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CONFORMAL MAPPING OF REGIONS BOUNDED
BY CURVILINEAR POLYGONS

BURTON RODIN1

ABSTRACT. The main result is the proof that, under a natural notion of

conformai equivalence, any curvilinear polygon is conformally equivalent to

a curvilinear polygon whose inside region is starlike. The method of proof

is a new type of continuity argument which, in distinction to the classical

continuity method, yields existence without requiring uniqueness.

The theorem proved in this paper can be described roughly as follows: Any

curvilinear polygonal region in the plane can be mapped conformally onto a starlike

curvilinear polygonal region in such a manner that the continuous extension of the

mapping to the boundaries sends vertices to vertices and preserves vertex angles.

This problem was brought to my attention by Professor William Helton. The

method of solution involves a continuity argument substantially different from the

classical one which requires uniqueness of the conformai mapping, at least locally

in parameter space [3, p. 234 ff.].

A piecewise C1 closed Jordan curve in the plane will be called a curvilinear

polygon. A curvilinear polygon determines a cyclic sequence of class C1 arcs which

are disjoint except for their endpoints. We call the C1 arcs edges, and the endpoints

vertices. Each vertex angle may be measured by a real number a, — n < a < it,

which describes the change in direction of the positively oriented tangent vector at

the vertex; q = 0 describes a vertex at which -y possesses a tangent, a = it describes

a protruding cusp with interior angle 0°, a = —it describes an intruding cusp with

interior angle 360°.

Let p and a be curvilinear polygons. We say p and a are conformally equivalent

if there is a 1-1 conformai map F : R —► S of the inside of p onto the inside of o such

that: (i) F can be extended to a homeomorphism F: Cl R —► Cl S which makes the

vertices of p and a correspond, and (ii) the vertex angles at corresponding vertices

are equal.

An equivalent condition can be found using the classical Lindelöf theorem [5, p.

358] : p and a are conformally equivalent if and only if there is a 1-1 conformai map

F of the inside of p onto the inside of a such that arg F' has a continuous extension

top.

THEOREM. Any curvilinear polygon is conformally equivalent to a curvilinear

polygon whose inside region is star like.

REMARK. This theorem remains true if the definition of curvilinear polygon is

modified by requiring that the edges be of class Ck (k = 2,3,..., 00) instead of
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C1. The proof would have to be modified only in that the small circles used in

the construction of 7 (Figure 1) would have to be replaced by closed curves having

higher order contract with the unit circle.

PROOF. Let p be a given curvilinear polygon. Let R be its inside region and

let zq S R. We shall construct a region S, starlike with respect to the origin, such

that a = dS is a curvilinear polygon conformally equivalent to p. Moreover, there

is a 1-1 conformai mapping of R onto S which exhibits the conformai equivalence

and which sends the prescribed point zq to the origin.

Let ro, r 1,..., rn be the vertices of p in positive cyclic order and let oto, o¡ 1,..., an

be the corresponding vertex angles. Let g be the Riemann mapping function of R

onto the unit disk, normalized so that g(zo) — 0 and g(ro) = 1, where g is the

continuous extension of g to p. For k = 1,2,..., n determine 9k £ (0,27r) by

g(rk) = ei9k. Note that 0 < 0i < 02 < •■ • < 0n < 2tt.

We shall construct a curvilinear polygon 7, starlike with respect to the origin,

and with vertex angles ato,ct\,..,,otn. The construction of 7 will depend on n real

parameters. In fact, each point ip = (<pi,<P2, ■ ■ ■, <pn) m the open n-simplex

En = {{<Pl,<P2, ■ ■ • , <Pn) £ R" : 0 < tpi < ip2 < ■ ■ ■ < <Pn < 2tt}

will determine such a unique 7 which we denote by 7 = i(<p). Suppose for the time

being that we have defined 7(92) for each (p € En (the exact construction, which is

rather arbitrary, will be described later).

Let <p G En. Denote the vertices of 'y(çp) by cp, ft,..., Çn- Consider the Riemann

mapping function of the inside of i(<p) onto the unit disk, normalized so that it

sends the origin to the origin and so that its continuous extension to i(<p) sends

& to 1. This extension sends ii,ö,.:.,£n to points eltl, e1'2,..., eltn with 0 <

ti < Í2 < • ■ ■ < tn < 271". In this way we associate (h,t2,. ■ ■ ,tn) £ En with

0 = (<pi,<P2,- ■ ■ ,tpn) S En. This association, denoted t = T(<p), gives a map

T': En —> En. If we show that T is surjective, the theorem will be proved. Indeed,

if 6 — (0i, 62, ■ ■ ■, 6n) is the vector in En defined in the first paragraph of the proof

and if T(tp) = 6 for some ip G En, then ~)(i¡j) can be taken as the a in the statement

of the theorem.

We shall show that T :£■„—> En is surjective by proving the following two

assertions:

Assertion 1. T : En —> En is continuous.

Assertion 2. T has a continuous extension T: En —► En from the closure of En

into itself and T is the identity map on the faces of En.

These assertions imply that T, and hence T, is surjective; for if T omitted a

point of En one could construct a continuous map En —* dEn which is the identity

on dEn ■ But it is a standard theorem of algebraic topology that such a retraction

cannot exist [6, Corollary 1.17, p. 27].

We now describe the construction of 7 = f{<p). We make use of a positive

number r = r{<p) which depends continuously on <p and which is small compared

to the distances between the points 1, el'Pl, el,pi,... ,e%,pn. For example, we may

choose

1
1

min{£>, -0,<p2 -<Pi,Vz ~<P2,---,<Pn - <Pn-l,2lT - tpn}.
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Figure l

The vertices &,fi,?2j • • • >Sn of 7 will lie on the rays through the origin which have

arguments 0,<pi,<P2, ■ ■ ■ ,<Pn respectively. Each edge of 7 will consist of an arc on

the unit circle, plus two arcs of circles of radius r which are tangent to the unit

circle. Figure 1 should make the construction clear if one recalls that the vertex

angles are to be the fixed numbers cto,oti,.,., a„ which do not depend on 0.

To prove the first assertion let ipj —► <p in En. Then ~t(<Pj) converges to 7(<p) in

the sense of Fréchet; that is, there are parametrizations

t H-> hj(t),     t h-> h{t) {t <E [0,1])

of i(<ßj) and 7(9?), respectively, with the property that hj converges to h uniformly

on [0,1]. Let Fj and F denote the Riemann mapping functions for the insides of

7(<Pj) and 7(1^) normalized by 0 h-> 0 and Çq —» 1. Let Gj = F_1 and G = F-1.

Then Gj and G can be extended to homeomorphisms Gj and G of {|^r| < 1}

onto the closures of Jordan regions. Since the boundaries "){0j) and ~i(<p) of these

regions converge in the sense of Fréchet, one can apply Rádo's theorem [4] (see

also Tsuji [5, p. 383 ff.], Courant [2,3]) to conclude that Gj converges uniformly

to G on {\z\ < 1}. It follows that if c¿, ç(,..., çn denote the vertices of l(<Pj) and

fot fti • • • » Çn denote the vertices of 7(<p), then F0(c^) —► F(çk) for k = 1,2,... ,n.
This means T(<pj) —* T{<p) in En, and hence, T: En —> En is continuous.

The proof of the second assertion is based on the same convergence principle

used above.   Let {<ßj} be a sequence in En which tends to a boundary point <p
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of En. Then r(ipj) —► 0; the construction of 7 shows that i{0j) approaches the

unit circle <9A (in the sense of Frechet) and the vertices çk approach the points

eilpk (k — 0,1,..., n) where 0 = (ipi, <p2,. ■., <pn) and ipo s 0. The Radó theorem

implies that the normalized Riemann mapping function Fj on the inside of */{<ßj)

has an inverse which, when extended continuously to {\z\ < 1}, converges uniformly

to the identity function. Hence T(0j) approaches (<p>i, <P2, ■ ■ ■, <pn) = 0- Thus the

continuous extension T of T is the identity on the faces of En-
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