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PICONE-TYPE THEOREMS FOR SEMIDISCRETE

HYPERBOLIC EQUATIONS

KURT KREITH1

Abstract. A comparison theorem of Picone-type is established for hyperbolic

boundary value problems by means of a semidiscrete approximation.

For ordinary and elliptic partial differential equations the familiar Sturm compari-

son theorem is readily extended to the more general Sturm-Picone Theorem [5].

However, in the case of hyperbolic partial differential equations a corresponding

generalization poses significant difficulties. A likely explanation for these difficulties

is that the usual proof of the Sturm comparison theorem is essentially an adjoint

calculation [2] while the various proofs of the Sturm-Picone Theorem make use of

tools from the calculus of variations. It is the lack of such variational tools in the

hyperbolic case which precludes a direct generalization of familiar techniques.

On the other hand, there is strong physical motivation to suggest that Picone-type

theorems should exist in the hyperbolic case. The equation

(1) (m(x,t)u,),- (a(x,t)ux)x+p(x,t)u = 0

represents the «-displacement of a string of density m(x,t) and tension a(x, t),

subject to a linear restoring force p(x, t)u. Given a second string

(2) (M(jc, t)U,), - (A(x, t)Ux)x + P(x, t)U = 0

which is subject to a significantly larger restoring force (i.e. with P » /»), it is

reasonable to expect that (2) will, in some sense, oscillate faster than ( 1 ).

The case where M = m and A = a corresponds to the Sturm comparison theorem

and has been dealt with by several authors [2,4,6]. A Picone-type theorem has been

established in [3] in case M and m are independent of jc while A and a are

independent of t. These assumptions allow for a generalized Liouville transformation

which reduces the problem to the case A = a and M = m.

The purpose of this note is to present another technique which applies in a more

general setting. While we assume that 0 < M(jc, /) = w(jc, t), we shall allow for a

general A(x, t) ¥= a(x, t). (In case M and m are independent of x, the change of

variables t = Mt/m can always be used to achieve the equality M = m.) Our
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principal tool is a semidiscrete approximation to (1) and (2) corresponding to a

system of discrete masses in place of a continuous string. The convergence of such

semidiscrete approximations to the continuous solution is established in [1] and will

not be considered here. However the (physically plausible) fact that such conver-

gence takes place will be an implicit assumption in what follows. It is also assumed

that all coefficients are continuous and that solutions are C2 functions which satisfy

the equaion in the classical sense.

Theorem. Let u(x,t) andv(x, t) be nontrivial solutions, respectively, of

(3) (m(x,t)u,),- (a(x,t)ux)x+p(x,t)u = 0,

and

(4) (m(x, t)v,), - (A(x, t)vx)x + P(x, t)v = 0,

in a rectangular domain D — {(x, t): Xx < jc < X2, 0 < t < T}. Suppose further that

u(x, t) is positive in D and that u and v satisfy the boundary conditions

Mx(a;,/) + (-i)'0,mU,O = o,     í= L,2;0«i«r,

u(x,0) = u(x,T) = 0,        XX<X<X2,

vx(Xi,t) + (-iyTiV(Xi,t) = 0,     i= 1,2,0 <t<T.

If
(i)P<,T, = 0|< CO,
(ii) a(jc, t) > A(x, t) > 0 in D, and

(iii) P(jc, t) - p(x, t) > 2[a(jc, i) - ^(jc, t)] in D.

Then v(x, t) has a zero in D.

Proof. Replacing the continuous variable x by discrete jc, = Xx + (i/n)(X2 — Xx),

i = 0,...,«, one obtains the semidiscrete systems

(3')     (m:(t)u:)' = -P,(t)u, + al_u(/K«i-i " «/) + «i.i+i(/)(«,+ 1 ~ «/),

and

(4')     (m,.(0o;)' = -P,(t)v, + ^-,,,(0(0,-1 - o,) + Ai>i+1(t)(vi+x - v,),

where u0 = v0 — 0 = u„ = vn and 1 < i < « — 1. Introducing the column vectors

u = col(U|,...,«„_,) and v = col(u,,.. .,«„_,) we can rewrite (3') and (4') as matrix

systems

(3") (M(t)u')' = g(t)u,

and

(4") (M(t)y')'= G(t)x,

where M(t) — diag(w,(0»- • • >w„-i(0) an<3 g(l) is a symmetric matrix with

Si, = -Pi - a,-\.i - ai,i+1.        1 < i < « - 1,

gi.,+ 1 - gi+\,i = «M+l. 1 < i <« - 2,

g,. = 0   if|/-7|>l.
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The matrix G(t) is analogously defined when lower case letters are replaced by

capitals. Thus from (3") and (4") we readily obtain the identity

(5) p[v ■ A/u' — u -Mv']' = v  gu — u • G\ = v • (g — G)u.

Suppose now, to the contrary, that (4) has a solution v(x, t) which is positive in D.

Then for sufficiently large n, v¡(t) > 0 for all i, 1 < i < « — 1. Integrating (5) from 0

to T, it follows from u(x, 0) = «(jc, T) — 0 that the left side of (5) yields a negative

value. The desired contradiction is obtained by showing that

fT\- (g- G)udt>0.

Here hypothesis (ii) assures that the off diagonal terms a, I+1 — Aii+X of g — G

are nonnegative while hypotheses (i) and (iii) assure that a0_, = A0J; an_, „ = An_, „

and that P¡ — pi s* a^u + aii+x — A¡_Xi — Aii+X for 1 < /' < n — 1. Thus the hy-

potheses of the theorem assure that the entries of g — G are nonnegative, and this

completes the proof.

Remarks. (1) By way of application, it is natural to choose (3) in the form

(m(t)ut),-(a(x)ux)x+p(t)u = 0

so that a separation of variables yields rectangular nodal domains of the type

required in the theorem. The strength of the theorem lies in the fact that equation (4)

can be of quite general type.

(2) The hypothesis a > A in the theorem reverses the corresponding hypothesis

A > a required in [3]. However any strict inequality a > A must now be com-

pensated for by a physically plausible requirement of the form P » p.
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