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OSCILLATION OF LINEAR
SECOND-ORDER DIFFERENTIAL SYSTEMS1

MAN KAM KWONG, HANS G. KAPER, KAZUO AKIYAMA AND

ANGELO B. MINGARELLI2

ABSTRACT. This article is concerned with the oscillatory behavior at in-

finity of the solution y: [a, oo) —» Rn of a system of second-order differential

equations, y"(t) + Q(t)y(t) = 0, t G [a, oo); Q is a continuous matrix-valued

function on [a, co) whose values are real symmetric matrices of order n; it is

Q(s) ds tends to infinity

as t —> oo. Various sufficient conditions are given which guarantee oscillatory

behavior at infinity; these conditions generalize those of Mingarelli [C.R. Math.

Rep. Acad. Sei. Canada 2 (1980), 287-290, and Proc. Amer. Math. Soc. 82

(1981), 593-598].

1. Introduction.  We are concerned with the differential equation

(1.1) y"(t) + Q(t)y(t)=0,        tE[a,œ),

for a vector-valued function y: [a, oc) —> Rn. here Q is a continuous matrix-valued

function on [0, oo), whose values are real symmetric matrices of order n.

Two points a, ß E [a, oo) are said to be conjugate relative to (1.1) if there exists

a nontrivial function y which satisfies (1.1) and vanishes at a and ß. Equation (1.1)

is said to be oscillatory at infinity if, for any point a E [a, oo), there exists a point

ß E (q,oo) such that a and ß are conjugate relative to (1.1). We use the notation

Qm(t) to denote the matrix whose elements are the m times repeated integrals over

the interval [o, t] of the corresponding elements of Q{t):

(1.2) Q0{t) = Q{t);    Qm{t)= [ Qm-i{s)ds,        m = 1,2,....
Ja

It has been conjectured (see Hinton and Lewis [5]) that (1.1) is oscillatory at

infinity whenever

(1.3) lim Ai{Q1(i)} = oo,
t—*oo

where Aj{-} denotes the largest eigenvalue of the matrix inside the braces.   This

conjecture was studied recently by Mingarelli [8, 9], who proved that the oscillation
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of (1.1) follows indeed from (1.3) provided either of the following two conditions is

satisfied:

(1.4) liminfí_1trQi(í) > -oo,

(1.5) liminfr1trQ2(i) >
t—>oo

-OO.

Here, tr denotes the trace of the matrix. In this article we show that these conditions

are stronger than necessary.

In [8, 9], as in the majority of work on systems of differential equations (cf., for

example, Coppel [3, Chapter 2] or Reid [10, Chapter VII]), solutions of (1.1) are

studied by means of the prepared or conjoined solutions of the associated matrix

differential equation, i.e., solutions Y (n x n matrix-valued functions of i) of the

equation

(1.6) Y"(t)+Q(t)Y{t)=0,        tE[a,oo),

for which y'(í)F-1(í) is selfadjoint (Hermitian). Given a solution Y of (1.6), one

can define a matrix-valued function R by the expression

(1.7) R(t) = -Y'(t)Y-1(t).

This function satisfies a Riccati equation of the form

(1.8) R(t) = R(a)+ f Q(s)ds+ f R2(s)ds,        tE[a,oo).
Ja Ja

In particular, if F is a conjoined solution of (1.6), then R is a selfadjoint matrix-

valued solution of (1.8), and vice versa. It can be shown that, if R(a) is selfadjoint

(real), then the matrix R(t), which is uniquely determined by (1.8), is selfadjoint

(real) for all t for which it is defined. Of course, the matrix R(t) may blow up

at a finite value of t. This happens when the corresponding matrix Y(t) becomes

singular.

As Etgen and Pawlowski [4] have shown, (1.1) is nonoscillatory at infinity if

and only if (1.6) has a nonsingular conjoined solution on [a, oo). (More precisely,

(1.1) is nonoscillatory at infinity if and only if (1.6) has a nonsingular conjoined

solution on [an, oo) for some an. > a. However, as a in (1.1) is arbitrary, there is

no loss in generality if we take an and a to be the same point.) Hence, a necessary

and sufficient condition for (1.1) to be nonoscillatory at infinity is that (1.8) has a

continuous selfadjoint solution on [a, oo). It is the latter criterion that we shall use

to study the oscillatory behavior of the system (1.1).

In the next section we show how the condition (1.3) leads to the Riccati inequality

(2.14) for the scalar quantity r(t) = tr R(t). (In fact, any positive continuous linear

functional on the space of real symmetric nxn matrices can be used instead of the

trace to define the function r.) We then use recent results of Kwong and Zettl [6,

7] on the oscillation of scalar equations to establish a set of conditions weaker than

(1.4) and (1.5) under which the condition (1.3) leads to oscillation of the system

(1.1). Our main results are formulated in §3.
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2. A scalar Riccati inequality.  We begin by rewriting (1.8) in the form

(2.1) R{t) = R(a) + Qi{t)+ f R2(s)ds,        t>a.
Ja

By taking traces of both sides of the equation we obtain the scalar equation

(2.2) trR(t)=trR(a)+tiQi(t)+      trR2(s)ds.
Ja

Now suppose (1.3) holds, i.e.,

(2.3) lim Ai{Qi(í)} = oo.
t—*-oo

Then also Xi{R(a) + Qi{t)} —> oo as t —> oo, and given e > 0 we can find a value

to such that

(2.4)' Ai{Ä(a) + Qi(*)}>(l-6)Ai{Qi(*)},        t>t0.

In particular, by increasing to if necessary, we can achieve that \i{R(a) + Qi(t)} is

positive for all t > to- Furthermore, because the last term in (2.1) is nonnegative,

we have the inequality

A1{iü(t)}>A1{Ä(a) + Q1(t)}.

Hence,

(2.6) trÄ2(t) = ¿ \2{R(t)} > A?{Ä(i)} > (1 - e)3A?{Qi(í)}
¿=i

for all í > ¿o- We use this estimate to derive an inequality for the scalar quantity

trR(t) from (2.2).

To this end we split the integral term in (2.2),

(2.7) j   trR2{s)ds = e f tr R2(s)ds + (1 - e) Í tr R2(s)ds.
Ja Ja Ja

Assuming í > to and ignoring the contribution from the interval [a, to] to the last

integral, we estimate the remainder by means of (2.6),

(2.8) (!-£)/" trR2(s)ds>{l-e)3 f A?{Qi(s)}ds.

In the first integral in the right member of (2.7) we use the simple estimate

trA2(t)>¿4(í)>i(trA(í))2

to obtain the inequality

(2.9) £ / tr R2(s)ds > - f (tr R{s))2 ds.
Ja n Ja
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Thus, combining the equations (2.2) and (2.7) with the inequalities (2.8) and (2.9),

we find

trR(t) >trQ1(t)+trR(a) + (l-e)3 /  A?{Qi(s)}ds

(2.10) t Jt0

+ - [ (trR{s))2ds.
n Ja

This inequality holds for all t > to. Since Ai{Qi(t)} —> oo as t —> oo, the second

term in the right member can be absorbed in the third term and the integral in the

third term can be extended to an integral over the interval [a, t]. Thus

(2.11) trR(a) + (1 - ef j \\{Qi(s))ds > (1 - e)A Í A?{Qi(«)}dfl,
J to Ja

provided t is sufficiently large, t > ti say. Hence, if we let 6 = (1 — e)4, replace e

by ne, and define

(2.12) r(t) =trR(t), t > a,

(2.13) f{t) = trQ1(t) + 6 f \2{Qi(s)}ds,        t > a,
Ja

then r(t) satisfies the scalar Riccati inequality

(2.14) r(t)>f(t)+efr2(s)ds,
Ja

for all t > ii.

REMARK The inequality (2.14) remains valid if, instead of the trace, we use any

positive continuous linear functional on the space of real symmetric nxn matrices

to define the function r. Applying such a functional, <j> say, to both sides of the

equation (2.1), we obtain, instead of (2.2),

(2.2') 0(A(t)) = ¿(A(a)) + ¿(Qi(í))+ / cp{R2{s))ds.
Ja

As shown by Akiyama [1], any continuous positive linear functional on the cone

of nonnegative real symmetric matrices is equivalent with the trace functional.

Hence, there exists a positive constant c, which depends only on <t>, such that

(f)(R2(t)) > c tr(R2(t)). Instead of (2.6) we have therefore the inequality

(2.6') (p(R2(t))>c(\-e)2\2{Qi(t)}

for all t > to- The analogue of (2.7) is

(2.7') Í <p{R2{s))ds = e í 0(fí2(s))ds + (1 -e) / 4>{R2{s))ds.
Ja Ja Ja

Here we use (2.6)' to estimate the last integral. In the first integral we use the

elementary inequality

^(^^(/rvwt)))2,
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r f (cb(R(s)))2 ds.
Ja

where / is the n x n identity matrix. Thus we obtain, instead of (2.10),

0(it(t)) >4>(Qi(t)) + </>(R(a)) + e(l - e)3 f \¡{Qi(s)}ds

(2.10')
e

m
Now,

(2.11') cp(R(a)) + c(l - e)3 f Af{Qi(a)}ds > c(l - e)4 / A2{Qi(s)}ds
J to Ja

for t > ti, so if we let S = c(l — e)4, replace e by (¡>(I)e, and define

(2.12') r(t) = (j)(R{t)),        t>a,

(2.13') /(í) = 0(Qi(í))+¿ f Xl{Qi(s)}ds,        t>a,
Ja

then (2.14) holds again.

Throughout the following analysis the trace functional can therefore be replaced

by any positive linear functional <j> on the space of real symmetric n x n matrices.

This more general approach was taken by Akiyama [1] in his study of second order

systems.    D

Inequalities of the type (2.14) have been studied extensively by Kwong and Zettl

[6, 7] in connection with the oscillation theory of scalar second-order equations.

These authors established several criteria (in terms of the function /) which are

sufficient to show that the inequality (2.14) is incompatible with the existence of a

continuous function r on the entire half-line. We mention only the following:

(i) There exists a measurable subset J of [a, oo) with mes J = oo, such that

(2.15) lim    /(f) = oo.

(ii) There exists a measurable subset J of [a, co) with mes J < oo, such that

(2.15) holds and

(2.16) [(fit))"1 at = oo

for some 7 E (0,1).

(iii) There exists a weight w E J\ such that

(2.17) lim inf/„,(*)>-00,
t—>oo

where /„, is the weighted mean of / relative to w,

fw(t) = j   f(s)w(s)dsf I   w(s)ds,        t > a,
Ja I   Ja

and, furthermore,

(2.18) lim   [ [f{t) - X]2+ dt = 00
Ja
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for every A G R, where [x}+ = max{:r,0}. Here, 7i is a family of weight functions

introduced by Coles and Willett [2], which includes polynomial functions that are

strictly positive on [a, oo).

(iv) There exists a weight w E Jo such that

(2.19) limini fw{t) > -oo
t—»oo

and

(2.20) \im sup fw{t) = oo.
t—>oo

Here, Jo is another family of weight functions introduced by Coles and Willett [2],

which still includes polynomial functions that are strictly positive on [a, oo), but

which is smaller than the family 7\. (In [7] it was shown that this criterion is a

special case of the previous criterion.)

In the next section we shall apply these criteria to obtain oscillation results for

the system (1.1).

3. Main results.  Our main result is contained in the following theorem.

THEOREM. Suppose (1.3) holds. Then (1.1) is oscillatory at infinity if, for some

S E (0,1), the function f defined in (2.13) satisfies one of the following conditions:

(i)   The set J = {t E [a, oo):/(t) > 0} has infinite measure.

(ii)   The set J = {t E [a, co]: /(t) > 0} has finite measure and fjifit))1 di = co

for some 7 E (0,1).
(iii)   The conditions (2.17) and (2.18) hold for some w E Ji-

(iv)   The conditions (2.19) and (2.20) hold for some w E Jo-

PROOF. Suppose (1.3) holds. Then either (1.1) is oscillatory at infinity or there

exists a function r which is defined and continuous on the half-line [a, co), such that

(2.14) holds for all sufficiently large t. The latter possibility is excluded by each of

the criteria (i) through (iv).    D

Because Ai{Qi(t)} will eventually be larger than any given constant, our result

has the following weaker, but simpler, corollary.

COROLLARY l. The theorem remains valid if the function f is replaced by the

function /1,

(3.1) /i(f)=trQi(t) + cf,        t>a,

where c is any positive constant.

To relate our results to those of Mingarelli [8, 9] we restate parts of Corollary 1.

COROLLARY 2. Suppose (1.3) holds. Then (1.1) is oscillatory at infinity if, for

some constant c,

(3.2) tr<2i(t)>-cf

on a set of t with infinite measure.

COROLLARY 3.   Suppose (1.3) holds.  Then (1.1) is oscillatory at infinity if

(3.3) liminft"2trQ2(i) >-00.
t—>oo
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PROOF. If (3.3) holds, then there exists a constant c > 0 such that

t~ltrQ2(t) + -ct>0,        t>a.

Hence,

(tr Qi(s) + cs) ds > -ct.

The corollary follows from Corollary 1. (Take w[t) = t in (2.19) and (2.20).)    D

COROLLARY 4.   Suppose (1.3) holds.  Then (1.1) is oscillatory at infinity if

liminff-m-2tr / smQ(s)ds > -co
Ja

for some integer m (m = 1,2,...).

PROOF. The proof is the same as for Corollary 3. (Take w(t) = tm.)    D

An example to which Corollary 2, but neither Corollary 3 nor Corollary 4, applies

is given by tr<3i(f) = tmsint, where m > 0.

In conclusion, we mention that the same method can be used to investigate the

oscillatory behavior of (1.1) at infinity if, instead of (1.3), one assumes that there

exists a measurable set J C [a, co) of infinite measure, such that

(3.4) lim     Ai{Qi(í)} = co.
t£ J.t—»oo
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