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SMOOTH GROUP ACTIONS ON SPHERE BUNDLES
OVER SPHERES AND ON BRIESKORN MANIFOLDS

MIKIYA MASUDA1

ABSTRACT. This paper solves one of the problems in [2] proposed by M.

Davis. Our result asserts that natural smooth actions on certain sphere bun-

dles over spheres are distinct from those on certain Brieskorn manifolds. Be-

sides this an alternative proof to a result of Davis is given which seems rather

more direct than his proof.

0. Introduction. Let A stand for either the quaternion or Cayley numbers

(denoted by H or O respectively). For each pair of integers (h,k), let En,k(A) be

the manifold formed by identifying two copies of A x A via the diffeomorphism of

(A-W),
,    ,       ( u    uhvuk\

(u,v)^(u,v)=[^,wr^

The natural projection En,k(A) —» AP1 induced by the projection of A x A to the

first factor gives En,k(A.) the structure of a vector bundle over AP1 where AP1 is

the A-projective line.

Let 5/i,fc(A) be the total space of the unit sphere bundle of 2?/^(A). Since the

group of Ä-algebra automorphisms of A, written GA, naturally acts on Sh,k(A), we

get a series of GA-manifolds Sh,fc(A). Here, as is well known, GA = SO(3) if A — H

and GA = G2 (the exceptional compact Lie group of rank 2) if A = O.

On the other hand, for each positive integer m, there is a Brieskorn manifold

E??+1 defined as
fit

E2^1 = {(w, z0,..., zd) E Cd+2\wm + z2 + ... + z2=0}n S2d+3

where d — dim^ A — 1. This supports an 0(eZ)-action which operates linearly on

the last d-coordinates. Since GA can be naturally regarded as a subgroup of 0(d),

we get another series of GA-manifolds E2^"1"1.

M. Davis observed in [2] that their orbit spaces have the same structure if and

only if h + k = ±m and posed the following problem (Problem 6 on p. 83 of [2]).

Problem. Is E^+1 GA-diffeomorphic to Sh,fc(A) with h + k = ±m?

The following theorem settles the problem.

THEOREM A. E2^-1-1 is GA -diffeomorphic to Sn,k(A) if and only ifm=l and
{h, k} = {±1,0} as a set.

REMARK. When m = 1 and {h, k} = {±1,0}, it is easily checked that they are

isomorphic to a linear action on S2d+1.
-
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In this paper we have one more aim.

Let G7(SO(2)) (the notation is due to [2]) be the set of equivariant diffeomor-

phism classes of all oriented homotopy 7-spheres with a semifree S1 -action whose

fixed point set is diffeomorphic to the standard 3-sphere. It is known that the

equivariant connected sum around a fixed point gives it a group structure and that

this group is infinite cyclic (see §2).

As is easily checked, Sh,k(H) with the above semifree 51-action belongs to

G7(SO(2)) if and only if h + k = ±1. Under these circumstances there is the

following interesting result obtained by Davis.

Theorem B (Proposition 7.15 of [2]). S2^i(H) with the above semifree

S1-action is exactly a generator ofCj(SO(2)).

This theorem is used in [4] to show the existence of an orientation preserving

smooth involution on every homotopy CP3.

Our additional aim is to give an alternative proof to Theorem B which seems

rather direct.

This paper is organized as follows. In §1 Theorem A is verified. In §2 we recall the

Montgomery-Yang correspondence and state a known result concerning it. Making

use of it, an alternative proof of Theorem B is given in §3.

Throughout this paper we always remain in the C°°-category.

1. Proof of Theorem A. We first treat the case where A = H. In this case,

GA = SO(3) and the subgroup of G fixing the complex numbers of H is a circle

subgroup. Hereafter, on Sn,k(H) we always consider the 5x-action given by the

restriction to this circle subgroup of SO (3), and on E7^ the restricted action of

S1 (= SO(2)) which rotates the last two coordinates. To verify the theorem in the

case where A — H, it is sufficient to show that Sn,k(H) (h + k = ±m) and Y?m

are not equivariantly diffeomorphic as the 51-manifolds because any of the circle

subgroups of SO(3) are conjugate to each other by the maximal torus theorem.

We notice that these Sl -actions are semifree and that their fixed point sets are

both diffeomorphic to the 3-dimensional lens space of type (m, 1). The normal

bundle £ of each S^-fixed point set has a unique complex structure induced from

the 51-action such that g*w — gw for g E S1 EC, w E £. Hereafter we always

understand that a normal bundle of an S^fixed point set is endowed with the

complex structure in this way.

We shall investigate their Chern classes. The following lemma is not difficult to

prove and the proof is left to the reader.

LEMMA 1.1. The complex normal bundle of the S1-fixed point set in E7^ is

trivial, and hence it has the trivial Chern classes.

For Sn,k(H), however, it is not necessarily trivial as shown in the following.

Let Dh,k(H) be the total space of the unit disk bundle of En,k(H). Clearly

this also admits a semifree S ^action naturally extending the one on Sn,k(H). We

denote by F the fixed point set of S1 on Dntk(H) and by S, which is a 2-sphere,

the subset of F defined by v = 0, v' — 0 (see Introduction).

Let v be the complex normal bundle of F and let v\s, v\dF be its restriction to

S, dF (the boundary of F) respectively.
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LEMMA 1.2.   The first Chern class ci(i^|s) of u\s is given by (h — k)-times a

generator of H2(S; Z).

PROOF.   For a quaternion number w, let indexed letters u>i and w2 represent

the complex numbers such that w = wi + w2j.

We note that there exist ^-invariant submanifolds of Dn,k(H) defined by

B = {v = 0,v' = 0}nDh,k(H),

C = {u2 = vi= 0, u'2 = v[ = 0} n Dh:k(H),

whose intersection is just S. (See Figure 1.)

C| /F

Figure 1

This means that u\s decomposes into the Whitney sum of two complex line

bundles vb and vq where ub (resp. uc) is the normal bundle of S in B (resp. C).

As is easily seen, vb is trivial and vc is isomorphic to the (h — fc)-times tensor

bundle of the canonical complex line bundle over S or to its dual bundle. This

proves the lemma.    Q.E.D.

Consider the commutative diagram (up to homotopy)
_

dF     ^+    S

F

where k,  A are the inclusions and tt,  W are the natural projections.   Since the

composition X o n induces the identity map in cohomology, it follows from the

naturality of characteristic classes and the (homotopy) commutativity of the above

diagram that

C\(v\öf) = K*Ci(l/) = K*It*\*Ci(v) - K*1t*Ci(v\s) = T*Ci(l>\s)-

Here, since Tt:dF —► S is an S1-bundle with the Euler class m-times a gen-

erator of H2(S;Z), the Thom-Gysin exact sequence of this bundle implies that

W*:H2(S;Z) -* H2(dF;Z) ~ Z/mZ is surjective. This fact, the above iden-

tity and Lemma 1.2 show that ci(v\dp) is given by (h - fc)-times a generator of

H2(dF; Z). Thus we have proved

LEMMA 1.3. If the complex normal bundle of the Sl-fixed point set in Sh,k(H)

is trivial, then the difference h — k must be divisible by m where h + k = ±m as

before.

Now suppose that T,m and Sn,k(H) are equivariantly diffeomorphic as S'1-mani-

folds.  Then Lemmas 1.1 and 1.3 mean that m must divide h - k.  On the other
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hand, Davis obtained a condition (h — k)2 = \h + k\ = m by computing their p-

invariants (see p. 83 of [2]). These show m = 1 and {h, k} = {±1,0}, which proves

the theorem in the case where k — H.

In the case where A = O, we notice that there exists a suitable circle subgroup

of GA = G2 such that the fixed point sets in Ej^ and Sh,k(0) are respectively

E^ and Sn,k(H), which still support 51-actions (note that the rank of G2 is two).

Therefore this case reduces to the previous one. The details are left to the reader.

2. Montgomery-Yang correspondence. In this section we review briefly the

correspondence discovered by Montgomery and Yang [5] and state a known result

concerning it. The reader is referred to [5] for details.

First we introduce an abelian group n: the group of diffeomorphism classes of

all homotopy CP3 (see p. 484 of [5] for the sum operation).

Let E be a representative of an element of C7(SO(2)) (See Introduction for

G7(SO(2))). The normal bundle of the S^fixed point set F(S1, E) has the complex

structure indicated in §1. We note that this bundle is trivial because F(S1, E) is a

3-sphere and ir2(U(2)) vanishes. This fact ensures the existence of an equivariant

embedding

iP:S3xD4^Z       (V>(S3x{0}) = F(S\E))

such that the 51-manifold E resulting from the equivariant surgery using ip becomes

a homotopy 7-sphere, where D4 stands for the unit 4-disk of C2 with the S1 -action

induced from the complex multiplication. Here the 51-action on E is free, and

hence the S^-orbit space E/51 is a homotopy CP3. The correspondence E —► E/S1

defines a map p: G7(SO(2)) —> n, which is the desired one.

Furthermore there is a map 7: n —> Z defined as follows: to X E Tí we assign

the integer i(X) determined by pi(X) = (4 + 24"y(X)):E2 where Pi(X) stands for

the first Pontrjagin class of X and x is a generator of H2(X; Z).

With these understood we have

THEOREM 2.1 [3,  5-7].   The maps p and^ are both isomorphisms.

REMARK. The isomorphism of p is established in [3 and 5], and that of 7 is due

to [6 and 7].

3. An alternative proof of Theorem B. Our aim in this section is to give

an alternative proof to Theorem B. By Theorem 2.1 it is sufficient to show that

the first Pontrjagin class of the homotopy CP3 obtained from S2i-i(H) through

the correspondence p is given by (4 ± 24)x2, where the sign before 24 depends on

a choice of orientations of S2¡-i(H). This is done in the following.

Let ip: S3xD4 —» S2t-i(H) be an equivariant embedding described in §2. Attach

D2-i(H) and D4 x D4 via ip and denote the resulting S^-manifold by N. The

boundary is a homotopy 7-sphere (S2t-i(H))~ with a free 51-action whose orbit

space (S2)-i(H))~/S1 is the desired homotopy CP3. Let L be the total space

of the 2-disk bundle associated with the ¿^-bundle (S2,-i(H))~ /(S2,-i(H))~ /S1.

Identifying the boundaries of N and L, we obtain a closed, connected and orientable

8-manifold M with a semifree 51-action. (See Figure 2.)

Observe that the 51-fixed point set consists of two connected components: one

of them is diffeomorphic to CP2, written Fi, and the other is (S2;-i(H))~/S1,
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written F2. Let 14 be the complex normal bundle of í¿ and express their Chern

classes as

c(ui) = (\ + ii)(\ + i2),    c(v2) = \ + x,

where the former is a formal expression. We remark that x is a generator of

H2(F2; Z) because it coincides with the Euler class of the S1-bundle (S2,-i(H))~ —>

(S2,-i(^))~/'S1 and (52,_i(ii"))~ is a homotopy 7-sphere.

Vi(H)

D^ô4

D2/_l(H)

(S2f_1(H))'Vs1 = F2

Figure 2

Choose an orientation on M arbitrarily and fix it. We take the orientation on í¿

compatible with the orientation of M and the fiber orientation of i/¿ induced from

the complex structure. The fundamental class of JF» is denoted by [F¿].

With these understood, applying the G-signature theorem (see [1]) to our S1-

manifold M, the signature Sign M of M is expressed as

SignM=4(1+P1(W12)(ä^)(ä^),„]

(     ' ite* + l\
+ 8(i+Pi(F2)/12)(JL±l)[F2],

where t is the standard complex one dimensional S1 -module.

We shall compute the right-hand side of (3.2). We first notice that pi(Fi) = 3a2

as Fi is diffeomorphic to CP2 where a is a generator of H2(Fi\Z).

On the other hand, an elementary calculation yields

tev + l _t + l ( 2t _t_ 2       ¿(t2 + 4¿ + 1)    g

te^î~ í-1 \      i-Py+ (t-í)2V      3(t-i)3(t + i)y

+  the higher terms in y > .

Using this expansion together with pi(Fi) — 3a2 for the right-hand side of (3.2),

it reduces to

SignM =-—L-{(f. + l)2e - 4tePl(F2)[F2]/3}

(3.3) [       '
+ jt~iY{Ue + (i + 1)2p "2(i2 + u + 1)x3fF2l/3>'

where p = pi(vi)[Fi), e = e(vi)[Fi] (e(-) stands for the Euler class) and £ — a2[fi].

We remark that e is equal to ±1 as a is a generator of H2(Fi\Z).
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We know that Sign M is a constant integer, so there must be no pole at t — 1

on the right-hand side of (3.3). This fact imposes the following condition:

(3.4) (xpi(F2) - Ax3)[F2] = -3(p + 2e - e).

Now consider the restriction of vi to a 2-sphere S defined in §1. Since the

inclusion from S to Fi induces an isomorphism of cohomology groups in degree

two, Lemma 1.2 means that ci(u\) = 3a up to sign. This and the general relation

Pi(-) = ci(-)2-2c2(-) = ci(-)2-2e(-) deduce p + 2e = 9e. Thus it follows from this

identity and (3.4) that

(xpi(F2) - 4x3)[F2] =-24s

which proves Theorem B as e = ±1.
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