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ON THE INTRINSIC TOPOLOGY
AND SOME RELATED IDEALS OF C(X)

O. A. S. KARAMZADEH AND M. ROSTAMI

ABSTRACT. The above topology is defined and studied on C(X), the ring

of real-valued continuous functions on a completely regular HausdorfT space

X. The minimal ideals and the socle of C(X) are characterized via their

corresponding z-filters. We observe that these ideals are z-ideals and X is

discrete if and only if the socle of C(X) is a free ideal. It is also shown that

for a class of topological spaces, containing all P-spaces, the family Ck{X) of

functions with compact support is identical with the intersection of the free

maximal ideals of C(X).

Introduction. Clearly every maximal ideal in any commutative ring with unity

either intersects every nonzero ideal nontrivially or else is generated by an idempo-

tent (in this case we call it isolated; see [10-13] for more details). The existence

of isolated maximal ideals of C(X) is equivalent to the existence of isolated points

in X, which plays a fundamental role in the study of some important topological

spaces (see [7, 22, 14]). In this paper we study the intrinsic topology on C(X) and

relate the density of the set of isolated points in X to some algebraic properties

of C(X). The minimal ideals and the socle of C(X), which is the sum of all the

minimal ideals (see [1]), are characterized via their corresponding 2-filters. The

equality of Gfc(X), the set of functions with compact support, with the intersection

of the free maximal ideals was first proved for discrete spaces by Kaplansky [9],

who asked if the equality holds in general. It is well known that the equality may

fail in general and Kohls [15], Gillman-Jerison [4], and Robinson [20] have proved

the result for P-spaces, realcompact spaces, and spaces admitting a complete uni-

form structure, respectively. We add a new class of topological spaces, larger than

P-spaces, to these. The realcompactness of a discrete space with cardinality less

than or equal to c (the cardinality of the reals) is proved in a very simple way.

In this paper we denote by X a completely regular HausdorfT space. If / G

G = C(X), then Z(f) denotes the set of zeros of /. If / is an ideal of C, then

Z[I] — {Z(f): f G 1} is a 2-filter. The Stone-Cech compactification of X is

denoted by ßX, and by |X| we mean the cardinality of X. The reader is referred

to [4] for undefined terms and notations.

1. Isolated points and isolated maximal ideals. We begin with the fol-

lowing well-known result.

PROPOSITION 1.1. A point x G X is isolated if and only if Mx = {f G
C: f(x) = 0} is an isolated maximal ideal of C.
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In the next result R is a commutative semisimple ring with unity.

PROPOSITION 1.2. M is an isolated maximal ideal of R if and only if M is
an isolated point in Max(R), the space of maximal ideals of R with the hull-kernel

topology.

PROOF. Let M = er?, where e = e2, be an isolated maximal ideal of R. Then

{M} = {M' G Max(fi): 1 - e ^ M'}. Conversely, if {M} is open in Max(fi), then

P = f]{M' G Max(fi): M' ¿ M} ¿ (0) implies P n M = (0) and P © M = fi, i.e.,
M is isolated.

REMARK 1.3. Using the above results, one can easily verify the well-known

fact that every isolated point of X is also isolated in ßX.

2. The intrinsic topology. Let Y be the set of isolated points of X, and for

each finite subset F of Y, let CF = {/ G G: PC Z(f)}. Now take the ideals of

the form Cf as a base for the neighborhood system of the zero element in C(X).

Clearly C with this topology is a topological ring (not necessarily HausdorfT). Since

every Cp is a finite intersection of isolated maximal ideals, this topology coincides

with the intrinsic topology introduced by Goldman [6] for arbitrary rings. From

now on we call it the In-topology on C(X). We denote the intersection of the

isolated maximal ideals by Jo. So Jo = G if Y — 0.

The next result relates the density of the isolated points in X to some algebraic

properties of C(X).

PROPOSITION 2.1.   For a topological space X, the following are equivalent:

1. The set of isolated points Y of X is dense in X.

2. The In-topology on C is Hausdorff, i.e., Jq = (0).

3. If S is the socle of C, then Ann(S) = {/ G C: Sf = 0} = (0).

PROOF. (l)->(2). Let Y = X and / G J0. Then clearly f(Y) = 0 implies

f(Y) Cf(Y)=0, i.e., / = 0.
(2)—>(3). Clearly every minimal ideal of G is generated by an idempotent, hence

S = Y^eeE © eC> where E is a set of idempotents in C. We note that eC is minimal

if and only if (1 — e)C is an isolated maximal ideal, and Ann(eC) = (1 — e)C. But

Ann(S) = f] Ann(eC) = f)(l-e)C = J0= 0.
e€E e€E

(3)—>(1). Clearly Ann(S) = 0 implies Jo = (0). Now suppose Y ^ X and seek

a contradiction. Let x G X — Y. Then there exists f G C such that f(Y) = 0,

f(x) ^ 0. But clearly f(Y) — 0 implies f G Jq = (0), a contradiction.
EXAMPLES. If X is either a countable Baire space (see [7, p. 16]) or a scattered

space (see [22, 14]), then the In-topology on G is Hausdorff. We note that if the

In-topology on C is Hausdorff, then X is a Baire space (see [7, p. 12]).

REMARK 2.2. Considering the isomorphism between C*(X) and C(ßX), one

can easily see that C(X) has a nontrivial In-topology if and only if C*(X) does. It

is also obvious that the In-topology on C(X) coincides with the relative topology

for C*(X).
Clearly every open ideal in the In-topology on C(X) is a finite intersection of

isolated maximal ideals and is generated by an idempotent. In the next result we

characterize closed ideals in this topology and note that our proof works for any

commuative ring with unity. In what follows, / is the closure of /.



INTRINSIC TOPOLOGY AND IDEALS ON C(X) 181

PROPOSITION 2.3. If I is an ideal in C(X), then either I = C or I is an

intersection of isolated maximal ideals.

PROOF. We note that if Y, the set of isolated points of X is empty, then I = C.

If Y + 0, then 7 = f]{I + CF: FÇY, F is finite}. But for each F, we have CF =
e\C Pi e2C n • • • n enC, where e¿G, i = 2,_n, are isolated maximal ideals. Now

if for each Cf we have / % eiC, i = 1,2,..., n, then / + e¿G = G, ¿=1,2.n.

implies I + Cf = C (see [24, p. 177]) and, hence, I = C. Therefore we assume that

for some Cp = eiG n e2C n • ■ ■ D enC, we have / Ç etG, for some 1 < i < n. Put

F = F\ U F2, where I Ç Cf¡ and / % Cf2- Now, by what we have already shown,

we have / + Cf2 — G and, since / Ç Cf¡ , therefore, / + Cf2 n Cf, = Cp, ■ Thus

/ + Cf = Cpl, which finishes the proof.

In what follows, by Cn(X) we mean Cn(X) = C(Cn-l(X)) and C°(X) = X.

Each Cn(X) with its In-topology is considered as a topological space.

PROPOSITION 2.4. The In-topology on Cn(X), Vn > 3, is the trivial one and

C2(X) has a nontrivial In-topology if and only if X is finite.

PROOF. If Cn(X) has a nontrivial In-topology for some n > 3, then Cn~l(X)

must have isolated points. This means that the zero ideal is open in the In-topology

on Cn^1(X), which shows that Cn~1(X) has only a finite number of maximal

ideals. Therefore Cn~2(X) must be finite, which is impossible. Now if C2(X)

has a nontrivial In-topology, then, by what we have just proved, X must be finite.

Conversely, if X is finite, then clearly C(X) is isomorphic with Rn = RxRx- ■ xR

(n times), where R is the reals. But the In-topology on Rn is discrete and therefore

the In-topology on C2(X) is nontrivial.

In [8] it is shown that the set of zero-divisors D of C(X) is the union of the

minimal prime ideals. In case the set of isolated points is dense in X, we have the

following, which shows that D is open in the In-topology on C(X).

PROPOSITION 2.5.   IfY, the set of isolated points of X, is dense in X then

D = {fGC: ynZ(/)/0}

= M{M: M is an isolated maximal ideal of C(X)}.

PROOF. Let 0 ^ / G D. Then there exists 0/gëC such that fg = 0. Now

there exists y G Y such that g(y) ^ 0. Hence f(y)g(y) = 0 implies y G Z(f).

Conversely, if Z(f) nV / Ö, for some / G G, then clearly / is contained in an

isolated maximal ideal. Thus / is a zero-divisor. The second equality is obvious.

Next we give an easy proof of the fact that every discrete space of cardinality

< c is realcompact.

LEMMA 2.6. Suppose A is the set of isolated points of X and \A\ < c. Now if

C(X) is isomorphic with C(Y), where Y is a discrete space, then X is also discrete.

PROOF. Since the In-topology on C(X) is Hausdorff, A is dense in X. Clearly

ßX is homeomorphic with ßY. Hence ßX and X are extremally disconnected. Since

|A| < c, there exists a one-one function f:A—> [0,1], which is clearly continuous

on A. But since X is extremally disconnected, A is C*-embedded (sec [4, 6M.2]).

Therefore there exists /' G C*(X) such that f'\y\ = f. Now we aim to show that

every P-point of X is isolated and, since X is a P-space, we are through. To this
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end lot x G X be a nonisolated P-point and seek a contradiction. By [4, 4L.3], /'

is constant on a neighborhood G of x. But X is Hausdorff, so G intersects A in

more than one point, a contradiction.

PROPOSITION 2.7.   Every discrete space X of cardinality < c is realcompact.

PROOF. Consider the isomorphism between C(X) and C(vX), where vX is the

Hewitt realcompactification of X, and note that X is the set of isolated points of

vX. Now apply Lemma 2.6.

The following is also immediate.

PROPOSITION 2.8. If\X\ < c and C(X) is isomorphic with C(Y), where Y is
a discrete space, then X is also discrete.

3. Minimal ideals and the socle of C(X). First we characterize the above

ideals of C(X) and then prove Theorem 3.8, our main result in this section.

PROPOSITION   3.1.   I is a nonzero minimal ideal of C(X)  if and only if

\Z\I}\ = 2.

PROOF. If 0 ^ I is a minimal ideal of C(X), then I = eC, where e is an

idempotent such that Z(e) = X — {x}, for some x G X. Hence Z[I] = {X, Z(e)}.

Conversely if \Z[1}\ = 2, then Z(f) = Z(g), for all nonzero elements /,g in I. Now

we claim that Z(f) = X — {x}, VO ^ f G I and some x G X. Then / = eC,

where Z(e) = Z(f) and e(x) = 1, which is clearly a minimal ideal. To prove our

claim we show that X — Z(f) cannot contain two distinct points. To see this let

x, y G X-Z(f), x^y. Then there exists g G C(X) such that g(Z(f )li{x}) = 0 and

g(y) 7^ 0- But Z(f) Ç Z(g) implies Z(g) G Z\I\. Hence, we must have Z(g) = X,
a contradiction.

COROLLARY 3.2.   Every minimal ideal ofC(X) is a z-ideal.

Proposition 3.3. The socle S ofC(X) consists of all functions which vanish

everywhere except on a finite number of points of X.

PROOF. We note that if S = (0) then by considering the empty set as a

finite set, the result is trivially true. Hence, suppose S — 5IfceK©^fc' where

Ik runs over the set of minimal ideals of C(X). Now for each / G S we have

f = fi + f2 + ■ ■ ■ + fn, where each /¿ belongs to some minimal ideal in C(X).

Then by Proposition 3.1 each /¿ is zero everywhere except at an isolated point x¿

of X. Thus Z(f) = X — {xi,x2,... ,xn}. Conversely, let X — Z(f) be a finite

set; then we have to show that / G S. But X — Z(f) = {x\,x2,... ,xn}; then

each Zfe, k = 1,2,..., n, is an isolated point of X. Now for each Xk, there exists

a minimal ideal Ik such that Z(f) = X — {xfc}, for all nonzero / G Ik- But

each Ik is of the form Ik = ekC, where efc is an idempotent in G. Then, clearly,

/ = d / + e2f + ■ ■ ■ + enf G /, + 72 + • ■ • + In Ç S.

COROLLARY 3.4.   The socle ofC(X) is a z-ideal.

REMARK 3.5 Using Proposition 2.3 or a result in [6], one can see that the socle

S of C(X) and, therefore, Ck(X) 2 S are dense in the In-topology on C(X).
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COROLLARY 3.6. X is discrete if and only if the socle S of C(X) is a free
ideal.

PROOF. We note that if X is any topological space and S^O, then A = (~| Z[S]

is the set of nonisolated points of X. The result is now obvious.

REMARK 3.7. Minimal ideals and the socle of C(X) are P-ideals. (An ideal

I ^ 0 is a P-ideal in C(X) if every prime (proper) ideal of I is maximal in I (see

[21, Lemma 1.2]).)

We observe that if X is a pseudo-finite space (a space in which every compact

subspace is finite), then the socle S of C(X) coincides with Ck(X). It would be

interesting to characterize topological spaces X such that S = Ck(X).

Next we generalize a result of Kohls [15] concerning the equality of Ck(X) with

the intersection of the free maximal ideals.

DEFINITION. A space X is called real pseudo-finite if its Hewitt realcompact-

ification vX is pseudo-finite. Clearly every P-space is real pseudo-finite, but the

converse is not true, for there are spaces E and V in [23] which are realcompact

and pseudo-finite but not P-spaces.

For examples of pseudo-finite spaces which are not real pseudo-finite, see either

[19, Example 2 or 3, p. 111].

THEOREM 3.8. If X is a real pseudo-finite space, then Ck(X) coincides with

the intersection of the free maximal ideals of C(X).

PROOF. Let vX be the Hewitt realcompactification of X. Then by [4, 8.19], we

have

Ck(vX) = f]{M: M G F, where F is the set of free maximal ideals of C(vX)}.

We note that X is also pseudo-finite; therefore the socles of C(X) and C(vX)

coincide with Ck(X) and Ck(vX), respectively. Now since the socle is stable under

any isomorphism, (see also [16, p. 59]), then the isomorphism <p: C(X) —* C(vX),

where <p(/) = /', takes the socle of C(X) onto the socle of C(vX). Therefore,

Ck(X) = <p-\Ck{vX)) = Ç\{<p~\M): M G F}.

But clearly each <p~1(M) is a free maximal ideal in C(X). This shows that Ck(X)

contains the intersection of the free maximal ideals. Hence we are through.
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