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SHORTER NOTES

The purpose of this department is to publish very short papers of unusually

elegant and polished character, for which there is no other outlet.

BOUNDARY LIMITS OF SUBHARMONIC FUNCTIONS

IN THE DISC

M.STOLL

Abstract. In this note we prove the following: let /* -oo be subharmonic in

\z\ < 1 satisfying lim,^x f,^f(re'e) d9 = 0 with/(z) < 0: then

lim sup (1 - r) inf f(z) = 0.
1--I-

1. In [3], W. Nestlerode and the author proved that if/* -oo is subharmonic in

\z\ < 1 with/(z)< 0, and if

(1) lim'¿/2*/(«'f)^-0,
r^l   ITT J0

then

(2) lim sup (1 -r)f(re'e) = 0
r-»1

for all 0, 0 ^ 0 < 2m. This result generalized the following result due to M. Heins

[1]: if B(z) is a convergent Blaschke product in \z\ < 1, then

(3) lim sup (1 - r)\og\B(re,e)\= 0
/•->i

for all 6, 0 < 6 < 2tt. A simpler proof of this result was also given by J. H. Shapiro

and A. L. Shields in [4]. The purpose of this note is to give a short proof of the

following generalization of (2) for arbitrary approach to the boundary.

Theorem. If f ^ -oo  is a subharmonic function in \z\ < 1  satisfying (1) with

f(z) < 0, then

(4) limsup(l - r)  inf f(z) = 0.
r^l \z\-r

This result is surprising in that it permits arbitrary approach to the boundary

rather than just radial or non tangential approach.
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2. Proof. The hypotheses of the theorem are equivalent to the least harmonic

majorant of/being the zero function. Thus, by the Riesz decomposition theorem for

subharmonic functions,

(5)
"/If|<l i-h

*(€). •

where ju, is a positive Borel measure on ||| < 1. Since/ * -oo, we can without loss of

generality assume /(0) > -oo, and thus log|z| e Lx(fi). Conversely, if /is the Green

potential of a measure ¡i on \z\ < 1 with log|z| e L^jn), then, by a result due to

Littlewood [2], / satisfies (1).

Consider the function g(z) defined by

(6) g(z) = f     log
/líl<l

\è\

i-lík
dAt).

Since log|(z - |£|)/(1 ~ l£lz)l is subharmonic as a function of z, it is easily shown

that g(z) is subharmonic in \z\ < 1 with g(0) > -oo. Also, since

/"log
re Í
1 - re'el

dd = flog
•'o

?*-l¿l
1 - re'9|||

do,

by Fubini's theorem,

[2,Tf(reie)d6= (2"g(re,e)d0.
<J(\ J(\

Therefore, g satisfies (1) and thus

(7)

By the inequality

limsup(l - r)g(r) = 0.
r—l

JIJ
1 m l-zl

we have g(|z|) </(z). Therefore (1 - r)g(r) < (1 - r) inf|7j_r/(z), from which the

result follows by (7).
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