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RANDOM POLYTOPES ON THE TORUS

C. BUCHTA AND R. F. TICHY

ABSTRACT.   The expected volume of the convex hull of n random points

chosen independently and uniformly on the d-dimensional torus is determined.

In the 1860's J. J. Sylvester raised the problem of determining the expected area

V$(C) of the convex hull of three points chosen independently and uniformly at

random from a given plane convex body C of area one. For some special plane

convex bodies the problem was solved by Woolhouse [16], Crofton [8] and Deltheil

[9], e.g. ^(triangle) = 1/12, V3(parallelogram) = 11/144, Irregular hexagon) =

289/3888, V3 (ellipse) = 35/487T2. More generally, Alikoski [1] proved that

,„.             -, .                       .      9cos2w + 52cosu) + 44 /        27r
(1) ^(regular m-gon) =-——„  . ■>— 1 w =
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For any convex polygon C and an arbitrary number n of random points, the ex-

pected area Vn(C) of their convex hull was determined in a recent paper [5]. For

example,
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In 1917 Blaschke [3, 4] succeeded in proving that, among all plane convex bodies

C of area one, Vs(C) attains its minimum if C is an ellipse. In 1974 Groemer [11,

12] generalized this statement to d-dimensional convex bodies C of volume one and

an arbitrary number n of points. The value of this minimum is known for d + 1

points in a d-dimensional ellipsoid (Kingman [13]) and for an arbitrary number of

points in dimensions d = 2 and d = 3 (cf. [6]).

An obvious question is to ask for the expected volume of the convex hull of

random points chosen on a compact metric manifold. A subset C of a compact

metric manifold is called convex (cf. Bangert [2], Walter [14] ) if for any two points

x, y G C all geodesic segments (i.e. all curves of minimal length on the manifold

joining x and y) are completely contained in C. The convex hull of a set is the

smallest convex set (on the manifold) containing it.

In the case of the d-dimensional sphere S^ = {x G Ed+1: \\x\\ = 1} (Ed+1

denotes (d+ l)-dimensional Euclidean space), the metric is defined by the minimal

Euclidean length of all curves on S^ joining two points. A convex set on S^ is

either contained in a hemisphere or is the sphere itself. If n points are contained
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in some common hemisphere, their convex hull has the same property with prob-

ability one. As shown by Wendel [15], the probability p„ ' that n points chosen

independently and uniformly at random from (the normalized measure space) S^

lie on some common hemisphere is given by

{> Pn       2"-1 ¿-" \   k      '
k=0  x 7

Further, Cover and Efron [7] showed for the expected volume Vn of the convex

hull of n such points, on condition that all points lie on some common hemisphere,

that

%(r))-td1)/^)
k=0

Formulae (4) and (5) yield the expected volume Vn of the convex hull of n points

chosen independently and uniformly on S^:

(6) V™ = p^V{nd) + (1 - p^) ■ 1 = 1 - ¿¡W(i - Fid)).

In contrast to the sphere, the torus has apparently not been investigated.

The d-dimensional torus T^ is the quotient space Ed/Zd, Zd being the system

of all lattice points in Euclidean d-space Ed. By

p(x,y) =  inf \\x-y + l\\
iezd

a metric is defined on T^ ■ (T^d\p¿), where p<¿ denotes d-dimensional Lebesgue

measure, is isomorphic to the d-fold product of (T^l\ p), p being Lebesgue measure

on the unit interval:

(T^,pd) = <S}(T{1\p).
k=l

I C T^1' is called a one-dimensional cell if / is a subinterval of [0,1) or the com-

plement of a subinterval of [0,1). A d-dimensional cell is the Cartesian product of

d one-dimensional cells. For a given convex subset C C T^ there exists a smallest

cell C(C) containing C. It is a Cartesian product of d one-dimensional cells, each

of them of length I < 1/2 or / = 1.

Let t = t(C) denote the number of such one-dimensional cells of length I = 1; t

is called the type of C. Note that t is an integer, 0 < t < d and t(T^) = d.

THEOREM. Denote bypn (t) the probability that the convex hull Hn ofn points

chosen independently and uniformly at random on the d-dimensional torus T^ is

of type t, by V„ '(t) the expected volume of Hn on condition that Hn is of type t,

and by Wn the expected volume of the convex hull ofn points chosen independently

and uniformly at random from the d-dimensional Euclidean unit cube; Wn ' := 1.

Then
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*"'„.

»S«0l.-Ifsr) " *i-
Thus, the expected volume Vri of the convex hull ofn points chosen independently

and uniformly at random on T^ is given by

(9) V« = t/nd\t)V^(t) = £ Q   (^nÍ)d"t (l - —,) V(^).

PROOF. To derive (7) we calculate the probability that the convex hull of n

points chosen independently and uniformly from [0,1) is a cell of length I < 1/2.

The probability that one of the chosen points is an extreme point of such a cell

obviously is 1/2™-2. As all points are independently and uniformly distributed,

the expected number of such extreme points is n/2n~2. On the other hand, the

expected number of extreme points on condition that all points lie in some common

cell of length / < 1/2 is, of course, two. Thus, with probability n/2n~1, the convex

hull of n random points in the unit interval is a cell of length / < 1/2, whence (7)

follows immediately.

To prove (8) assume that Hn is of type t. Then the smallest cell C(Hn) containing

Hn is the Cartesian product of t unit intervals and d - t cells of length I < 1/2.

Hence, the expected volume of C(Hn) is (Vn (0))d_t. By (7) the probability that

n +1 random points chosen from the unit interval lie in some common cell of length

/ < 1/2 on condition that n points do so is (n + l)/2n. Therefore, on condition

that all points lie in some common cell of length / < 1/2, the probability that one

of the n + 1 random points is an extreme point of the convex hull of these points is

given by

(m) (n+l)/2n-Vn(1)(0)

1    ' (n + l)/2n

As the n -I-1 points are independently and uniformly distributed, it follows that the

expected number of extreme points of their convex hull on condition that they are

contained in some common cell of length Z < 1/2 is represented by

(H) (n + l^-^V^Wj.

Obviously, the expected number of such extreme points is two, whence

(12) ^(1)(°) = ^2n--

Since the expected length of the convex hull of n random points in a unit interval

is (n - l)/(n + 1), the ratio of the expected volume of Hn to the expected volume

of the cell C(Hn) is given by

/ \ d-t

(13) (n^l)      W"~t)-

Thus,

This finishes the proof of the theorem.
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REMARK 1. For d = 1 the above-mentioned results by Wendel and by Cover

and Efron for the sphere are obtained. Our proof is different from the arguments

used by these authors.

REMARK 2. In the case d = 2, formula (3) gives explicit values for Wn —

V„(parallelogram), further, Wn    = (n-l)/(n + l) and Wn ' = 1. Correspondingly,

#>(0) = (^)2,

yi(i-l)_!_
¿[k\       2k)      (n+l)2n+1Vn(2)(0) =

,(2)m = _îî_fl    -IL.)     y-(2)(i) = —-
2„_2 V1     2"-1/'       n   { '        2n   '

"(2)(2)=(l-¿y2,        ^2)(2) = 1.

REMARK 3. In order to obtain explicit values in the three-dimensional case, it
(3)

is necessary to determine Wn ■ Considerations similar to investigations by Efron

[10] lead to the following integral representation in spherical coordinates: Denote

by p(4>, 0) the support function of the unit cube C = [-1/2,1/2]3, by V — V(p, cj>, 0)

the volume of the smaller of the two parts of C cut off by the plane e = s(p, <p, 0)

orthogonal to the direction (cp,6) and with distance p from the origin, by S —

S(p, <f>, 0) the area of s fl C, and by T = T(p, <j>, 6) the expected area of the convex

hull of three random points in e n C. Then

(15)
9 Cr,_1)„     rP(4>fi)    r2n    ris   __

W/(3) = 1-¿    _\n    L>n / / [Vn~2 +(I-V)n-2}S3T sin 6d6 dtp dp.
n +1 6       Jo Jo    Jo

Thus, T has to be determined in order to calculate the integral. The intersection

e fl C is a polygon (more precisely a triangle, a parallelogram, a pentagon or a

hexagon), and the expected area of a random triangle contained in polygon is

derived in [5].
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