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ON SYMMETRY OF BANACH JORDAN ALGEBRAS

B. AUPETIT1 AND M. A. YOUNGSON

ABSTRACT. Using a very simple subharmonic argument we prove that a

Banach Jordan algebra is Hermitian if and only if the sum of two positive

elements is positive. We apply this result to give a characterization of Banach

Jordan algebras with involution which are JB*-algebras for an equivalent norm.

If B is a complex Banach algebra with involution, the Shirali-Ford theorem

states that every selfadjoint element of B has real spectrum if and only if x*x has

positive spectrum for every x in A. In particular this theorem implies that such

an algebra has many Hilbert space representations. The corresponding problem in

Banach Jordan algebras is also important as if a Hermitian algebra is symmetric

it is possible to make use of the representation theory for JB-algebras given by

Alfsen, Shultz and St0rmer in [1]. A solution to this problem was given by Behncke

in [5] but the argument he used, while containing a nice idea, is rather long. The

aim of this paper is to give a simple proof of Behncke's result using a subharmonic

argument and to give an application to the characterization of JB*-algebras.

Instead of working with real Banach Jordan algebras throughout this paper we

shall let A denote a complex unital Banach Jordan algebra with involution and S

shall denote the real linear subspace of selfadjoint elements of A. As for Banach

algebras, if o G A one can define the spectrum and spectral radius of a; these will

be denoted by Sp(a) and p(a), respectively. Some standard properties of Sp(o) and

p(a) are given in [4 and 8], for example. Each a G A induces a linear operator Ua

on A defined by Ua(b) = 2a(ab) — b(a2). It is shown in [7] that a is invertible if and

only if Ua is invertible and further that a and b are invertible if and only if Uab is

invertible.

We recall from [4] that if D is a domain in the complex numbers C and /: D —► A

is an analytic function then A —> p(f(X)) is a subharmonic function.

LEMMA. Let D be a domain in C containing [0,1] and let f: D —> A be an

analytic function. If a < b < c < d are real numbers such that Sp(/(t)) C [a, b]\j[c, d]

for all t G [0,1] and Sp(/(0)) C [a,b], then Sp(/(i)) C [a,6] for all t G [0,1].

PROOF. We may assume that a > 0. Let E = {t G [0,1]: Sp(/(t)) C [a,b]}. We

first show that E is open in [0,1]. We assume conversely that there exist to G E

and a sequence (tn) in [0,1] converging to to with tn <£ E for all n G N. Hence

there exists an G Sp(/(ín)) n [c,d] for all n G N. By passing to a subsequence if
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necessary, we may assume that (an) converges to some a G [c, d]. Thus a — f(to) is

an invertible element which is the limit of a sequence (an — f(tn)) of noninvertible

elements. This contradicts the fact that the set of invertible elements is open. Hence

E is open in [0,1]. Let 7 = Sup{r G [0,1], [0,r] C E}. As E is open, 0 < 7 < 1.

Further [0,7) C E and because A —► p(f(X)) is subharmonic and [0,7) is nonthin

at 7 (see [2, pp. 170-171]) we have

P(f(l)) = limsup{p(/(r)): r < 7} < b.

hence 7 G E and so as E is open in [0,1], we have 7=1 and the result follows.    D

Using a similar argument (see [2, p.  34]) with subharmonicity of A —► p(f(X))

it is possible to prove the analogue of Newburgh's theorem [2, p.  8, Theorem 4]

for Banach Jordan algebras which of course implies this lemma.  We can also use

directly the stronger result on the disintegration of analytic multivalued functions

given in [3, Theorem 3.14].

We now prove Behncke's result. We follow the same method of proof as he does

initially but by our introduction of analytic functions and the use of the lemma we

avoid his rather complicated calculations.

THEOREM.   The following are equivalent:

(i) A is Hermitian, that is, if h G S then Sp(h) C R;

(ii) if h,k G S have positive spectra then so has h + k;

(iii) x*x has positive spectrum for all x in A.

PROOF. The implications of (ii) implies (iii) and (iii) implies (i) are easy and

so we only show that (i) implies (ii). Suppose conversely that there exist h,k > 0

such that h + k does not have positive spectrum. Then there exists 7 > 0 such that

h + k + 7 is not invertible. Since h + 7/2 and k + 7/2 are positive and invertible

we can find invertible a and 6 in A such that a2 — h + 7/2 and b2 = k + 7/2

and the spectrum of a and b is positive. Now Ua(l + Ua-i(b2)) = a2 + b2 is not

invertible in A while o is invertible. Hence 1 + Ua-i(b2) is not invertible which

means that —1 G Sp(í7a-i(62)). Let /: C —> A be the analytic function defined by

/(A) = Ua-i((l - X)b2 + A). As (1 - A)62 + A is invertible for 0 < A < 1 the upper
semicontinuous functions A —> p(f(X)) and A —> /»(/(A)-1) are bounded on [0,1]

and so there exist 0 < a < 1 < ¡3 such that Sp(/(í)) C \-ß, -a]U[a, ß] for t G [0,1].

However Sp /(l) = Sp(o"2) C [a,ß] while -1 G Sp(/(0)) which contradicts the

result of the Lemma.    □

It follows easily, as indicated in [5], that if A is Hermitian and h,k G S then

p(h + k) < p(h) + p(k) and p(hk) < p(h)p(k). Moreover the set of positive elements

is closed in the set of selfadjoint elements. Using these results we can improve the

characterization of JB'-algebras in an equivalent norm given in [8]. We recall that

A is a JB*-algebra if for every x in A we have ||C/x(x*)|| = ||x||3. It is easy to check

that if A is a JB*-algebra and h G S then ||exp(î7i)|| = 1. This establishes part of

the following Corollary.

COROLLARY. A is a JB*-algebra in an equivalent norm if and only if there

exists a constnt C > 1 such that \\exp(ih)\\ < C for all h G S.

PROOF. By the remark above we need only show that A is JB*-equivalent if

the given condition holds.   Ii h G S then ||exp(z'n/i)|| < C for all n G I.   Thus
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p(exp(ih)) = p(exp(—ih)) = 1 and so Sp(h) C R. By our theorem and the preced-

ing remarks p is subadditive on S. We now show that the McCrimmon radical of

A is zero. If x G Rad A then h = (x + x*)/2 and k — (x — x*)/2i are also in Rad A.

Hence p(h) = p(k) = 0. However by an argument similar to part of the proof of

[8, Theorem 11], the closed subalgebra generated by h and 1 has an equivalent

algebra norm ||| ||| such that p(h) = \\\\h\\\\ and \\\h\\\ > C-2\\h\\. Hence h = 0 and
similarly k = 0 and so x = 0. Thus by [4, Corollary 3], the involution is continuous

and the desired result holds by [8, Theorem 11].    D
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