since g is edge-preserving, d(a, z) < d(a, x V y) and d(z, b) < d(x Vy, b). There-

fore, d(a, z) = d(a, x Vy) and d(z, b) = d(x V y, b), so h(z) = h(x Vy) in D'.

Moreover, by 1 (iii),

d(x,z) ^d(x,xVy) = h(xVy) - h(x),

whence,

d(x,z)*zh(z) -h(x).

Again, by 1 (iii), z s* x in D'; similarly, z > y in D'. As «(z) = h(x V_y) we conclude

that g(jc V y) = z = x V _v. By duality, g(x A y) = x A y so the elements of G form

a sublattice of £>'. Finally, by 2(i), this sublattice has length n.

Suppose now that G is a graph and G ~ (S(D) where D is a distributive lattice of

length n. By 2(i), diamG = n. The distributive lattice D can be embedded as a

sublattice in 2"; for convenience we may take D to be a sublattice of 2". Then there

is a sequence Z) = Dt), Dx, D2.Dk = 2" of distributive lattices such that D¡ is a

maximal proper sublattice of Dj+] and /(/),-) = /(£>,+ ,) (/ = 0,1,2,...,/: — 1). It is

enough to show that // D is a maximal proper sublattice of a finite distributive lattice

D' and 1(D) = l(D') then 6(D) is a retract ofG(D').

Following the notation of 3(i), D = D' — [a, b] for some a < b in D'. Define a

map of g of D' to D by g(x) = x for all x G D, and g(x) — <p~'((i>, jc)) for all

x G [a, b]. To see that g is edge-preserving let x cover y in Z)'. If jc, y G D then

g(jc) = x covers y = g(y) in D. If x, y G [a, b] then g(x) = <p~\(v, x)) covers

<p"'((u, >>)) = g(.y). If jc G [a, b] and v- G [a, b] then -y G 5 and cp(>>) = (0, jc) so

g(x) = <p-\(v, jc)) covers «p_,((0, jc)) = cp-'(<p( j)) = y = g(y).    □

Remarks. 1. Actually, the proof of the Theorem shows this fact. Let D be a finite

distributive lattice and let S G D with diam(2(5) = diam Q(D). Then there is a

distributive lattice D' such that Q(D') = Q(D) and S is a sublattice of D' if and only if

6(5) is a retract of 6(D).

2. Our theorem was suggested by this simple fact. A graph is the covering graph of

an ordered set if and only if it is a retract of the covering graph of an ordered set.

3. In [2] L. Alvarez has shown that a finite graph G is the covering graph of a finite

distributive lattice if and only if G satisfies the following conditions: (i) G is connected

and contains no odd cycles; (ii) there exist ax,a2 G V(G) such that diam G = d(ax, a2)

and if {c, e}, {c, d) G E(G) with d(a¡, e) = d(a¡, d) — d(a¡, c) + 1 then there is a

unique f G V(G) such that d(at, f¡) = d(a„ c) + 2 and {/, e), {f, d) G E(G),

where / = 1 or i — 2; (iii) ;/ G contains a subgraph S = F (see figure) then S is

contained in a subgraph S' = 6(23); (iv) G contains no subgraph isomorphic to the

bipartite graph K23.
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Other results concerning covering graphs of ordered sets are found in [1,2,3,6,7

and 8],
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