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A NOTE ON CARLESON MEASURES IN PRODUCT SPACES

R. FEFFERMAN

ABSTRACT.   In this article we give a very simple proof of a basic theorem

about the class BMO in the multiple parameter setting.

The purpose of this note is to give a very simple proof of the following result.

THEOREM. Suppose f G L°°(R2) and let u denote its biharmonic extension to

R+ x R^.  Then |ViV2u|22/ij/2^2i dz2 is a Carleson measure on R2^ x R^.

For the definition of Carleson measure, as well as notation which we use here,

see Chang [1] and Chang-Fefferman [2].

The theorem above is due to Alice Chang [1]. Somewhat later alternative proofs

were found by R. Fefferman [3] and E. M. Stein [4]. Stein's proof is already quite

short and is based on identities for harmonic functions and Green's theorem, while

ours is real variable in nature. What follows is the result of discussions and work

with Alice Chang, R. R. Coifman, and Y. Meyer, and the author wishes to thank

them.

Our proof is based on the following simple lemma:

LEMMA. Let ibi(x) for i = 1,2 be a function on R1 supported in \x\ < 1 with

|| ipi \\i= 1, ib i G L2, and f 4>i = 0. Let fi Ç R2 be an open set of finite measure,

and define

%1>y2(xi,X2) = yï1y21^i(xi/yi)ip2{x2/y2)-

Finally, set

U(f)=[[[     l/**Wl2-
\JJs(n) 2/1

.  1/2
dtdy \

Then
/  2 \1/2

£*(/)<ciniog(IHM)2]    -ll/lloolfil172.

PROOF OF THE LEMMA. When (ti,t2,yi,y2) is in the Carleson region 5(fi),

then

/**j/i,!/aW = /o**y1,y2(i)1    where/o = fxn-

This gives

£*(/') <{// |/o**»llS»(*i,ia
\JJr2, xk2,

\  1/2
,2 dtdy \

y\V2 )
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The usual argument with the Plancherel theorem shows this last expression to be

,2^

2 ..\ V2

<n/oii2 n¿>o ^

< ii/iuifir/2 m /R>:(e)|
ic\l/2

2d£\

But for |£| < 1, |^(0I < |i| since &(0) = 0 and |^(cj)| = |N¿(x)P(OI < 1; This
gives

/'     hM0l2§<i.y¡íi<i Ki

Obviously, |^'¿(í)l < li so

/ IÂ(Ol2§<^log||^||2
•/i<l«Klh/>dl2 Kl

Finally,

/ Iftfôf^ïûrp'/   |ïÂ,(OI2^ = i.
J\a>\Hu\\i Kl     IIwII/r1

This concludes the proof of the Lemma.

PROOF OF THE THEOREM. We prove that for open sets fi,

d2U

S(fi) dy\dy2
yij/2 dz\ dz2 < C\Q\.

(The part of V1V2 coming from d2u/dy\dy2, etc., is handled similarly.) This

amounts to estimating

(if     l/**W(^2)|2^      =£*(/)
\JJs(Q) 2/13/2 y

for í(xi,X2) = ^(xi)^>(x2), where

For k > 1 let

V>*(x) = V-'(2;)[X2* - i<|x|<2^(^) - CkX\x\<i(x)],

where c¿ is chosen so that f ipk =0. Then c^ = 0(2_fc) and ^ tbk = ^- F°r integers

k, j > 1, set $fc(i(xi,x2) = Vfc(xi)Vi(x2). Let ñfcj- = {M5(Xn) > l/2fc+J}. Then,

applying the argument of the Lemma with \I/fc¿ replacing ^ and /^      replacing

/Xn, we get

(-)£**,,(/) < C[log2fc log*']1/2 • 2-(fc+^||/||0O|fifc,J|1/2.

By the strong maximal theorem |Ab¿| < C2k+:>(k + /)|fi|, and Minkowski's in-

equality gives £*(/) < Ylj k ^*t.j(/)- Taking the estimate of ]fifc,j| into account

and summing (~) on k,j completes the proof.
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