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ON INTEGRAL INEQUALITIES

OF GRONWALL-BELLMAN TYPE

EUTIQUIO C YOUNG

Abstract. A sharp bound is given for solutions of an integral inequality of the

Gronwall-Bellman type. The bound which is the exact solution of the corresponding

integral equation is obtained by reducing the equation to a system of differential

equations.

1. Introduction. This paper is concerned with integral inequalities arising from a

generalization of the well-known Gronwall-Bellman inequality. For the last decade

this inequality has generated a great deal of research activity amongst many

mathematicians as it is extended and generalized in various directions. See, for

example, the papers of Chandra and Fleishman [3], Chandra and Davis [4], Headley

[6], Pachpatte [7], Snow [8], Willet [10], Young [11], the monograph of Walter [9], the

lecture notes of Beesack [2] and, more recently, the paper of Abramowich [1]. As

pointed out in the papers [4, 5; 9, p. 141, and 12], the sharpest bound for solutions of

an integral inequality is provided by the maximal solution or the exact solution of

the corresponding integral equation, provided such a solution exists. Thus the results

obtained in [1, 4, 5, 8, 9 and 11], which involve Neumann series or Riemann

function, are sharp as the bounds are the exact solutions of the corresponding

integral equations. In cases where it is not known that a maximal solution or an

exact solution of an integral equation exists, an idea of a bound for the solutions of

an integral inequality can serve great purpose. Such is the nature, for example, of the

results obtained in [7 and 10].

In this paper we shall obtain sharp upper bounds for solutions of the integral

inequality

(1)   ii(jc) < ¿(jc) + £ f a0(xx) flaxix2)
/-0

Í JOj(Xj+i)u(Xj+x) ■ ■ ■ dxJ + x ■ ■ ■ dxx,

where x0 = x. When n = 1 and b is a nonnegative constant, this inequality was

considered by Pachpatte [7] for which he gave an upper bound for u which is not

sharp.
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Although we could as well consider the inequality (1) in w-independent variables

so that each x, would represent an w-vector x, = (xjX,... ,xjm) and each integral an

w-fold integral, for convenience we confine our discussion to the case of a single

variable. In §4 we shall indicate the immediate extension of our result to the

w-dimensional case.

2. A crude bound. Here we shall obtain a bound for solutions of (1) which is not

sharp. This result generalizes Theorem 1 of [7]. Let us define the operator

n

(2) fy-Mx)"    Ü     f ak_xixk) ■■■ f 'a,ixj+x)uixJ + x)dxJ + x ■■■dxk,
j=k-iJo Jo

with xk_x = x for each k = 1,... ,n + 1. It is readily seen that

(3) [Tk_xu(x)]' = ak_x(x)[u(x) + Tku(x)],        k = 1,.. .,n + 1.

Further, let us define

(4) vkix) = vk_x(x) + Tk_xuix),        k = l,...,n + l,

with v0(x) = 0. It follows that vk_x < vk, k = 1,... ,n + 1, and (1) becomes

(5) u(x) < b(x) + T0u(x) = b(x) + vx(x).

Theorem 1. Let u, b and a be nonnegative continuous functions for 0 <; x < 7< co.

andaj * 0,/ = 0,1,...,«. If usatisfies (1), then

(6) m(jc) < bix) + / a0is)[bis) + v2is)\ ds,
0

where v2 is determined recursively from

(7) vk(x) ^ w-k\2(x) \  [(a0+  ••• + ak_x)b + ak_xvk + x]wk_2(s) ds,

k = n, n — 1,... ,2, with

(8) Wjix) = cxp(j\a0+  ■■■+aJ)ds),       7 = 0,1,...,«,
V •'o /

and

(9) vn + x(x) < w~\x) f (a0 +  • • ■ + a„)bwnds.

Proof. From (4) and by (3) and (5) we have

(10) v'x(x) = a0ix)[u(x) + Txuix)]

< a0ix)[bix) + vxix) + Txu(x)]

< a0ix)[bix) + v2(x)],

and similarly

v'i(x) = v'Ax) + [TMx)Y

< a0{x)[b(x) + o2(x)] +ax{x)[b(x) + o3(x)],
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where v3(x) = v2(x) + T2u(x). By induction we find

(H) ^ - .»fei +(I**-1«)'

= v'k-i + ak-Au + Tku)

< (a0+  ••• + ak_2)ib + vk)

+ ak_xib + vk + Tku),       k = 1,...,« + 1,

where we have dropped writing the argument of each function, and we define

Tn+Xu = 0. Integrating (11) recursively, starting from k = n + 1 to k = 2, we obtain

(9) and (7). The result (6) then follows from (5) after integrating (10).

When n = 1, this theorem reduces to Theorem 1 of [7]. As a simple example,

consider the case n = 2 where all the coefficients are positive constants. Then

Theorem 1 yields

(12) u < b
a2e"°x       [a0a,exp(a0 + ax + a2)x]

+
ax + a2        (ax + a2)ia0 + ax + a2)

for any nonnegative and continuous function u satisfying the inequality

Jr-X ,X   fS
uds + a0ax j   j udt ds

n */n  •'n•'O •'o

+ a0axa2l   j   ludrdtds.
•In Jñ •'n■'O  •'O •'O

The bound in (12) is not sharp as the best bound is provided by the exact solution of

the integral equation which is equivalent to the solution of the initial value problem

v'" — a0v" — a0axv' — a0axa2v = 0,

v(0) = b,    v'i0) = a0b,    v"(0) = a0b{a0 + ax).

3. A sharp bound. We now modify the method used in §2 and seek a sharp bound

for solutions of (1). In essence, our procedure amounts to finding the exact solution

of the corresponding integral equation by reducing it to a system of differential

equations.

Let A denote the (n + 1) X (n + 1) matrix

(13) A(x)

0 0

0

0

0

and B the column vector

(14) B = col[a06   axb h,b).
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Theorem 2. Let u, b and a^j = 0,1,... ,n satisfy the same conditions as in Theorem

l.Ifu satisfies (1), then

(15) w(x) < bix) + vxix),       0 < x < 7,

where vx is the first component of the (n + \)-vector function

(16) Vix)= (XYix)Y'1is)Bis) ds

and Y(x) is a fundamental matrix satisfying

(17) Y'ix)=Aix)Yix).

Proof. With the operator (2) define

(18) vkix) = Tk_xuix)

and note that vk(0) = 0, k = l,...,n + 1. By (3) we have

(19) v'k(x) - äk:x(x)[u(x) + ùk+x(x)}

« «k-t(x)[H*) + vi(x) + vk + xix)],       k = \,...,n + 1,

where we have used (5) and defined vn + 2 = 0. Thus treating vx,...,vn+x as compo-

nents of an (n + 1)-vector function V, the system (19) can be written as

(20) V'ix) ^A(x)Vix) + Bix),        F(0) = 0,

where A and B are defined by (13) and (14), respectively. F(0) = 0 denotes the zero

column vector. As is well knwon, the solution of the intitial value problem V = AV

+ B, F(0) = 0, is given by (16).

It is clear that if equality holds in (1), then the same is true in the above derivation

so that w = b + vx is the exact solution of the corresponding integral equation.

As a simple example, consider (1) when n = 2, b

system (20) yields

ax = 1, and a2 = 2. The

+

with vx(0) = v2(0) = v3(0) = 0 for which a fundamental matrix Y(x) can be readily

obtained. We find

0l(x) = (4/7)<?2x +i3/7)e-x/2cosiïi3/2)x

+ (1/7/3 )e"v2sin(v/3/2)x - 1.

Hence we have m<í;1(x)-I-1 = w(x). This bound is sharp since w(x) is the

solution of the corresponding integral equation which is equivalent to the problem

w'" - w" - w' - 2w = 0,

w(0) = 1,    w'iO) = 1,    w"(0) = 2.

4. The »¡-dimensional case. The extension of Theorem 2 to functions of m

independent variables x = x0 = (x0l,.. .,x0m), m > 2, is immediate with obvious

interpretation of the integral terms in (1). However, in the conclusion of the theorem,
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the vector function V now satisfies the differential inequality

Dx ■ ■ ■ D,y(x) < A(x)V(x) + Bix),        F(0) = 0,

where  D¡ = d/dx{,  1 ^ t < ni;  or equivalently,   V(x) must  satisfy the integral

inequality

(21) V(x) < [\aV+ B)ds,

where /0X ds = /0V> • • • /0Xm dsx ■ ■ ■ dsm. The exact solution of the integral equation

corresponding to (21) can be deduced from Theorem 1 of [4].
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