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ON REGULAR-INVARIANCE OF CONTINUITY

R. g. ori' and M. RAJAGOPALAN

Abstract. Let ( X, a ) be a given topological space. A compression t of a is

regular-invariant if and only if for every regular space Y the 0-continuous functions

into Y are also T-continuous. a is regular minimal if no proper compression of o is

regular-invariant. J. A. Guthrie and H. E. Stone posed the problem of whether every

semiregular space is regular minimal. We answer this question in the negative.

We begin by recalling a few definitions. Let (A, a) be a toplogical space. By a

compression t of a we mean a topology (on X) that is coarser than a. A compression

t of a is regular-invariant if for every regular space Y the a-continuous functions into

y are also T-continuous. a is regular minimal if no proper compression of a is

regular-invariant. Finally a toplogical space is semiregular if it has a base of regular

open sets. Katetov [2] showed that every regular minimal space is semiregular. In [1]

J. A. Guthrie and H. E. Stone asked if every semiregular space is regular minimal.

We shall give an example to show that this is not true in general. Let X — [0, 00) X

[0, 00) - {0} X (0, 1), and let z denote the point (0,0). We now define a topology on

X by specifying a base for the neighborhoods of each point of X: Let the

neighborhood base of the point z consist of sets of the form {z} U (0, l/n) X [0,1),

n E N. For every other point p ^ z let the neighborhood base consist of the sets

S(p, l/n) n X, n E N, where S(p, l/n) is the open disc (in R2 with the Euclidean

topology) of radius l/n and centre p. We denote the resulting topology on X by a.

Clearly, ( X, a) is a semiregular space.

We claim that (X,a) is not regular minimal: Firstly we define another topology

on X by specifying the sets {z} U (0, l/n) X [0,1 + l/n), n E N, to be a base for

the neighborhoods of z while the neighborhood base for points p ¥=■ z is the same as

for a. Denote the resulting topology on X by t. Note that t is a compression of a.

Now let (Y, /i) be a regular space and let /: (X,a)-*(Y,p) be a continuous

function. We claim that/is T-continuous.

Proof. It suffices to prove continuity of / at the point z only. Let V be an open

subset of y such that z E f~x(V). Since (Y, p) is regular there exists an open subset

W of y such that/(z) G WEWEV. Therefore z Ef~\W)Ef-\W) Ef~\V).
Since/is a-continuous there exists a basic open subset B = {z} U (0, l/n) X [0,1),
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for some n E N, such that B Ef~\W). It follows that

cl0(B) = {z} U (0,1/«) X [0,1] Ccl0(/-,(W)) Ef-\W) Ef-\V).

In particular, we have that the set C = [0,1] X {1} Ef~\V). Therefore, for every

point p E C there exists an integer n(p) E N such that C E U cS(p, l/n(p)) C

f'x(V). Since C is compact in (A, a), there are a finite number of points px,

p2,... ,pm in C such that

m

CE US{Pi,l/n(p,)).
(=1

Let r = max{«, n(px),... ,n(pm)}. It follows that

{z} U(0,l/r)x[0,l + l/r)Ef-\V),

and this proves that/is x-continuous at (0,0).
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