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ISOLATED CHAIN RECURRENT POINTS
FOR ONE-DIMENSIONAL MAPS

LOUIS BLOCK AND JOHN E. FRANKE

ABSTRACT. For a continuous map of the interval to itself or of the circle to

itself, we show that any isolated chain recurrent point is eventually periodic.

Furthermore, an isolated chain recurrent point which is not in the orbit of a

critical point and has no critical point in its orbit is periodic.

This paper is concerned with isolated chain recurrent points (i.e. chain recurrent

points which are isolated in the chain recurrent set) for continuous maps of the

interval or the circle. Our first result is the following.

THEOREM A. Let f be a continuous map of the compact interval to itself or

of the circle to itself. Then any isolated chain recurrent point of f is eventually

periodic.

Note that Theorem A becomes false if one replaces isolated chain recurrent point

by isolated nonwandering point, as the example of Coven and Nitecki in §4 of [5]

shows. In this example there is an isolated nonwandering point xn with an infinite

orbit. Theorem A implies that xn cannot be isolated in the chain recurrent set.

For the simplest maps, the Morse-Smale homeomorphisms [6], the chain recur-

rent set consists of a finite set of periodic points. However, the examples in §4 of

[1] and §3 of [7] show that an isolated chain recurrent point need not be periodic.

In each of these examples the isolated (nonperiodic) chain recurrent point is in the

orbit of a critical point.

We construct a slightly different type of example. Let g be the map of the

interval [0,1] to itself with g(0) = 0, g(l/4) = 1/2, g(3/10) = 13/40, g(2/5) = 3/8,
c;(l/2) = 1/2, g(o/4) — 7/8 and g(l) = 1 such that g is linear on each of the

intervals [0,1/4], [1/4,3/10], [3/10,2/5], [2/5,1/2], [1/2,3/4] and [3/4,1]. Let / be
the map of the circle to itself obtained from g by identifying 0 and 1. Then / has

three fixed points, 1/2 which is a source or expanding fixed point, 7/20 which is a

sink or contracting fixed point, and 0 = 1 which is expanding on the "right" and

contracting on the "left". It is easy to verify that the chain recurrent set consists

of the sink 7/20, the interval [1/2,1] and the points 1/4,1/8,1/16,.... In fact, all
other points are in the stable manifold of the sink 7/20. Thus, / has infinitely many

isolated chain recurrent points which are not periodic (and also not homoclinic [2,

3]). Note that each of these isolated chain recurrent points has a critical point in

its orbit (namely 1/4).

Thus, we see that an isolated chain recurrent point x need not be periodic if

either x is in the orbit of a critical point or there is a critical point in the orbit of

x. Our second theorem shows that except for these situations x must be periodic.
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THEOREM B. Let f be a continuous map of the compact interval to itself or of

the circle to itself, and let x be an isolated chain recurrent point of f. Suppose that

x is not in the orbit of a critical point, and no critical point is in the orbit of x.

Then x is periodic.

We will let / denote a continuous map of the circle S1 to itself, and let d denote

a metric on S1. The reader can easily see that the proof of the theorem works as

well if / is a continuous map of the interval to itself.

Let x and y be points on S1. An e- chain from x to y is a finite sequence of points

{xn,xi,... ,x„} of S1 with x = xrj, y = xn, and c/(/(x¿_i),x¿) < s for i = 1,...,n.

We say x can be chained to y if for every e > 0 there is an e-chain from x to y,

and we say x is chain recurrent if x can be chained to x. The set of chain recurrent

points is denoted R(f). We let Re(x) denote the set of y G S1 such that there

is an e-chain from x to y and ui(x) denote the set of limit points of the orbit of

x (precisely, z G u>(x) if and only if some subsequence of the sequence (/™(x))

converges to z). We say x is eventually periodic if some element of the orbit of x is

periodic, and we say x is a critical point of / if / is not a local homeomorphism at

x.

The following three lemmas are easily verified. Lemma 2 is proved in [4]. Lemmas

2 and 3 hold on any compact metric space.

LEMMA 1. For any x G S1 and any e > 0, Re(x) has a finite number of

components. Each component is an open interval which contains an element of the

orbit of x.

LEMMA 2. Let x G S1. If x e R(f), then for each positive integer k, fk(x) can
be chained to x.

LEMMA 3.   If x G R(f) and z G oj(x), then z can be chained to x.

The heart of the proof of Theorem A is contained in the next two lemmas.

LEMMA 4. Let x G R(f) and suppose that x is an endpoint of an open interval

J C Sx\R(f) such that x can be chained to each point of J. Then x is eventually

periodic.

PROOF. Suppose x is not eventually periodic, and let z G w(x). By Lemma 3, z

can be chained to each point of J. Note that none of the intervals J, f(J), P(J), ■ ■ ■

can contain a point in the orbit of x, since this would force a point in J to be chain

recurrent (using Lemma 2). It follows that z G uj(y) for each y G J. Thus, each

point of J is chain recurrent, a contradiction.    Q.E.D.

LEMMA 5. Let x G R(f). Then either x G uj(x) or x is an endpoint of an open

interval J such that x can be chained to each point of J.

PROOF. Assume x ^ w(x), and let z G w(x). Note that x g" oj(z), for this would

imply x G w(x). Similarly, x is not in the orbit of z. Thus, if 6 denotes the distance

from x to the orbit of z, then 6 > 0.

Let n be a positive integer. By Lemma 1, Ri/n(z) has a finite number of com-

ponents, each of which contains a point in the orbit of z. It follows from Lemma 3

that x is in one of these components, which we call Jn. Note that the length of Jn

is at least 6 and Jn+i C Jn.

Let K = n^Li Jn- Then z (and hence x) can be chained to every point in K,

and K contains an open interval J with endpoint x.    Q.E.D.
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PROOF OF THEOREM A. Suppose that x is an isolated chain recurrent point

of /. We may assume that x is not periodic (or else we are done). It follows that

x ^ w(x), and thus, Lemma 5 implies that x satisfies the hypothesis of Lemma 4.

Hence, x is eventually periodic.

We begin the proof of Theorem B with the following lemma. Note that the proof

is valid on any compact metric space.

LEMMA 6. Suppose f(p) = p and p can be chained to x where x ^ p. There is

a seguence (zi) approaching p such that for each i, Zi^p and Zi can be chained to

x.

PROOF. Let 6 > 0. For each 7 > 0 set U(i) = {y G S1: d(y,p) < 7} and
V(l) ={î/ë51: d(y,z) < 7 for some z G f[U(')))}. Choose 7 small enough that

x £ U(-i) U F(7) and if y G U(^) U V(i), then d(y,p) < 6. For each k > I/7 there
is a point Sk of a (l/fc)-chain from p to x with Sk G ^(7)^(7). If z is a limit point

of the sequence (sfc), then z ^ p, d(z,p) < 6, and z can be chained to x. Since 6

was arbitrary, the conclusion of the lemma follows.    Q.E.D.

PROOF OF THEOREM B. Suppose that x is not periodic. By Theorem A, x is

eventually periodic. Hence, replacing / by an iterate of / if necessary (using the

fact that R(f) = R(fk)), we may assume that f(x) = p, where p is a fixed point of

/ and x / p.

Let R(p) = {y G S1: p can be chained to y}. It is easy to verify that R(p) is

closed and f(R(p)) = R(p). Furthermore, since f(p) = p, it follows from Lemma 1

that R(p) is a closed interval. By Lemma 2, x G R(p). If R(p) did not contain a

neighborhood of x, then x would be an endpoint of R(p). Thus, x would be either

periodic (of period 1 or 2) or in the orbit of a critical point. In either case, we

obtain a contradiction, so R(p) contains a neighborhood of x.

Let V be a neighborhood of x such that / is a homeomorphism on V and V C

R(p). By Lemma 6, there is a sequence (zi) approaching p such that for each i,

Zi t¿ p and Zi can be chained to x. We may assume that z¿ G f(V) for each i. Thus,

for each i there is a unique j/¿ G V with /(y¿) = Zi. The sequence (yi) approaches x,

and each y i is chain recurrent. This contradicts our hypothesis that x is an isolated

chain recurrent point.
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