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TOTALLY REAL MINIMAL SUBMANIFOLDS

OF A COMPLEX PROJECTIVE SPACE

FRANCISCO URBANO

Abstract. An «-dimensional positively curved compact totally real minimal sub-

manifold of an «-dimensional complex projective space is totally geodesic.

1. Statement of result. Let CP" be an n-dimensional complex projective space with

the Fubini-Study metric of constant holomorphic sectional curvature c, and let M be

an «-dimensional compact totally real minimal submanifold immersed in CP". We

denote by K the sectional curvature of M. K. Ogiue [2] proved that if K >

(n - 2)c/4(2n - 1), then M is totally geodesic. This result was improved by B. Y.

Chen and C. S. Houh [1] who obtained that if K ^ (n - 2)c/4(2n - 1), then either

M is totally geodesic or n = 2 and M is a flat surface. This result for n = 2 was

proved by S. T. Yau [3]. In this paper, using methods different from those of [1] and

[2], we prove

Theorem. Let M be an n-dimensional compact totally real minimal submanifold

immersed in CP". If K > 0, then M is totally geodesic.

2. Preliminaries. Let M be an n-dimensional totally real submanifold immersed in

CP". For any vector fields A and Y tangent to M, we have

(1) AJYX= -Jo(X,Y),       DxJY = JvxY,

where A (respectively a) denotes the Weingarten endomorphism (respectively, the

second fundamental form) of M in CP", V (respectively D) denotes the Riemannian

connection of M (respectively the normal connection of M in CPN), and J denotes

the complex structure of CP".

From (1), and using the equations of Gauss and Ricci, it is easy to obtain

(2) R±(X, Y, JZ, JW) = R(X, Y, Z, W)

for any vector fields X, Y, Z and W tangent to M, where R and R± denote the

curvature tensors associated with V and D respectively.

If Va denotes the covariant derivative of o, we define the second covariant

derivative of a by

(v2o)(X,Y,Z,W) = Dx((va)(Y,Z,W))-(va)(vxY,Z,W)

-(Va)(Y,VxZ,W) -(va)(Y, Z,VXW).

Received by the editors March 9, 1984.

1980 Mathematics Subject Classification. Primary 53C40.

©1985 American Mathematical Society

0002-9939/85 $1.00 + $.25 per page

332



TOTALLY REAL MINIMAL SUBMANIFOLDS 333

It is clear that Va is symmetric, and

(3) (v2c)(X,Y, Z,W) = (v2a)(Y, X, Z, W) + Rx (X,Y)o(Z,W)

-a(R(X, Y)Z, W) - o(R(X, Y)W, Z).

3. Proof of Theorem. Let TXM be the unit tangent bundle of M, and/: TXM -» R

the function given by f(v) = (a(v,v),Jv), where ( , ) denotes the metric of CP"

as well as that of M. Since TXM is compact, / attains the maximum at a unit vector v

tangent to M at a point p. For any unit vector u tangent to M at p, let a(t) =

(y(t), V(t)), let / g (-Ô, ö) be a curve in TXM such that y(t) is the only geodesic in

M with -y(O) = p and v'(0) = u, and let V(t) be the parallel vector field along y with

V(0) = v. Then, using (1) we have

0 = dfy(u) = (d/dt)„0(a(V(t), V(t)), JV(t)) = (( Va)(w, v, v), Jv)

and

(4) 0> d%(u, u) = ((v2a)(u, u, v, v), Jv).

Now, using (1), (2) and (3), we have

(5) d2fv(u, u) = {(V2a)(v, v, u, u), Jv)

+ 2R(u, v, v, Ja(u, v)) + R(u, v, u, Ja(v, v)).

On the other hand, let 5 be the fiber of TXM over p. Then f/S attains the

maximum at v, and so, if ß(t), re( —o, o) is a curve in S with ß(0) = v,

\\ß'(t)\\ = 1 and ß'(0) = u, we have, using (1),

(6) 0 = d(f/S)v(u) = (d/dt),=0(o(ß(t), ß(t)), Jß(t)) = 3(o(v, v), Ju)

and

(7) 0 > d2(f/S)v(u, ") = 6<a(0'(O), v), Jß'(0)) + 3(a(v, v), Jß"(0))

= 6(a(u, v), Ju) - 3(a(v, v), Jv) = 6(a(u, u), Jv) - 3f(v).

Since (6) is true for any unit vector u orthogonal to v, we have a(v, v) = f(v)Jv, and

so, from (1) v is an eigenvector of Ajv with eigenvalue f(v). Now, we can choose an

orthonormal basis {ux,...,un} of TpM which diagonalizes AJv such that un = v. If

pf, 1 < i < « — 1, are the eigenvalues of «,-, we have from (7)

(8) f(v)-2p,>0.

Now, from (1), (4), (5) and given that M is minimal, we have

0 > i d2fv(Ui, ut) = I K(v, u,){f(v) - 2Pi)
¿=i i=i

and so from (8), given that K > 0, it follows that p, = f(v)/2 for 1 < / < n — 1.

Then  0 = TraceAJv = (n + l)f(v)/2,  which implies f(v) = 0.  Since /( — «) =

—/(«), and o is a maximum for/, we have/ = 0. Now, in the same way that we used

to obtain (6), we have a = 0.
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