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NOETHERIAN SUBSETS OF PRIME SPECTRA

CHARLES C. HANNA AND JON L. JOHNSON

Abstract. If JC is a noetherian subspace of Spec R, the set of primes of R[x] lying

over X is also noetherian. A simple consequence is the theorem of Ohm and

Pendleton that a ring module-finite over ay-noetherian ring isy-noetherian.

Let R be a commutative ring with identity, X an arbitrary subspace of Spec R, and

T a commutative R-algebra. Our main result is ultimately a version of the Ritt basis

theorem [4, p. 14] and [3, Theorem 7] as generalized by Kaplansky [1, Theorem 7.1].

It was developed as a generalization of Theorem 2.5 of Ohm and Pendleton [2] in

which they show that Spec F is noetherian if Spec R is noetherian and F is finitely

generated as an R-algebra. Our proof is adapted from theirs. We also show that

Theorem 3.6 of [2] is a simple consequence of our theorem.

Let R he a (commutative) ring, X a subspace of Spec R, and / an ideal of R. The

X-radical of / is the intersection of the elements of X which contain /. / is X-finite if

it has the same A'-radical as some finitely-generated ideal /0 contained in /. It is not

difficult to check that X is noetherian (a.c.c. on open subsets) if and only if every

ideal is A'-finite (see [2, Proposition 2.1]). Note that it is possible for every ideal of a

ring to have the same X-radical as some finitely-generated ideal without X being

noetherian. See [2, Example 2.10].

Theorem. Let R be a ring and x an indeterminate. Let X be a noetherian subspace of

SpecR. Let Y be the set of all prime ideals o/R[jc] whose contractions to R are in X.

Then Y is noetherian.

Proof. Suppose that Y is not noetherian. Let P he maximal among the ideals of

R[jc] which are not T-finite. It is routine to show that P must be prime (see [2,

Proposition 2.3]). We will show that P must in fact be 7-finite; this contradiction

will prove the Theorem.

Write F0 for P n R. Since P0 is X- fini te, P0R[x] is Y- fini te. Let F be the ring

R[jc]/F0R[jc]. Let F be the image of F in F, and let 7 be the image of Y in Spec T.

It is easy to verify that F is Y-finite if and only if P is y-finite.

We may assume then that P0 is the zero ideal so that R is an integral domain. Let

K he its quotient field. Then FR"[jc] is a principal ideal; we may assume that it is

generated by a nonzero element / of P. If s is the leading coefficient of /, division
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shows that FRJjc] is already principal (and generated by/). Now s is not in F, so

(s, P) is a y-finite ideal. We can choose elements a,,... ,an in R[jc] and &,,... ,bn in

P so that /0 = (axs + bx,.. -,ans + bn) has the same y-radical as (s, P). Let /be the

ideal generated by / and the b/s. I is contained in P; we claim / has the same

y-radical as P.

Suppose that Q is an element of Y which contains /. If s is in Q then /0 is

contained in Q, so that (s, P) is contained in Q. If s is not in Q then ßR^x] is a

prime ideal of Rs[x] which contains/and therefore contains PRs[x]. In either case

Q contains F and so P is y-finite.

Corollary. Let e: R -» F ¿>e a homomorphism of rings which makes T a finitely-

generated R-algebra. Let X be a noetherian subspace of SpecR, and let Y be

[Q G Spec F | e"'(Ö) G X). Then Y is noetherian.

Proof. By induction; subspaces of noetherian spaces are noetherian.

Corollary. Let R and R' be rings such that R' is a finitely-generated R-module. If

R is j-noetherian then so is R'.

Proof. Any maximal ideal of R' contracts to a maximal ideal of R.
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